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Preface

The concept of one-parameter operator semigroups is one of the oldest and most
well studied parts of the theory of operators in Banach spaces. It was developed
in the middle of the last century as a natural approach to investigation of PDEs
and has proved to have many useful and important applications. It is difficult
to observe this concept in its entirety, in the sense that there are dozens of text-
books and thousands of research papers directly related to one-parameter operator
semigroups. We do not attempt such an overview in this book but devote our at-
tention to some relatively new topics from this theory. Namely, we present and
discuss some non-spectral methods that have been developed over the last two
decades for the investigation of asymptotic behavior of operator semigroups.

The book has three chapters. The first chapter (with the exception of Section
1.3) contains standard background on operator semigroups. It is addressed to
graduate level students. In Section 1.1 we present several basic ergodic theorems for
one-parameter semigroups. We discuss here almost periodicity and mean ergodicity
of operator semigroups and present such important results as the Jacobs—Deleeuw—
Glicksberg splitting theorem and the Eberlein mean ergodic theorem. In Section
1.2 we discuss briefly the spectral theory of Cy-semigroups. We have only one, but
quite difficult problem, which is to find a way to make our explanation short enough
for a first introduction. All results presented in Sections 1.1 and 1.2 (as well as
many others related to Cyp-semigroups) can be found in standard textbooks on Cy-
semigroups. Then, in Section 1.3 (the content of which is not quite standard), we
deal with a very interesting class of one-parameter semigroups — asymptotically
finite dimensional semigroups.

Main tools in the investigation of Cp-semigroups are the notions of a genera-
tor and analysis of its spectral properties. Such a “spectral” approach to the study
of Cp-semigroups is well known and it can be found in standard textbooks and re-
search monographs [13], [41], [48], [57], [80], [89], [104], [130], etc. (see also Section
1.2). However, in many important cases, this approach does not work satisfacto-
rily, particularly in the investigation of asymptotic properties of Cy-semigroups of
Markov operators. Recently, essential progress was made in the developing of non-
spectral methods in analysis of one-parameter Markov semigroups in L!-spaces,
motivated by applications to probability theory and dynamical systems. These
methods and their applications are reflected in the excellent book of Lasota and
Mackey [71].



viii Preface

The subject of the second and the third chapters is completely new and
not covered in other books, with the exception, that some theorems on Markov
operators in commutative L'-spaces are explained in the above mentioned book
[71]. In this part of our book, we give very recent results on non-spectral analy-
sis of asymptotic behavior of positive semigroups and discuss open problems on
semigroups of positive operators in ordered Banach spaces.

In the second chapter, we develop some non-spectral methods for the asymp-
totic analysis of positive one-parameter operator semigroups in ordered Banach
spaces. We introduce two classes of ordered Banach spaces which include classical
LP spaces for 1 < p < oo as well as preduals of von Neumann algebras. Most results
of Section 2.1 are about the asymptotic behavior of positive one-parameter oper-
ator semigroups in these spaces. Section 2.2 is devoted to positive semigroups in
Banach lattices. In this section we present some theorems on inheritance of asymp-
totic properties of positive semigroups under the domination, and some theorems
concerning the mean ergodicity of positive semigroups. Then in Section 2.3 we dis-
cuss several problems on the geometry of Banach spaces, related to one-parameter
operator semigroups.

In the third chapter, we investigate positive semigroups in L'-spaces and in
preduals of von Neumann algebras. We study mainly the following two asymptotic
problems. The first one is: under what conditions is a one-parameter operator
semigroup mean ergodic, almost periodic, or asymptotically stable? The second
problem concerns preserving under domination of various asymptotic properties
of positive semigroups.

The important aim of the second and the third chapter of the book is an
attempt to unify recent results, proofs, and terminology from various sources. We
try to present them in a reasonable manner for the potential reader. The author
hopes that the bibliography is considerably complete.

The major theorems are usually given with proofs. Only in the case of the
proof being too long or involving special methods, the author prefers to send the
reader to standard textbooks. At the end of each section we put a supplement,
which includes related results, historical notes, exercises, and open problems. In
these supplements we usually omit proofs or leave them as exercises for the reader.
We assume that the reader is familiar with the basic functional analysis and op-
erator theory, and refer for the more advanced technique to special monographs.

I am indebted to many. I thank Manfred Wolff for many fruitful discussions on
this book, my wife Svetlana Gorokhova for helping in preparing of the manuscript,
Safak Alpay, Ali Binhadjah, Zafer Ercan, Konstantin Storozhuk, Vladimir Troit-
sky, and many others for careful reading of the early versions of this book and
suggesting of many improvements. I thank the Alexander von Humboldt Foun-
dation for generous support during my stay in 2000-2002 at the University of
Tiibingen, where the significant part of the work on the second and the third
chapters of the book was done.

Ankara, October 2006 Eduard Yu. Emel’yanov



Chapter 1

Elementary theory of
one-parameter semigroups

In the first chapter of the book, we give an introduction to the theory of one-
parameter operator semigroups. We begin with the splitting theorem of Jacobs—
Deleeuw—Glicksberg and the Eberlein mean ergodic theorem for a one-parameter
operator semigroup. Then we present the elementary theory of Cp-semigroups
and discuss some relations between spectral properties of the generator of a Cp-
semigroup and its asymptotic behavior. We follow the standard textbooks [13],
(48], [57], [67], [74], [80], [130], and send the reader for other deep and delicious
topics of this theory to those books and to [17], [67], [87], [41], [89]. In the last
section, we discuss the asymptotically finite-dimensional semigroups. We use fre-
quently well-known results from operator theory and functional analysis, and send
the reader to standard textbooks [2], [74], [105], and [130] for them.

1.1 Mean ergodic theorems

In this section we give the main definitions concerning operator semigroups and
prove in the one-parameter case the important and rich on applications Jacobs—
Deleeuw—Glicksberg’s theorem, and we discuss some elementary applications of
this theorem. Then we give several basic mean ergodic theorems adapted to one-
parameter semigroups. We consider mainly the discrete case and refer the reader
for its various generalizations to Krengel’s book [67].

1.1.1 Given a real or complex Banach space X, we denote by £(X) the set of
all bounded linear operators in X equipped with the operator norm

T := sup || Tx].
lz]|<1
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It is well known that £(X) = (L(X),]| - ||) is a Banach algebra. In addition to
the norm topology, we also consider the strong and the weak operator topology on
L(X). We shall frequently use the complexification of a real vector space and of
operators acting on it (see [2] and Exercises 1.1.41, 1.1.42; 1.1.43, and 1.1.44 at
the end of this section).

The subject of this book is one-parameter semigroups in £(X). A non-empty
subset A C L(X) is called a semigroup if

T,SeA=ToSeA (VI,ScA).
A semigroup A is called abelian if
ToS=80oT (VT,5€A).

The definitions of an idempotent, unit, nilpotent, and inverse element are standard.
Whenever a semigroup has a unit, and every element is invertible, the semigroup
becomes a group. A subset B of a semigroup A is called an ideal if Ao Bo AC B.

We shall study mainly operator semigroups indexed by non-negative integers
or non-negative reals (we call them one-parameter semigroups). Obviously, any
one-parameter semigroup is abelian. If a semigroup is indexed by R, we always
assume that it is strongly continuous, that is

tlin(l] | Tspex —Tox|| =0 (Vs >0,z € X).

Let us use the notation (T3);>¢ for a one-parameter semigroup in the continuous-
parameter case, and (T7)22; for the discrete semigroup, generated by a single
operator T In the following, we also use the notation 7 = (T}):cs (where J = Ry
or J =NU{0}) for any one-parameter semigroup.

We shall assume that any continuously parametered semigroup 7 = (T3):>0
satisfies Ty = I (where I = Ix denotes the identity operator in X). Such a semi-
group is called a Cy-semigroup. The theory of Cy-semigroups is a very old and rich
part of the theory of operators, which possesses many important applications. We
give an introduction to this theory in Section 1.2.

A semigroup 7 is called bounded if

Mz =sup{||T||: T €T} <.

An operator T is called power bounded if the semigroup (77)22, is bounded. T is
called doubly power bounded if T is invertible and sup{||T"|| : n € Z} < cc.

Throughout the book, we mainly deal with bounded semigroups. Given a
bounded semigroup 7, we define an equivalent norm || - ||

2|7 :==sup{|Tz||: T €T} (xe€X).
Our semigroup is contractive with respect to this new norm, i.e.,

\Tz||7r < ||z|lr VT eT,xeX).
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1.1.2 The following class of operators is a starting point for the important
notion of almost periodicity. An operator T is called periodic if TPT1 = T for some
p € N. If T is a periodic operator, then

pery = inf{m >1:7T = T™"}

is called the period of T'. In this case, TP®'T is a projection. Any periodic operator
T, obviously, has the property that any orbit {T"x}52, is a finite and therefore
compact subset of X. This observation leads to the following definition.

Definition 1.1.1. A one-parameter operator semigroup 7 in a Banach space X
is called (weakly) almost periodic whenever the orbit Ta = {Tix}icy is (weakly)
precompact for any x € X. An operator T' € L(X) is called (weakly) almost
periodic if the semigroup (T™)32, is (weakly) almost periodic.

It is an easy exercise to show that 7 is (weakly) almost periodic iff, for every
x € X and every sequence (t,)%2; in J converging to oo, there is a subsequence
(tn)5y of (tn)22, such that the limit

(w — lim T}, x) |- ||— im T}, «
k—o00 k k—o00 k

exists. By the uniform boundedness principle, any weakly almost periodic semi-
group is bounded. In many cases, the converse is also true. For example, since the
closed unit ball of a reflexive Banach space is weakly compact, we have (due to
the Eberlein—Smulian theorem) the following result.

Theorem 1.1.2. Any bounded one-parameter semigroup 7 in a reflexive Banach
space is weakly almost periodic. O

A one-parameter semigroup 7 = (T})ies in X is called strongly stable if
Il - H-tlim Tix exists for all z € X. An operator T € L(X) is called strongly
—00

stable whenever the semigroup 7 = (7)., is strongly stable. Of course, any
strongly stable semigroup is almost periodic. Remark that some authors use the
term “(strongly) stable semigroup” if tlim |T:z|| =0 for all z € X.

— 00

We say that an operator T' € L£(X) has finite rank if dimT'(X) < oco. In
this case we denote dim T'(X) by rank(7"). An operator T is called asymptotically
periodic whenever there exists a periodic operator () of finite rank such that the
sequence (T —Q™)22, converges to 0 in the strong operator topology. In this case,
apery := per, is called the asymptotic period of T'. Any asymptotically periodic
operator is almost periodic.

In Chapters 2 and 3, we shall study in detail strongly stable and asymptoti-
cally periodic semigroups of positive operators.

1.1.3 The next proposition reduces the notion of almost periodicity of a one-
parameter semigroup to its special case, namely, almost periodicity of a single
operator.
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Proposition 1.1.3. Given a bounded one-parameter semigroup T = (T})ics such
that the operator T, is (weakly) almost periodic for some T € J, then the set

{Thrz:neN,ze K}

is (weakly) conditionally compact for any compact K C X. In particular, the
semigroup T is (weakly) almost periodic.

Proof. By the uniform boundedness principle, M7 = sup,¢; ||T3| < co. Take an
e >0 and let {z;}}_, be a finite e-net for K. The set

L.:={Th;zi:neNi=1,...,k}

0o
n=1

is conditionally (weakly) compact due to (weakly) almost periodicity of (T)?)
and satisfies
{Thrx:neNze K} C L.+ My -e- Bx.

Thus we have obtained that the set
{Th,x:neNxe K}

can be arbitrarily well approximated in norm by conditionally (weakly) compact
sets. Hence the set {T,,,x : n € N, € K} is also conditionally (weakly) compact.
Take an arbitrary = € X. Then the set

K={Tixz:0<t<r7}

is compact (it follows from the strong continuity if 7 = (73)¢>0, and it is trivial if
7 is discrete), and

{Tiw:teJ} ={Thx :neNxze K}

is conditionally (weakly) compact, as it has been shown. Hence 7 is (weakly)
almost periodic. O

1.14 Now we state one of the most powerful results of operator theory: the
splitting theorem of Jacobs—Deleeuw—Glicksberg [75]. This theorem is very useful
in the investigation of asymptotic behavior of one-parameter semigroups. Though
it is about general abelian semigroups, we shall use it in our book for one-parameter
semigroups only.

Let us recall that, for a given semigroup J, a multiplicative homomorphism
a:J — T, where I :== {A € C: |\ = 1} is the unit circle in C, is called a
character.

Theorem 1.1.4 (Jacobs—Deleeuw—Glicksberg). Given a weakly almost periodic se-
migroup T = (T;)rcy in a Banach space X, then X can be decomposed into the
direct sum X = X p(T) & X, (T), where

Xu(T)={zxe X :0ew-cl{Tiz}ics}, and
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X (T)={ze X :yew-cl{Tixhes =z € w-cl{Tiy}ses}-

Moreover, the restriction of the closure of T in the weak operator topology to X, (T)
is a group, and

X (T)=span{z € X : 3 a character a: J = T s.t. Vt € J Tyx = a(t)z}. (1.1)
If we assume additionally that T is almost periodic, then

X(T) = {w € X : lim |Tyal| = 0}. (1.2)
—00

This theorem possesses many important applications in operator theory and
PDEs. Some of them will be discussed in Sections 1.2, 2.2, and 3.3, and we refer
for many others to [13], [41], [67], and [80]. Below we give the proof of this theorem
with one exception. We do not give the proof of the inclusion “C” of (1.1), since
this part of the proof involves some technique that we shall not explain in the
book.

Before we prove Theorem 1.1.4, we need two lemmas. The first lemma is about
the weak operator topology in £(X). Recall that the weak operator topology is
defined by the convergence “T, — T” iff

lim (Tp, —T)z,2'y =0 (VzeX, 2’ €X¥).

For short, we prefer to use the term wo-topology. We denote by A = wo-cl(A) the
closure of a set A C £(X) in the wo-topology.

Lemma 1.1.5. A subset A C L(X) is relatively compact in the wo-topology iff its
orbit Az := {Tx: T € A} is relatively weakly compact for any x € X. Moreover,

Az = w-cl(Az) (Vz € X). (1.3)

Proof. If A is relatively wo-compact then A is wo-compact, and Az is weakly
compact for any x as the continuous image of a compact set.

Conversely, assume that Ax is relatively weakly compact for all 2. For each
z, let Ay = w-cl(Az) and let A = [], .y A, with the product topology. As each
A, is compact, A is compact by the Tychonoff product theorem. Now let (7},),, be
an arbitrary net in A. Then ((Th)zex)a is a net in A and, by the compactness
of A, there exists a subnet ((Tgz)zex)s converging in A. This means that the
weak limit w-limg T exists for all . Define an operator 7' by T'x = w-1limg Tzz.
Clearly, T is linear, and T = wo-limg T € A. As (T,), is an arbitrary net, we
have proved that A is relatively wo-compact.

In the last assertion, the inclusion Az O w-cl(Az) follows from the weak
compactness of Az, and the inclusion Az C w-cl(Az) follows from the definition
of the wo-topology. |
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Lemma 1.1.6 (Kernel lemma). Let J be a compact abelian semigroup in which the
multiplication is separately continuous (i.e., To, — T implies So T, — SoT for
all S € T and (Ty)a € J). Then J contains a unique minimal ideal K which is
called the kernel of J, and
K=[)SeJ. (1.4)
SeJ
Moreover, K is a group, and if P is its unit, then K = Po J.

Proof. It Jy, ..., Ji are ideals in J (i.e., Ao B € J; for all A€ J, B € J;), their
product Jy o Jy o --- 0 Ji is an ideal which is not empty and is contained in their
intersection, since J is abelian. Consequently, the family of closed ideals of J has
the finite intersection property. As J is compact, the intersection C of all closed
ideals is non-empty.

If J is any ideal and S € J, then S o J is a closed ideal contained in J due
to compactness of J and to the separate continuity of the multiplication. Hence
KC is the intersection of all ideals. As each S o J is an ideal and each ideal contains
an ideal of the form So J, (1.4) follows. Since K is the intersection of a family of
ideals, K is an ideal. Clearly K is minimal and unique.

For any T € I, the set T o K is an ideal contained in K and, therefore, is
equal to /C by the minimality of /. So there exists P € K such that To P =T.
By KoT =T oK =K, for any S € K there exists R € K with RoT = S. Hence

SoP=RoToP=RoT=2S,

which shows that S o P = S holds for all S € K. Then P is a unit. Finally,
T oK =K and P € K implies existence of the inverse of T in .
The last assertion follows from PoT C Ko J C K and (1.4). O

It is an easy exercise to show that the multiplication in £(X) is separately
continuous in the wo-topology, i.e.,

T, — T in wo-topology = T,0S8 —ToS & SoT, — SoT in wo-topology

for any net (Tn)o C £(X) and for any S € £(X). However, the multiplication in
L(X) is not jointly continuous in general.

1.1.5 Now we are able to prove Theorem 1.1.4. As well as in the proofs of
Lemmas 1.1.5 and 1.1.6 above, we shall follow Krengel [67].

We call elements of X;(7T) flight vectors, and elements of X,.(7") reversible
vectors. An element x # 0 of X is said to be a wunimodular eigenvector of a
semigroup 7 = (T}):es if there is a character a : J — T such that Tyz = a(t)z
for all t € J. Denote by X,.(7) the closure of the subspace of X spanned by all
unimodular eigenvectors.

If A is a semigroup in £(X), then Ao A C A, and hence Ao A C A by the
separate continuity. Applying the separate continuity again, we obtain Ao A4 C A,
i.e., Ais a semigroup. Moreover, if A is abelian then A is, obviously, abelian.
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Proof of Theorem 1.1.4. The wo-closure 7 of T is a wo-compact abelian semi-
topological semigroup in L(X) (i.e., the multiplication in 7 is separately contin-
uous) accordingly to Lemma 1.1.5. Denote by P the unit of the kernel K of 7,
existence of which is provided by Lemma 1.1.6.

For any T € T, there exists S € K with SoT o P = P, because K is a group
and T o P € K. If x = Py for some y, then

xr=80ToPy=_SoTux. (1.5)

By (1.3), Tx = w-cl(Tz). So (1.5) implies that z is reversible. If € X,.(7) then,
again by Lemma 1.1.5, there exists R € 7 with 2 = R o Px. Since 7 is abelian,
x = Po Rz, and so « € P(X). This shows that P(X) = X,(7).

By (1.3), all elements of ker P = {z : Pz = 0} are flight vectors. On the other
hand, if z is a flight vector, there exists R € 7 with Rz = 0. Hence Po Rz = 0. As
Po R belongs to K, there exists S with So PoR = P. Thus, Px = SoPo Rx = 0.
This shows that ker P = X (7).

Obviously, ker P = (I — P)X. As any x can be written in the form

x=Px+ (I — P)z,
we find ¢ = 21 + @2 with 1 € X,.(7), 22 € X (7). Conversely, if z is of the form
r=x1+z2 (v1 € X (T), 22 € Xp(T)),
we have Px = Px; and x1 = Py for some y; € X, and hence
r1 = Py = P2y1 = Pz.

Therefore, the splitting is unique.

The group property of 7 |x, follows from the group property of K.

Now, to finish the proof, we have to show equalities (1.1) and (1.2). The
equality (1.1) says that X,.(7) = Xue(7). The inclusion

Xue(T) C X,.(T)

is easy: For z € X,,o(7) and T € 7, the identity T"x = o(T )"z shows the existence
of a sequence (n;)$2, with Tz — x. It follows that, for any hq,..., hy, € X* and
€ > 0, the set

{SeT:(SoTzx—mx,h)|<ei=1,...,m}

is non-empty, and any finite intersection of such sets is non-empty. By the compact-
ness of 7 in the wo-topology, the intersection of all sets of this type is non-empty.
Therefore there is S € 7 such that |(S o Tx — x,h)| < ¢ holds for all £ > 0 and all
h € X*. But then SoTx = x. As T € 7 was arbitrary, = is reversible.

The proof of the inclusion X,(7) € X(7) is more technical and depends
on some results of abstract harmonic analysis and semi-topological groups. We
omit this part of the proof and send the reader to [67, pp. 106-107] for it.
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To show (1.1), it is obviously enough to check that if the semigroup 7
is almost periodic and 0 € w-cl{Tix}ics, then )BEOHT“”H = 0. Indeed, 0 €
w-cl{Tix}ics implies existence of a net (t4)q such that T3 x — 0 weakly. By
the relatively norm compactness of {1}, x}q, there is a subnet (tq,)s such that
Tt%x — oo in norm for some xg € X as § — oo. Since Ttaﬁx — 0 weakly, we
obtain xy = 0. Then 5h—>Holo HTtQBl’” =0, and hence

inf{||Tx| :t € J} =0. (1.6)
The boundedness of 7 and (1.6) imply tlim | T:z|| = 0, which is required. a
1.1.6 Given a one-parameter semigroup 7 in £(X), denote the Cesdro averages
(means) of T by
1 T—1
AT _ .AT = k — nyoo.
: - B ZT (whenever T = (T")%,),
k=0
T 1
AL = Tydt (whenever T = (T})>0)-
’ >
0

The integral above is taken with respect to the strong topology on £(X). A one-
parameter semigroup 7 in £(X) is called Cesaro bounded if

sup LA < oc.
1

The following theorem gives some important conditions for the norm convergence
of AZx as 7 — oo. For interesting historical remarks on this and other mean
ergodic theorems, we refer to the survey of Shaw [116].

Theorem 1.1.7 (Eberlein). Let T be a one-parameter Cesaro bounded semigroup
in a Banach space X. Then, for any x € X satisfying

Jim |t~ Tyx| =0 (1.7)
and for any y € X, the following conditions are equivalent:
(i) Ty=y and y € co{Tyx : t € J};
(i) y = lim Afz;
(iii) y is a weak cluster point of the net (A7 z)iey.

Proof. We consider only the discrete case T = (T™)22, and follow Krengel [67,
2.2.1] in the proof.
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(i) = (ii): Set M := sup,, || AL|. For ¢ > 0, (i) implies ||y — Sz| < ¢ for an
appropriate S € co{TY, T, T?,...}. For any k and n, we have

n—1 n—1
THo Al — AL =n=' Y T -ty T
i=0 i=0

By using (1.7), we see that

k—1 k—1
IT* 0 ATz — ATzl < 0=ty | Toal| + 0~ H|T 2| Y |77 < e
§=0 §=0

holds for large enough n > k. Since S is a convex combination of finitely many
T*, we may find n(e) such that ||S o ATz — ATz < & holds for n > n(e). As y is
a fixed point of T, we have ALy = y for all n. For n > n(c), we therefore obtain

T T T T
ly —Apzl < (AL (y = S2)[[ +[|So Az — A ]
< Me+e,
which means that lim ||y — AZz| = 0.
n—oo

The implication (ii) = (iii) is trivial.

(iii) = (i): By the Mazur theorem, any closed convex subset of X is weakly
closed. Thus the weak cluster point y of the set { AL 2} C co{T™z}5%, belongs
to co {T"x}22,.

To prove y = Ty, take any h € X* and € > 0. By the argument used above,
we know that || T o ALz — ATz|| — 0. For a large enough n,

ATz, h)y — (T o ALz, h)| = (T o A2 — ATz, h)| < ¢.
As y is a weak cluster point of {ALz}2° , there exists an arbitrarily large n with
[y, h) — (Aja,h)| < e
and
(T o Apa,h) = (Ty,h)| = [{y, T"h) — (Ayz, T"h)| < e.

Combining these three estimates, we arrive at |(y, h) — (T'y, h)| < 3e. The arbi-
trariness of € and h implies Ty = y. O

Definition 1.1.8. A one-parameter semigroup 7 is called mean ergodic if the norm

limit lim A7z exists for all 2 € X.
T—00

We call an operator T' mean ergodic whenever the semigroup 7 = (T™)22, is
mean ergodic. Remark that any one-parameter semigroup which is mean ergodic
is Cesaro bounded and satisfies (1.7). This assertion is left to the reader as an
exercise. Theorem 1.1.7 says that for proving mean ergodicity of 7 it is enough
to check that the set { A7z :t € J} has a weak cluster point for each z € X. In
particular, this means that we can reply the norm limit in Definition 1.1.8 by the
weak one.
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1.1.7 In the case 7 = (T™)22,, we use the following notation:
Xpe(T):={2z € X:3 lim ALYz}, N(T):=(I-T)X,
n—oo

Fix(T):={zx e X: Te =2}, Fix(T"):={ye X" :Tr'y=y}.

Clearly, all these sets are linear subspaces of X and X*. The next theorem gives
the relations between them.

Theorem 1.1.9 (Yosida). Let T' be a Cesaro bounded operator in a Banach space
X which satisfies (1.7) for all x € X. Then Xn(T) = Fix(T) & N(T), and the
operator P : X, (T) — X, which is defined as

Pz:= lim ATz (2 € X,ne(T)),

n—oo

is a projection of Xpme(T) onto Fix(T) satisfying P =T o P = P oT. Moreover,
for any x € X, the assertions:

(i) lim Az =0,

(ii) (z,h) =0 for all h € Fix(T"),
(iil) z € N(T),
are equivalent.

Proof.  Clearly Fix(T) and N(T') are closed subspaces in X. Let us verify
Fix(T)N N(T) = {0}.
For € > 0 and z € Fix(T') N N(T'), there exists u with ||z — (u — T'u)|| < e. Hence
AT (2 — (u— Tu))]| < Me.

Using ATz = 2z and Al (u — Tu) — 0, we find |2|| < Me + ¢, where M =
sup,,>q || A% ||. Therefore z = 0. A similar argument can be used to show that
Fix(T*) N N(T*) = {0}.

(i) = (ii): The condition h € Fix(T*) implies h = AL h for all n, and hence

(z,h) = (x, AT n) = (ATz,h) — 0.

(ii) = (iii): If z € N(T), there exists, by the Hahn—Banach theorem, h € X,
with (z,h) # 0 and (y,h) = 0 for all y € N(T). In particular, (u — T'u, h) = 0 for
all u € X. Hence (u,h — T*h) = 0 for all w € X. This implies h € Fix(T*) and,
therefore, by (i7), (x, h) = 0 which is a contradiction.

(ii) = (i): Let x € N(T'). For any u € X, we have

Al (u —Tu) =n~ (u — T™u) — 0.



1.1. Mean ergodic theorems 11

Thus, all z € N(T) satisfy | ALz| — 0. The set of all z € X with the property

|ATz|| — 0 is closed because T is Cesaro bounded. Thus lim ALz = 0.
n—oo

For z € X,,c, Theorem 1.1.7 implies Pz € Fix(T). Thus z = x — Px satisfies
(i). We have proved X C Fix(T) @ N(T). As Fix(T) C X, is trivial, the
opposite inclusion follows from (iii) = (i).

As P is the projection of Fix(T) @ N(T) on Fix(T) and the elements of
Fix(T) are fixed under T, the identity P =T o P is clear. P = P o T follows from
Al(z — Tz) — 0. O

Corollary 1.1.10. Let T be a Cesdro bounded operator in X which satisfies (1.7).
Then T is mean ergodic if and only if X = Fix(T) & N(T). O

1.1.8 The following criterion of Sine [117] for mean ergodicity is very useful,
despite its simplicity, and we apply it often below.

Theorem 1.1.11 (Sine). Let T be a Cesaro bounded operator in X which satisfies
(1.7). Then T is mean ergodic if and only if Fix(T) separates Fix(T™).

Proof. Let T be mean ergodic, and let P : X — Fix(T) be the correspondent
mean ergodic projection. If 0 # h € Fix(T*), there exists € X with (x, h) # 0.
Now Pz belongs to Fix(T') and separates h and 0, because of

(Px,h) = lim (ATz, h) = lim (z, AT h)
= (z,h) #0.

Assume that Fix(T) separates Fix(T*). If Fix(T) @ N(T') # X, there exists
0#he X"

with (y, h) = 0 for all y € Fix(T) & N(T). In particular, (x — Tz, h) = 0 for all
x € X shows h € Fix(T*). As Fix(T') separates h and 0, there exists y € Fix(T)
with (y, h) # 0, a contradiction. O

1.1.9 Let us give some further conditions for the mean ergodicity. We begin
with the discrete case.

Theorem 1.1.12. Let T™ be mean ergodic for some m, then T is mean ergodic.

Proof. The assertion follows immediately from the equality

m—1
1 m
AT _ Tk T
wm = E A, (Vn,m € N)
k=0
and from the Eberlein theorem. O

Theorem 1.1.13. Given a bounded Cy-semigroup T = (T})¢>0 such that an operator
T¢ is mean ergodic for some & € J, then T is mean ergodic.
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Proof. Let T¢ be mean ergodic for some £ € J. Then T¢/;, is mean ergodic for all
k € N, as it has been shown above in Theorem 1.1.12. Given z € X and € > 0,
then .’
T m
| AT — A" <e/2 (vn €N

for any m > my. On the other hand, there exists a large enough mo > m; such
that for any ¢t € R, there exists n satisfying

|AZ oz — AZ,, x| <e/2.

n&/ma

Combining these two inequalities, we obtain
T,
{AT2}1es C{AS ™z :n € N} +¢- By.

Hence the set {.AtTa:}tZO can be arbitrarily well approximated by relatively weakly
compact sets and, due to Theorem 1.1.7, the semigroup 7 is mean ergodic. g

Related Results and Notes

1.1.10 The origin of Lemma 1.1.6 goes back to the 1920s to Suschkewitsch.
The reader can find more about this in Lyubich’s book [80].

The following theorem describes the structure of the space X (7") of flight
vectors for a one-parameter weakly almost periodic semigroup (see [67]).

Theorem 1.1.14. Let T = (T})icy be a one-parameter weakly almost periodic semi-
group in a Banach space X and let x € X. Then the following conditions are
equivalent:

(i) = € Xp(T);

(i) there exists a subsequence (tn)5%, of J such that Ty, x — 0 weakly.
Moreover, if T is a group then these conditions are equivalent to:

(iil) (x,y) = 0 for all eigenvectors of the adjoint semigroup T* having unimodular
etgenvalues. O

1.1.11 To illustrate the power of Jacobs—Deleeuw—Glicksberg’s theorem, we
prove one well-known, but quite non-trivial, result.

Theorem 1.1.15. Let T be a doubly power bounded positive operator in a finite-
dimensional Banach lattice E. Then the operator T~ is positive.

Proof. The operator T is almost periodic since

dim(E) < oo and sup ||T"| < 0.
neN

By Jacobs—Deleeuw—Glicksberg’s theorem,

E=E.(T)® Eu(T)
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and
Ep(T)={ze X : lim ||T"z| = 0}.

The last condition together with the doubly power boundedness of T imply

En(T) = {0},
and hence E = E,.. Then T~! belongs to the closure (in the wo-topology) of the
set {T™}°°, of positive operators. Then T~! is positive as well. O

It is interesting that this proposition cannot be generalized to the infinite-
dimensional case [29] (see also the end of Section 2.2).

1.1.12 Another interesting application of the Jacobs—Deleeuw—Glicksberg the-
orem is the following result which is due to Lyubich and Phong [83].

Theorem 1.1.16. Let T be a power bounded operator in a Banach space X. Then
the following conditions are equivalent:

(i) lim [|[T"z|| =0 for all x € X;
(ii) T is almost periodic and lim ||A£L)‘71'T)x|| =0 forallz e X and A € o(T),
Al =1.

Proof. The implication (i) = (ii) is trivial. For proving (ii) = (i), we apply The-
orem 1.1.4 to the almost periodic operator T', and get the decomposition

X = Xo(T) ® X(T),

where
Xo(T)={zeX: tlim | Tex|| = 0}
—00

according to (1.1), and X,.(T') is the closure of the linear span of all eigenvec-
tors of T by (1.1). The condition (i7) says that there are no eigenvectors of T'

correspondent to eigenvalues A, |A| = 1, consequently, X = Xj. In other words,
lim |7 z|| =0 for all z € X. O
n—oo

1.1.13 Let X and Y be Banach spaces and let R: X — Y be a bounded linear
operator. For each T' € L(X), we define the operator 7g(T) € L(X X Y) by

7r(T)(2,y) == (Te,(R~RoT)a+y) ((z,y) € X xY).

Proposition 1.1.17. The mapping 7r : L(X) — L(X x Y) (always nonlinear when-
ever R # 0) possesses the following properties:

(i) mr is injective and mr(S oT) = mr(S) o mr(T) for all S,T € L(X);
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(ii) mr(aS + BT) = arg(S) + Prr(T) for any S,T € L(X) and o,B € C,
a+p=1.

In particular, (mr(Tt))tes is a bounded one-parameter semigroup or Cy-semigroup,
whenever (Tt)icy is.

Proof. (i) The mapping g is, obviously, injective. Let S, T € £(X), then for any
Z:=(z,y) € X XY we obtain directly:

mr(8)omr(T)E = wr(S) (T:c, (R— RoT)x + y)
= (SoT(),(R—Ro8)Te+((R— RoT)z+y)

= (SoT(m),(R—RoSoT)w-l‘y)
7r(S o T)z.

(ii) Given additionally «, 5 € C, o + 8 =1, then

mr(as+T)E = ((aS+BT)z, ((a+ AR~ Ro (a8 +0T))x + (a + A)y)
- (aSaz, a(R—RoS)z+ ay) + (ﬁTx, B(R—RoT)x+ ﬁy)
(amr(S) + prr(T))z.

O

Proposition 1.1.17 is related to conservation laws. The dilation of semigroups
given by mg is useful in the investigation of their asymptotic behavior since it pre-
serves asymptotic properties. For example, the following property can be obtained
directly from Proposition 1.1.17.

Proposition 1.1.18. A semigroup T is (weakly) almost periodic, strongly stable,
asymptotically periodic, periodic, or mean ergodic if and only if the semigroup
mr(T) possesses the same property. a

1.1.14 There are some relations between weak almost periodicity and mean
ergodicity. For instance, the following two assertions are direct corollaries of The-
orem 1.1.7.

Proposition 1.1.19. Any weakly almost periodic one-parameter semigroup 7 1is
mean ergodic. O

Theorem 1.1.20. Any bounded one-parameter semigroup 7 in a reflexive Banach
space is mean ergodic. (|
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1.1.15 An operator T € L(X) is called an isometry if ||Tz|| = |z| for all
x € X. Tt is easy to see that any doubly power bounded 7' € £(X) becomes an
invertible isometry with respect to the norm

2]z = sup |T*z|.
kEZ

As usual, denote by o(T") the spectrum of T € L(X), and by
H(T) = sup{A| : A € o(1)} = lim |77/
its spectral radius. We shall use the notation
or(T) :={A € a(T): [\l =r(T)}
for the peripheral spectrum of T. The next result is due to Gelfand. We follow [6]

in its proof.

Theorem 1.1.21 (Gelfand’s lemma). Let T' € L£(X) be doubly power bounded with
o(T)={1}, then T = 1.

Proof. Denote M = sup ||T™]| < oo. Let
neL
S =1In(T) = i (1 =1)"
- - i ’

then o(S) = {0} and T = exp (S). Thus, given any integer m, we have
o(sin(m S)) = sin(o(mS)) = {0}

("5

7

and

<M (VE > 0).

If > e 2* is the Taylor expansion of the principal value of arcsin(z) about z = 0,
k=0
then ¢, > 0 for all £ and

o0
ch = arcsin(1l) = 7/2.
k=0

Hence
|lm S| = | arcsin(sin(m.S))]]
< > ferl - ll(sin(m 8))¥|
k=0
< (m/2)- M.

As this holds for any integer m, it follows that S = 0. So, T' = I. g
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The following important generalization of Gelfand’s lemma was obtained by
Esterle [42], and by Katznelson and Tzafriri [61]. We use Phong’s elegant idea [95]
in its proof.

Theorem 1.1.22 (Esterle-Katznelson—Tzafriri). Let T be a power bounded operator
in a Banach space X. Then
lim | 7" —T"| =0

n—oo
if and only if the peripheral spectrum o.(T) of T satisfies o.(T) C {1}.

Proof. The “only if” part of this theorem is an easy exercise for the reader. We
prove the “if” part. First we remark that it is enough to prove the following
formerly weaker statement:

or(T) C {1} = lim ||T"" 'z —T"z|| =0 (Vz € X). (1.8)

Indeed, suppose that (1.8) is proved. Let T be a power bounded operator in X
such that o (T") C {1}. Consider the operator T in £(X) defined by T'(S) =T o S.
Then T is power-bounded and o(7T') = o(T). Therefore,

lim 7" (S)—T"(S)||=0 (vS € £(X)).

n—oo

Taking S = Ix, we get the desired conclusion.

Now, let T be a power bounded operator in X such that o.(T) C {1}.
By using an equivalent norm in X, we can assume ||T|| < 1. Then the limit
l(z) = nh—{go |IT"x| exists and it is a semi-norm in X. If ker(l) = X, then the
conclusion is obvious, and we may assume ker(l) # X. It is clear that ker(l) is a
closed invariant subspace of T', so T induces in a natural way an operator T on the
quotient space X = X / ker(l). The semi-norm [ induces a norm [ on X and, since
T is isometric in the semi-norm [, the operator T is an isometry in the normed
space (X , Z) From the obvious inequality

HBRA(T)z) < [|RA(T)| - () ,

where R)\(T) = (Ax — T)~! is the resolvent of T at A & o(T), it follows that
J(T) C o(T). Therefore T is an isometry with a single peripheral spectrum at 1.
From this, it is easily seen that 7" is an invertible isometry with o(7) = 1. By
Theorem 1.1.21, 7' = I';. This means nll_)HQlQ |T™ o (T —I)x|| =0 for all z € X. The

proof is completed. O
In contrast to Theorem 1.1.22, not any strongly stable T satisfies
o-(T) C{1}.

It is an easy exercise to construct T € £(X) with lim 7"z = 0 for all z, while
n—0o0

ox(T) = T. For various generalizations of the Gelfand lemma and Theorem 1.1.22,
as well as for various results connected with them, we refer to the comprehensive
survey of Zemanek [135]. We give here only one application of Theorem 1.1.22.
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Proposition 1.1.23. Let T' be a power bounded mean ergodic operator such that
ox(T) C{1}. Then T is strongly stable.

Proof. By Theorem 1.1.9, X = Fix(T) @ N(T). Thus the strong stability of T
follows immediately from Theorem 1.1.22. O

We finish consideration of isometries with the following famous result of
Godement [47].

Theorem 1.1.24 (Godement). Let X be a complex Banach space and let T be an
isometry in X . Suppose dim(X) > 1, then T has a non-trivial invariant subspace.
a

Ezercise 1.1.25. Let T be an isometry in a complex Banach space X, dim(X) = oo.
Show that for any n € N there is a family {X}}}_, of T-invariant subspaces of X
such that

0SX1 G- CX, X

1.1.16 Let X be a complex Banach space. An operator semigroup 7 C £L(X)
is called supercyclic if for some x € X (such an z is called a supercyclic vector for
7T), the set

{ANTz: TeT,NeC}

is dense in X. An operator T' € L(X) is called supercyclic if the semigroup (T7)52
is supercyclic. The following interesting result about the asymptotic behavior of

supercyclic operators was obtained in [10].

Theorem 1.1.26 (Ansari-Bourdon). Let X be a complex Banach space such that
dim(X) > 1, and let T € L(X) be a supercyclic power bounded operator. Then

lim ||T"z| =0

n—oo
forallx € X.
Proof. By passing to an equivalent norm, suppose ||T']| < 1. Assume ||[T"z| /4 0
for some x € X, ||z|| = 1. Without loss of generality, we may assume x to be
supercyclic. Then ||T"z|| | a > 0. Since z is supercyclic, there exist an increasing

sequence (nx)72; and A € C such that

IT™ 0 Tz — T"(A\z)|| = [|T™(T™x — Aa)|| — 0 (k — o0) (1.9)
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for all n > 0. It follows from (1.9) that
Al = [1Az]

Jim [T = o
— lim 172
=l i 7]
= Jim [77(%)]
= i [T (O)]
= P
which implies a = |A| = 1. Using (1.9) again, we obtain
A"z € cl{T"z :n >0}
for all m € N and, since 1 € cl{{™ : m € N} for any ¢ € C, |¢| = 1, we have
limniilgo |IT"z —z|| =0. (1.10)
Any vector satisfying (1.10) we call a coming back vector for T. Denote
Y = span{z, Tz, T%z,...,}.

Take an arbitrary y € Y:

k
Y= ZaiTix (ag,...,ar € C)
i=0

and € > 0. Since x is a coming back vector, there exists n. such that

k
177y —yll < > ol - | TH(T™ 2 — )|
1=0
k
< Tz -2 Y ol
1=0
< €.

Thus Y consists of coming back vectors. Since ||T'|| < 1, then every y € cl(Y)
is a coming back vector. It is obvious that cl (V') is a T-invariant subspace of X.
Applying supercyclicity again, we have ¢l (Y) = X and, therefore, every z € X is
a coming back vector for T', which implies that T" is an isometry.

Since dim(X) > 1, Theorem 1.1.24 provides existence of a non-trivial T-
invariant subspace which contradicts the supercyclicity of T'. This shows that

lim ||T"z| =0

for all x € X. O
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In Section 1.3, we give another approach to Theorem 1.1.26 based on the
deep result of Storozhuk [124] (see Theorem 1.3.29).

1.1.17 Every power bounded operator is, obviously, Cesaro bounded and sat-
isfies (1.7). However, there exist operators which are Cesaro bounded but do not
satisfy (1.7). The following example of such an operator on R? given by a matrix

is due to Assani:
-1 2
T= { 0 -1 } ’

FEzercise 1.1.27. Prove the above assertion about the operator T'.
FEzercise 1.1.28. Prove Theorem 1.1.7 in the strongly continuous case.

Ezercise 1.1.29. Show that in the proof of Theorem 1.1.12 the use of the Eberlein
theorem is not necessary.

1.1.18 The following result is due to Kakutani.

Theorem 1.1.30 (Kakutani). The identity operator is an extreme point of the con-
vex set of all contractions in any Banach space.

Proof. Denote the set of all contractions in a Banach space X by Cx. If Iy is not
an extreme point of C'x, then

Ix =277y + 271y

for some T # Ty in Cx. Denote T =T — Ix.
If h € X* is an extreme point of the closed unit ball Bx- of X, then the
identity
h=holx :2_1hOT1+2_1hOT2
shows h = ho Ty = hoT,. Then T*(h) = 0 holds for all extreme point of Bxx,
and hence, by the Krein—Milman theorem, T*(z') = 0 for all ' € Bx~. This
contradicts our assumption that 7" # 0. ]

Ezercise 1.1.31. Let (a,)22; be a sequence of strictly positive reals satisfying
ZnOO:1 an = 1, and let (T,)52, be a sequence of pairwise-commuting power
bounded operators in a Banach space X. Show that

o0
Fix(T) = (] Fix(Z,),
n=1
where T'= "> | a,T).
Hint: By using an appropriate equivalent norm, reduce this assertion to contractions and apply
the previous proposition.

Ezxercise 1.1.32. Show that a convex combination of finitely many commuting
power bounded mean ergodic operators in a Banach space is mean ergodic.

Hint: Use the previous exercise and Theorem 1.1.11.
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1.1.19 We say that an operator T € L(X) is uniformly mean ergodic if the
sequence (AL)2°, converges in the operator norm. The following result of Lin
[76] is the main theorem about uniform mean ergodicity. We follow Krengel [67,
Thm.2.2.1] in its proof.

Theorem 1.1.33 (Lin). Let an operator T € L(X) satisfy lim ||[n='T™| = 0. Then
T is uniformly mean ergodic iff (I — T)(X) is a closed subspace of X .

Proof. Let T be uniformly ergodic, then N(T) is invariant under T', and the re-
striction S of T' to N(T') satisfies ||AJ|| — 0. For any n with ||AS] < 1, I — A is
invertible. The invertibility of I — S, therefore, follows from the identity

(IS)(nn11+nn25+-~~+;S"2>IAf.
Hence
N(T) = (I—=9)NN(TD))
= ([ -T)(N(T))
C (I-7)X

= N(T).

Conversely, if N(T') = N(T'), the open mapping theorem asserts that (I—T)U
is open in N(T) for any open U C X. Hence there exists K > 0 such that, for any
y € N(T), there is z € X with (I —T)z =y and ||z|| < K||y|| (otherwise, there is
a sequence (y,)>2; converging to 0 and disjoint to (I —T){z: ||z|| < 1}). From

ATy

AL (I = T)z|
n= I =Tl
En=H | =T"(l]lyll,

IAIA

we see that the restriction S of T' to N(T) is uniformly ergodic. It follows as above
that I — S is invertible on N(T'), and

(I-T)X = N(T)
— (- S)(N(D))
= (- D)D)

Therefore, for any x € X, there exists an element y € N(T') with
(I=T)a=(I-Thy

and, by the invertibility of (I — S), we may assume ||y|| < K'||(I —T)z|| with some
K’ < oo independent on z. We now write

r=(r—y)+y.
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As (xz — y) is fixed under T, we find

G = (@ =)l = 4yl
< KK =T =T,

i.e., the convergence of AL to the projection P with Pz = x — y is uniform. O

There is an interesting spectral characterization of the uniform mean ergod-
icity; for the proof of it we send the reader to Krengel [67].

Theorem 1.1.34. Let T be a power bounded operator in a Banach space X, then
the following conditions are equivalent:

(i) T is uniformly mean ergodic;

(i) either Ix —T is invertible or 1 is a pole of first order of the resolvent Ryo(T)
of T.

Moreover, under these conditions, there are only finitely many poles of Rg(T) in
unit circle T' of C and there no other singularities in o(T) NT. g

Every mean ergodic operator in a finite-dimensional Banach space is, obvi-
ously, uniformly mean ergodic.

The dilation of semigroups given in 1.1.13 preserves the uniform ergodicity.
The proof of this fact can be obtained directly from Proposition 1.1.17, and we
leave it as an exercise. Another exercise follows.
Exercise 1.1.35. Show that if 7™ is uniformly mean ergodic for some m, then T
is uniformly mean ergodic.

Hint: Use the formula in the proof of Theorem 1.1.12.

The following definition is closely related to the uniform mean ergodicity.
Definition 1.1.36. A one-parameter semigroup 7 in a Banach space X is called
uniformly stable if there exists a projection P € £(X) such that tlim IT:—P| = 0.

—00
An operator T € L(X) is called uniformly stable if the semigroup (T7)5; is
uniformly stable.
Ezercise 1.1.37. Show that an operator T € L£(X) is uniformly stable iff T is
uniformly mean ergodic and o, (T) C {1}.
Hint: See [99, Lemma 2.5].

1.1.20 An important class of uniformly mean ergodic operators which was in-
troduced by Kryloff and Bogoliouboff is the class of so-called quasi-compact opera-
tors. An operator T' € L(X) is called quasi-compact if there is a sequence (Q)5
of compact operators satisfying 7}1};0 IT" — Qn| = 0.

Ezercise 1.1.38. Show that T' € L(X) is quasi-compact iff there exists a sequence
(T7)22, of compact operators such that lim ||T™ — T, || = 0.
n—oo

Hint: See the proof of Lemma 2.4 in [67,p.88].
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Ezercise 1.1.39. Show that any power bounded quasi-compact operator is uni-
formly mean ergodic.

The following theorem gives a full description of power bounded quasi-com-
pact operators. For its proof we send the reader to Krengel [67].

Theorem 1.1.40 (Yosida—Kakutani). Let T be a power bounded quasi-compact op-
erator in a Banach space X, then XT is quasi-compact and therefore uniformly
mean ergodic for each A € T' (by Ezercise 1.1.39) and, accordingly to Theorem
1.1.34, o(T)NT = {\e }},. Then

T"=> AP+ S" (VneN),
k=1

-1

where P, = lim .Af{’“ T in the operator norm, and S = T—Z}Ll A Pr.. Moreover,
n—oo

there exist constants n, M with 0 <n < 1, ||S™|| < Mn™ for all n € N. O

1.1.21 We finish this section with a short discussion on complexifications. Re-
call that the complezification of a real vector space X is a complex vector space

Xe=X@iX={z+iy: z,ye X}
under the natural addition and under the following multiplication:
(a+1b) - (x +iy) == ax — by + i(bx + ay) .

We consider X as a real vector subspace of X¢ , by identifying x € X with 410 €
Xc . Sometimes, an element x + iy of X¢ is denoted as a column vector

e
Obviously any complex vector space can be considered as a complexification of

some real vector space. If X is a normed space, then X¢ is also a normed space
with the norm given by

|z +iy|| := sup |[(cos\)z + (sinN)y]|. (1.11)
A€[0,27]

Exzxercise 1.1.41. Show that X¢ is a complex normed space under the norm given
by (1.11). Show that X¢ is a Banach space iff X is a Banach space.

Let T : X — X be a linear operator. Then its complexification Tt : X¢ — Xc¢
is defined by
Te(x +iy) == Tx +iTy.

Obviously Tt is a linear operator in X¢ .
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Ezercise 1.1.42. Show that a vector subspace Y C X is T-invariant iff the vector
subspace Y @ Y is T-invariant.

Ezercise 1.1.43. Let X be a normed space and let T' € £(X). Show that
Tc € L(Xc) with ||T¢]| = ||T||. Show that T is invertible iff Tt is invertible and
T(El = (T~1Y)¢. Thus T is an isometry in X iff T¢ is an isometry in Xc .
Ezercise 1.1.44. Let Q : X¢ — Xc be a mapping. Show that @ is a linear operator
in X¢ iff there exist two uniquely determined linear operators S,T : X — X such

that
oy ]-[5 I ]-lsm]
1.2 Elementary theory of C)-semigroups

Here we present the notion of a generator of a Cy-semigroup, which is a bridge be-
tween the abstract theory of Cy-semigroups and the important part of the theory
of PDEs related to the so-called abstract Cauchy problem. We study elementary
properties of generators and present one of the oldest classical results of the the-
ory of Cy-semigroups, the Hille-Yosida theorem, that gives the conditions under
which an (unbounded, in general) operator in a Banach space is a generator for
some Cy-semigroup. We give its proof in the special case, for the Cy-semigroup
of contractions. We discuss what would happen if we perturbed a generator of
a Cp-semigroup by a bounded operator. We give (without a proof) the Dyson—
Phillips formula for the perturbed semigroups. Then we touch the spectral theory
of Cy-semigroups. We shall briefly discuss only a few results: the spectral map-
ping theorem and some extensions of the Liapunov stability theorem for ODEs on
Cy-semigroups.

1.2.1 The starting point of the theory of Cy-semigroups is the abstract Cauchy
problem (ACP):

d

d? =Au (teRy), u(0)=f, (1.12)

where u : Ry — X, X is a Banach space, A is a densely defined linear operator
from D(A) C X to X, and f € X is an initial value.

The ACP given by (1.12) is well-posed if a solution exists for all f € D(A), is
unique, and depends continuously on A and f. We shall consider only well-posed
ACPs.

Let u(., f) be a unique solution of the ACP (1.12) which corresponds to
f € D(A). Thus, we have the linear mappings

T,:D(A)— X (Vt>0)
defined by

T,(f) = u(t,f) € X (vt >0).
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For any t, the mapping 7T} is continuous and, therefore, possesses a unique contin-
uous linear extension on X, which we denote also by T}. Since

u(t + s, f) - u(t7u($7 f))

for all ¢t,s > 0, we obtain the semigroup property of the family {7} : ¢t € R} } of
operators:

Tt OTS = Tt_;,_s (Vt,s > 0)

For every f € D(A), the mapping Tif = u(t, f) : Ry — X is differentiable and,
therefore, continuous. The density of D(A) and continuity of every T; imply that
the semigroup (7}):>o is strongly continuous; and, since it satisfies

Tof:U<O,f):f

for all f € D(A), (Tt)t>0 is a Cp-semigroup.

1.2.2 Let T = (T)¢>0 be a Cp-semigroup in a Banach space X.

Definition 1.2.1. The generator G = G of 7T is defined by

T _
Gr=||—lm "™ °

lim ho (1.13)

the domain of G, denoted as D(G), consists of all z € X for which the limit (1.13)
exists.

Obviously, D(G) is a linear submanifold of X and G is a linear map from
D(G) to X. The set of all § € C such that there exists a bounded operator
Qo : X — X satisfying

QQO(HI)(*G):ID(G) & (effo)O Qg:IX

is called the resolvent set of GG; the operator Qg is called the resolvent of G at the
point 6, and is denoted by Rg(G). The complement to the resolvent set is called
the spectrum of G, and is denoted by ¢(G). According to 1.2.11, the spectrum of
a closed operator is always closed, but not necessarily a bounded subset of C.

Remark that, by the definition of generator, if we consider the ACP with the
generator G of a Cy-semigroup 7 = (T3)>0 on the right-hand side, and present
the solution of this ACP with use of a semigroup S, then & = 7. Thus any
Cy-semigroup is related to some ACP.

1.2.3 Let us collect further important elementary properties of the generator
of 7 in the following theorem.
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Theorem 1.2.2. Let G be the generator of T .

(i) G commutes with Ty for allt > 0 in the sense that if © € X belongs to D(G),
so does Tyx, and

GOTt.CL':TtOGZL'.

(ii) The domain D(G™) of G™ is dense for any n € N.
(iii) The operator G : D(G) — X is closed.
(iv) Each 0 € C such that Re(8) > wr, where wr is given by
wr = inf{a € R: IM,, < oo such that |T;|| < M,e* for all t > 0},
(1.14)

belongs to the resolvent set of G. The resolvent of G is given by the Laplace
transform of 7:

Lr(0)x :/ e M"Tyxdt (Vo€ X). (1.15)
0

Proof. We factor the difference quotient in (1.13) in two ways:
WY (Tign —T)x=h"Tio (T, — Ix)x=h YT —Ix)o Tyx. (1.16)

When z € D(G), the middle term converges to T; o Gz as h — 0. Therefore, the
terms on the right and left converge also, and we deduce from (1.16) that

Z(Ttx) =T,oGr=GoT,xz (Vxe€ D(Q)). (1.17)

This proves (i).
(ii) We claim that an integrated form of (1.17)

¢
Ttx—x:G/ T xdr (1.18)
0

is valid for all z in X. Since (T})¢>0 is strongly continuous, the integrand on the
right in (1.18) is a continuous function of 7; therefore we may consider the integral
as a vector-valued Riemann integral. To prove (1.18), we evaluate the action of G
on this integral. Letting T}, act in the integrand and using the semigroup property,
we get

t t
h Ty — IX)/ T,xdr = h*l/ (Trinx— T, 2] dr
0 0

t+h h
= hil/ TT:chfhfl/ T, xdr
t 0

— Tir—u,
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as h — 0. Since the limit on the right exists and is equal to Tz — z for all z € X,
the limit on the left also exists and is equal to G(f(;5 T,z dr). This proves (1.18),

as well as fg T, zdr € D(G) for all z € X. Applying again

t

lim til/ Trxdr=z (VzeX),
t—0 0

we obtain that D(G) is dense in X.

We argue similarly about the domain of higher powers of G. Denote by ¢
an infinitely differentiable function on R supported on [0, 1]. For any x in X, we
define

+oo
Ty = / o(1T)Ty x dr.
0
The same argument as above shows that z4 € D(G) and

°° d¢
= — T .
Gl’¢ /0 dr (7') T dr

Clearly, x4 € D(G™) for all n € N. We choose now a sequence of ¢; supported on

[0,1] that are non-negative, satisfy fol ¢; dr = 1, and whose support tends to zero.
Appealing once more to strong continuity of 7, we conclude that x4, tends to x.
This proves that D(G™) is dense in X for all n € N.

(iii) We claim that the following integrated form of (1.17) is valid for all
x € D(G):

¢
Tta:f:c:/ T.0Guzdr. (1.19)
0

For proof, we appeal to the basic theorem of calculus for vector-valued functions: if
two functions whose value lies in a Banach space, and that have continuous strong
derivatives, have the same derivative, and are equal at t = 0, then they are equal
for all t. We apply this theorem to the functions on two sides of (1.19). Both are
0 for t = 0. By (1.17), the derivative of the function on the left is T} o G x. The
derivative of the indefinite integral on the right is also T; o G . This proves (1.19).

To show that G is a closed operator, take a sequence (z,)52; in D(G) such
that x, — z, Gx,, — y. We claim that z lies in D(G) and Gz = y. Take = to be
%y in (1.18),

t
Tiwy — op = / T o G-Tn dT,
0
and let n — oco. Both sides converge, and their limits are equal:
t
Tix —x = / T, ydr.
0
Divide by t, and let ¢ — 0. The right-hand side tends to y, the left-hand side tends

to Gz. This shows that z € D(G) and Gz = y, which means that the operator G
is closed.
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(iv) The Laplace transform Lz () of T is defined according to (1.15), where
the integral on the right is the limit of a vector-valued Riemann integral from 0
to N, as N — oo.

Since, by 1.2.13, 7 grows at most exponentially, | T;|| < My exp(kt) for any
k > wr, it follows that the integral on the right of (1.15) converges when Re (6) > k
and that

L@l < [ Myt RO o ar
0
My,
= Re(d) -k [|z]] (wr < k <Re(0)).

This shows that L7 () is a bounded operator and

M,

IZ2O1 < py iy o

(wr < k < Re(0)). (1.20)
We claim that L7(0) = Ry(G), the resolvent of G at #. To prove this, we look
at the modified semigroup (exp (—6¢)T})i>0. It is easy to see that this is also
a Cp-semigroup with the generator G — Ix. We apply (1.18) to this modified
semigroup:

t
exp (—0t)Tix —x = (G — 0Ix) / exp (—07)Trx dr.
0

Suppose Re (0) > k > wr; as t — oo, the left side tends to —z. The integral on
the right tends to Lz (6)z; since G is a closed operator, we conclude

x=(0Ix —G)o Ly (0)x.

This shows that Lz(0) is a right inverse of (8Ix — G). To deduce from this that
L7(0) is the inverse of 0Ix — G, we use (1.19) instead of (1.18). O

1.2.4 Let X be a Banach space and let A be an operator in X. In the case
when A is bounded, it is easy to construct a Cyp-semigroup 7 = (T});>0 such that
A becomes a generator of 7, namely:

n=0

If the operator A is unbounded, the sum on the right-hand side of (1.21) does not
exist. Another problem arises because A should satisfy some additional properties
listed in Theorem 1.2.2 to be a generator of a Cy-semigroup.

We show how to reconstruct 7 = (T});>¢ from its generator in the case when
T consists of contractions, i.e., ||T;|| < 1 for all ¢ > 0.
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Theorem 1.2.3 (Hille-Yosida). The generator G of a Cy-semigroup T of contrac-
tions in a Banach space X has every real A > 0 in its resolvent set, and

IRA(Q)]| = |[(Mx —G)7YH <A™t (YA >0). (1.22)

Conversely, every densely defined operator G in X, whose resolvent set includes
the positive reals and satisfies (1.22), is the generator of a Cy-semigroup of con-
tractions.

Proof. The first part is a restatement of (1.20).
We give Yosida’s proof of the second part. It is based on approximating G
by G, =nG o R, (G) and letting n — co. The identity

G, =n’R,(G) —nlx (n€N) (1.23)

shows that G,, is a bounded operator. We approximate T; by e!“», where the
exponential is defined as the infinite series in (1.21). We show first: if (1.22) holds,
then, for all z in X,

lim nR,(G)x = x. (1.24)

n—oo

We use the identity n R,,(G) — Ix = R,(G) o G and inequality (1.22) to deduce
that

In Bn(G) x — x|

[Rn(G) o Gaf
n|Gzl| (Vz € D(G)).

IN

This proves (1.24) for € D(G). Since, by (1.22), [|n R,(G)|| < 1 for all n € N,
and since D(G) is dense in X, it follows that (1.24) holds for all z € X.
Next we show that

lim Gp,z =Gz (Yx € D(Q)). (1.25)

n—oo

By the definition of G,,,
Gpnz=nGoR,(G)z=nR,(G)oGz (Vxe D(Q)),
so (1.25) follows from (1.24). Using formula (1.23), we obtain

n2t)7n

U RrG).

2 > (
eth, — e~ Mten tR,(G) _ et E
0

Using (1.22), we deduce that each e*“» is a contraction:

2m 1
lefCn || < e Z (n’%) =e M = 1. (1.26)

m! nm
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To estimate the difference of €!“» and e!“*, we use the fact that e!“* and e'Gn
commute with G,, and Gy:

d
dt

Using (1.26), we get

[e(37DCn o etCk ()] = e(57HCGn 0 Gk o (G, — G) (x)  (Va € X).

d_
[ 5 leC™0% 0 €T @)l < Gk~ Gl

Integrating §, [es=DGn o etCx ()] with respect to ¢ from 0 to s, we deduce from
this inequality
e Cra — e Cry|| < 5||Gnr — Grz| (Vo € X). (1.27)

Combining (1.25) and (1.27), we deduce that for all z in D(G) the limit

lim ¢
n—oo

nr =Tz (1.28)

exists uniformly on every compact interval. It follows from the uniform bounded-
ness of (e!“n)>,; for any ¢ > 0 that the limit in (1.28) exists for all z € X. It
follows directly that since (e39") >0 is a semigroup, so is 7 = (Ts)s>0- Since the
convergence in (1.28) is uniform on every compact interval [0, ¢], strong continuity
of the semigroup (e*“»)4>¢ implies strong continuity of 7. Since, by (1.26), each
esGn is a contraction, so is their strong limit 7.

It remains to show that the generator of 7 is G. Apply (1.20) to e*Cn:

¢
P —— :/ e5Gn o G,xds.
0
Suppose that z € D(G) and let n — co. So we get, using (1.25), that
¢
Tz —z = / T;oGxds (Yx € D(Q)).
0

Denote by P the generator of 7. Dividing the above equation by ¢ and letting
t — 0, we conclude that D(P) includes D(G) and P = G on D(G). Thus P is an
extension of G. By Theorem 1.2.2, any A > 0 belongs to the resolvent set of both
G and P. Hence P cannot be a proper extension of G and so P = G. g

We give without proof the general case of Theorem 1.2.3 which is due to
Feller, Miyadera, and Phillips.

Theorem 1.2.4. Let G be an operator in a Banach space X, and let w,M € R,
M > 1. Then the following conditions are equivalent:

(i) G is a generator of a Co-semigroup (Ty)i>o0 satisfying | Ti|| < M exp(wt) for
all t > 0;
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(ii) G is a closed densely defined operator such that every 6 > w belongs to the
resolvent set of G and

10 = w)" Rg(G)]| < M (Vn €N);

(ili) G is a closed densely defined operator such that every 8 € C satisfying
Re (0) > w belongs to the resolvent set of G and

I1RG (G) < M - [Re (0) —w|™ (Vn €N). 0

1.2.5 In many situations, the right-hand side of an ACP is given as a sum of
several terms. Sometimes it is easy to find the solution of this ACP for each single
term in the right-hand side, and the question arises how we can combine these
solutions to get the solution of the initial ACP. On the language of Cy-semigroups,
this question should be formulated as follows:

Question 1.2.5. Let G be the generator of a Cy-semigroup in a Banach space X
and let F be an operator X D D(F) :— X. Under what conditions is the sum
G + F the generator of some Cy-semigroup?

This question leads to the deep perturbation theory of Cy-semigroups. Here
we mention without proof one result of this theory. For a bounded operator F,
the answer to the question above is not very difficult and is given by the following
theorem.

Theorem 1.2.6. Let G be the generator of a Cy-semigroup T = (T})¢>0 in a Banach
space X and F € L(X). Then the operator A = G + F : D(G) :— X s the
generator of another Cy-semigroup S = (Sy)i>0 in X. Moreover

t
Sy =T, Jr/ T, roFoS.dr (Vt>0), (1.29)
0

where the integral is taken with respect to the strong operator topology on L(X). O

The concrete form of this new Cp-semigroup is given by the following recur-
rent Dyson—Phillips formula:

e’} t
Sy = Z Sn(t), where So(t)=T; & Spi1(t) = / Ty roFoS,(r)dr.
0

n=0

Here, the infinite sum is taken in the operator norm on £(X), and the integral is
defined with respect to the strong operator topology.

The proof of the following corollary is based on the Dyson—Phillips formula,
on (1.29), and on Proposition 1.2.17 in 1.2.18.

Corollary 1.2.7. Let (T})i>0 be a Co-semigroup in a Banach space X with the
generator G and let K be a compact operator in X. Then G + K is the generator
of some Cy-semigroup (St)¢>0 and the operator Ty — Sy is compact for allt > 0. O
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1.2.6 If the generator G of a Cy-semigroup 7 = (T}):>0 is a bounded operator,
T is the exponential of G:

n
T, = el = n'G" (t >0). (1.30)

n=0

Indeed, if two Cy-semigroups 7 and (etG)tZO have the same generator GG, then,
according to 1.2.14, they coincide. In this special case, by the spectral mapping
theorem,

o(Ty) = 7D (t>0). (1.31)

When G is unbounded, the representation (1.30) is no longer true. The question
is: does (1.31) hold? In one direction, the answer is yes, and it is given by the
following theorem which is due to Phillips.

Theorem 1.2.8 (Phillips). Let 7 = (T3)i>0 be a Cy-semigroup with the generator
G in a Banach space X, then

e’ C o(Ty) (vt >0). (1.32)

Proof. The operators T; and R¢(G) commute for any ¢ > 0 and ¢ in the resolvent
set of G. Adjoin to this family of operators their resolvents, and denote by A the
closure in the uniform topology of the algebra generated by these operators. Then
A is a commutative Banach algebra, and the spectrum of T} and R¢(G) in £(X)
is the same as their spectrum as elements of A.
Let ¢ > wg be fixed. We denote by {V(¢)}:>0 the following one-parameter
family of operators
V(t) = R¢(G) o Tt (1.33)

The family V(t) depends continuously on ¢ in the strong operator topology. Indeed,
combine (1.15) with (1.33):

V(t)x / Tse Tz ds

0
00
= / €_<5T5+t.1' ds
0

oo
= ect/ e " Thadr.
t

From this, it is easy to see that V(t) depends continuously on ¢ in the norm-
topology on £(X). Since 7 commutes with R¢(G), it follows from (1.33) that

Re(G) o V(t+5) = V(t) o V(s). (1.34)

By 1.2.11,
o(Re(@)) = (C — (@) . (1.35)
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According to Gelfand’s theory (see [105]),
0(R¢(G)) = {h(R¢(@)) : h is a homomorphism from A to C}.

Combining this with (1.35), we conclude that for every v € o(G) there is h €
Homc(A) such that

h(Re(@) = (¢ =)~ (1.36)
Let h act on (1.34), then

h(Re(G) o V(t + ) = h(V(t)) - h(V(s)). (1.37)

It follows from (1.36) that h(R¢:(G)) # 0. We define

i = 1000 138
and rewrite (1.37) as
m(t+ s) = m(t) - m(s). (1.39)

We have shown above that V(t) is a continuous function of ¢ in the uniform topol-
ogy; the homomorphisms are continuous in the uniform topology. Combining these,
we conclude that h(V(t)) and, therefore, m(t), are continuous functions from R
to C. It is well known that all non-trivial continuous solutions of (1.39) are of the
form

m(t) = e (vt >0). (1.40)
Apply h to (1.33) to get
h(V()) = h(BEe(G)) - h(Th);
combining with (1.38) and (1.40) gives
h(Ty) = e (vt > 0). (1.41)

Now multiply (1.15) by R¢(G):
Re(G)*z = / e R (G) o Ty x ds.
0

As shown above, R¢(G) o T is continuous in the uniform topology; therefore, the
integral above exists in the norm topology on £L(X),

Re(G)? = / ¢~ Re(G) o T, ds.
0
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Apply h to both sides and use (1.41):

nre? - | e Ch(RU(G)) - h(TL) ds

0
= h(Rg(G))/ e ¢%eks ds
0

h(E¢(G))
(—k

Hence
B(R(G)) = (¢ — k).
Comparing with (1.36), we conclude that k = . Setting this into (1.41) gives

h(Ty) = e (1.42)

According to Gelfand’s theory, h(T;) € o(T}). Since v is any point in o(G), we
conclude from (1.42) that o(T}) contains ¢?(%) | as asserted in (1.32). O

1.2.7 The classical Liapunov stability theorem says that, for a well-posed ACP,

W= (teR.), u(0)=1,

in a finite-dimensional Banach space X, the following conditions are equivalent:
(i) Re(#) <0 for all 0 € o(A);

(ii) ||u(t, )l = 0 as t — oo for the solution u of the ACP.

Moreover, if these conditions hold, then ||u(¢, f)|| — 0 exponentially.
This theorem can be formulated in the language of Cy-semigroups in the
following equivalent way.

Theorem 1.2.9 (Liapunov). Let (T});>0 be a Co-semigroup in a finite-dimensional
Banach space X with the generator A. Then the following conditions are equivalent:

(i) Re(0) <0 for all 0 € 0(A);
(ii) tlim IT:z|| =0 for allz € X .

The proof of this theorem is elementary and involves the Jordan decomposi-
tion of the matrix A. This theorem can be easily extended for uniformly continuous
Co-semigroups in any Banach space, if we replace the condition (ii) by

(i) lim T3] =0.
t—o0
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1.2.8 In general, the conditions (i) and (ii) are not equivalent, and the following
principal question arises:

Under which additional conditions on a Banach space or on a Cy-semigroup we
can provide the condition (ii)?

This question is of great importance in the analysis of asymptotic behavior
of solutions of ACP. A very important contribution in the investigation of this
question was made by Lyubich and Phong [82], and independently, by Arendt and
Batty [11]. We follow the Lyubich-Phong approach to this result and its proof.
We begin with the following lemma (see [82]).

Lemma 1.2.10. Let (Uy)i>0 be a Co-semigroup of isometries in a Banach space X
with the generator S. If Re (\) < 0, then
1Sz = Azl| = [Re (A)] - [|] (1.43)

for all x € D(S). Moreover, if o(S) NiR # iR then o(S) C iR.

Proof. Let x € D(S). We consider the X-valued function u(t) = e MU, x, t > 0,
then
[ = exp ([Re (M)[2) - [|[]. (1.44)

On the other hand,

¢ ¢
u(t) =z + / dul(r) dr =z + / e MU (Sx — \z) dr.
o dr 0

Therefore,
exp ([Re (M) 1) — 1
[Re (M)
Comparing (1.44) and (1.45), we get (1.43).
Let o(S) NiR # iR. For every A € C, Re(\) < 0, denote

[u(®)]] < fl=]l + ISz = Az]. (1.45)

Qrx=(A—-95):D(S)— X.
The operator @) has the closed range
Z)\ = Q,\(D(S)) g X.

Indeed, if y, = Qxzn — y € X, then, by (1.43), (x,)22, is a Cauchy sequence
and therefore z,, — x € X. Since @) is a closed operator, = belongs to its domain
and y = Q\z € Z).

Since o(.9) is closed (by Exercise 1.2.14) and o(S) NiR # iR, there exists

Ao € C\ o(S)

such that Re(Ao) < 0. Thus the operator Q,, is invertible and therefore Z,, = X.
If Zx, # Z», = X for some A\; # Ag in the left half-plane {ReX < 0}, then there
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isy € X = Z,, such that ||y|| = 1 and dist(y, Z,) > 1/2. Take z € X satisfying
y=Qxz = (Aol — S)z and denote u := Qx,z = (M I — S)x € Zy,. By (1.43),

12 <y —ull =12 = M| - [l]] - < \/\o—/\1\~|Re( o) 1ol — S)a|
= o=l [Re(ho)| "

This inequality shows that there exists an open neighborhood W of Ay such that
Zy, = X for every \;y € W. Hence Z, = X for all X in the left half-plane
{ReX < 0}, and AT — S is invertible for all A, ReA < 0. Since, by Theorem 1.2.2,
A — S is already invertible for all A\, ReA > 0, then o(S) C iR. O

Theorem 1.2.11 (Lyubich-Phong). Let G be the generator of a bounded Cy-semi-
group (Tt)e>0 in a Banach space X . If the intersection of the spectrum of G with the
imaginary axis is at most countable and the adjoint operator G* has mo imaginary
eigenvalues, then a solution uy of the ACP

du
dt

satisfies tlim llug(t)|]| =0 for all f € D(G).

=Gu (t>0), u(0)=f,

Proof. We assume without loss of generality that the semigroup (7});>0 consists
of contractions. Then the function ||Tix| : R+ — R4 is non-increasing for each
fixed z, and hence the following limit exists:

l(z) = lim |[Tyx]] (z € X).

The function [ : X — R is, obviously, a seminorm in X satisfying I(z) < ||z||.
We have to show that I(z) = 0. For this, we consider the subspace L = ker(l)
and suppose, on the contrary, that L # X. In the quotient space X=X /L,
the seminorm [ generates the norm I, and the semigroup (7});>0 acts in X in
the natural way, because L is Ti-invariant for all ¢ > 0. Since I(Tsz) = (),
z € X, the corresponding operators T; : X — X are isometries. Moreover, the
semigroup (T}):>0 is strongly continuous, because the seminorm [ is dominated by
the original norm in X. Denote by the same symbol (Tt)t>0 the unique extension
of this Cy-semigroup onto the norm completion Y of (X Z) Let S be the generator
of (T})¢>o0.
We show o(S) C o(G). Let p & o(G). Since

U(BA(G)z) = lim [|[RA(G) o Ty || < [RA(G)] - U(x) (A ¢ 0(G)),

the resolvent Ry (G) has a natural extension to a bounded operator Ry(G) in Y.
If Re(A) > 0, then, according to Theorem 1.2.2,

Ry\(G)x = / e My dt (x € X).
0
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This implies

RA(Q) & = / N idt (BEY)
0
Therefore Ry (G) coincides with the resolvent Ry (S) for all A, Re(\) > 0. Now, by
the resolvent identity

Ru(G) = BA(G) = (A=) - BA(G) o Ru(G) (VA £ 0(G)),
we obtain
Ru(G) = RA(S) = (A —p) - Ra(S) o Ru(G)  (Re(A) >0).
Therefore, Im(R,,(G)) C D(S) and
(Aly —S8)o R,(G) =TIy + (A — ) - R,(G) (Re(\) >0).
From this, after excluding A, we get
(uly — S) o R,(G) = Iy .

Analogously, we get
R,(G) o (ulpisy —S) = Ip(s) -

Thus p & o(S), and the resolvent R,,(S) of S coincides with R, (G) on C\ o(G).
It follows from o(S) C o(G) that the intersection o(S) N iR is at most
countable. Since S is the generator of Cp-semigroups of isometries satisfying

o(S) NiR # iR,

it follows from Lemma 1.2.10 that o(S) C ¢R. Moreover, o(S) # @) since S is the
generator of a group of isometries. Thus o(S) is a non-empty, at most countable,
closed subset of iR. Therefore, it contains an isolated point iw € iR. The Riesz
projection P # 0 corresponding to {iw} commutes with S and with all T5.

The subspace 2 = Im(P) is invariant for S and for all T}, and the correspond-
ing Cp-semigroup of isometries U, (t) = Ti|q in Q is generated by the bounded
operator S, = S|q with the spectrum o(S,) = {iw}, and therefore (U, (t))i>0 is
uniformly continuous.

The spectral mapping theorem for uniformly continuous semigroups (see
Theorem 1.2.18) implies that o(U,(t)) = €™ for all ¢ > 0. According to The-
orem 1.1.21, U, (t) = eI for all t > 0, and hence S,, = iwlq. Therefore, 2 is an
eigenspace of S corresponding to the eigenvalue iw. Then every linear functional
h € ITm(P*), h # 0, is an eigenfunctional for S* with the same eigenvalue. We
extend h to the whole of X by using the homomorphisms X — X — Y. We get a
nonzero functional f € X* which is an eigenfunctional for G* with the eigenvalue
iw; a contradiction. O
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1.2.9 Theorem 1.2.11 is more known in the following equivalent form, in which
it was stated independently by Arendt and Batty [11].

Theorem 1.2.12 (Arendt-Batty—Lyubich-Phong). Let G be the generator of a

bounded Cy-semigroup (T )i>0 in a Banach space X . If o(G)NiR is at most count-

able and the adjoint operator G* has no imaginary eigenvalues, then tlim | Tiz|| =
— 00

0 forallz € X. O

Since in a reflexive Banach space the point spectrum o,(G) of G coincides
with o,(G*), the condition 0,(G*) NiR = () in the reflexive case can be replaced
by the more simple condition o, (G) N iR = (.

Another result of such type, which can be obtained from Theorem 1.2.12, is
the following condition for the almost periodicity of a Cp-semigroup [83].

Theorem 1.2.13 (Lyubich-Phong). Let G be the generator of a bounded Cp-semi-
group T = (T})1>0 such that o(G)NiR is at most countable, and the Cy-semigroup
(e7*T})¢>0 is mean ergodic for every A € o(G) NiR. Then the semigroup T is
almost periodic. O

Related Results and Notes

1.2.10 Let us give several examples of ACP. They come from the following
PDE:

a) the heat equation u = Au;
b) the wave equation Uy = Au;
c) the Schréadinger equation wuy = —iAwu.

The wave equation can be written as ACP if we reduce it to a first order system,

namely set
v | U _ 0 Id
R TR P

Then the heat equation is equivalent to ACP: v; = Av on a space of pairs of
functions.

1.2.11 Establish the following properties of an operator.

Ezercise 1.2.14. Let G : D(G) — X be a linear operator in a Banach space X.
Show that if o(G) # C, then G is closed. Show that the spectrum o(G) of any
closed operator G is a closed set. Show that

a(R¢(G)) = (¢ = o(G)) ™

for all ¢ in the resolvent set of G. Construct an example of a densely defined closed
operator whose spectrum is empty.
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1.2.12 The strong continuity of a semigroup 7 = (T});>0 in a Banach space X
is equivalent to the strong continuity at 0 and equivalent to the weak continuity at
0. We prove only the first equivalence and refer the reader to a little bit technical
proof of the second to Hille-Phillips [57], or Yosida [130]. Let lim;_,¢ Ttz = x for
all z € X.

First we show that 7 is uniformly bounded on every compact interval [0, o].
Since 7 is a semigroup, it is enough to show that the set {||T;]| : 0 < ¢ < o}
is bounded for some « > 0. Assume that it is not true. Then there exists a
sequence (t,)52, of positive reals convergent to 0 such that ||T;, || — oco. Then,
by the uniform boundedness principle, sup,, |1, x| = oo for some z € X, which
contradicts the strong continuity of 7 at 0.

For a given x € X, take a real ¢ > 0. Then the right continuity at ¢ follows
from

[ Tiysw — Toa| < [T - [Tsw — || = 0.

lim lim
s—0+ s—0+

If —t < s <0, then the inequality
[Tevsz — Tex|| < [[Tews|| - [[T-s2 — ]

shows the left continuity, since ||7%|| is bounded on [0, ¢].

1.2.13 Now we show that the number wy defined in (1.14) is finite for any
Co-semigroup 7. Take o > 0 then, as it was shown in the previous subsection, 7°
is bounded in the norm on the interval [0, «] by some constant, say 5. Any t > 0
can be decomposed as t = na+ 9, 0 < ¥ < a. Then Ty =T} o Ty, and

ITell < I Tal™1Toll < 8™+ < Bexp(kt),

where k = a~!1In . Thus wr < k < 0.

1.2.14 Show that the generator G of a Cy-semigroup 7 determines 7 uniquely.
Hint: Let G be the generator of another Cp-semigroup S. Fix ¢ > 0, and consider the map

L= Wy(t) :=Tg—t0 8 (x) (0<t<q;xeD(G)).

Prove that d;’f (t) =0 for all 0 <t < g and z € D(G). Then use ¥, (0) = Tz, Y.(q) = Sy,

and the density of D(G).

Show that if 7 = (T})¢>0 is a Cp-semigroup of isometries and o(G) C iR,
where G is the generator of 7, then 7 can be extended to the group of isometries

and o(G) # 0.

Hint: Use Theorem 1.2.3
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1.2.15 Another type of continuity of a Co-semigroup 7 = (T})¢>0 is the uniform
continuity, i.e., the continuity with respect to the operator norm:

lim [T =Tif| =0 (vt > 0).

Uniform continuity of 7 is equivalent to uniform continuity at 0: lims_,¢ || Ts—I|| =
0. The proof of this easy fact is left to the reader as an exercise. Another simple
exercise is to prove the following proposition.

Proposition 1.2.15. Let G be the generator of a Cy-semigroup T in a Banach space
X. Then the following conditions are equivalent:

(i) G is a bounded operator in X;
(ii) 7 is uniformly continuous. O
A Co-semigroup T = (T})s>0 is called uniformly mean ergodic if lim A7
- n—oo

exists in the operator norm. Let 7 = (T})¢>0 be a Cp-semigroup with the generator
G. Show that 7 is uniformly mean ergodic iff 0 € o(G) or 0 is a first-order pole of
R\ (G).The following characterization of uniformly mean ergodic Cp-semigroups,
which is similar to Theorem 1.1.33, is due to Shaw [115, Thm.4].

Theorem 1.2.16 (Shaw). Let 7 = (T})i>0 be a Co-semigroup in X with the gen-
erator A such that the Laplace transform Lz (0)x exists for oll x € X and for all
0 € C, Re(0) > 0. Then the following conditions are equivalent:

(i) 7T is uniformly mean ergodic;

(ii) tlirglo t= 1Ty o Ri(A)|| = 0 and (Ix — Ry (A)) is closed. O

1.2.16 One more proof of Theorem 1.2.3, which is due to Hille, is based on the
approximation by

wat) = () Ry (G))" (neN, t>0).

We leave the verification of the following properties to the reader:
(i) each W, (t) is a contraction;

(if) W, (t) converges strongly to a semigroup whose generator is G.

1.2.17 Let X be an L!'-space and let G be a densely defined operator D(X) —
X whose resolvent Ry (G) exists for all A > 0 and satisfies (1.22).

Show that if AR»(G) is a Markov operator on X for all A > 0, then the
Cy-semigroup generated by G according to the Hille-Yosida theorem consists of
Markov operators (see the definition of Markov operator in L!-space in 3.1.3). Is
it possible to replace the condition that ARy (G) is a Markov operator for all A > 0
by the formally weaker one that AR, (G) is a Markov operator for some A > 07
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1.2.18 Prove the following property of the vector-valued Riemann integral with
respect to the strong operator topology.

Proposition 1.2.17. If a function ¢ : [0,1] — L(X) is conlinuous with respect to
the strong operator topology on L(X) and ¢(t) is compact for all t € [0,1], then

the operator fol @(t) dt is compact. O

1.2.19 The inclusion in (1.32) is proper in some cases. However, in the uni-
formly continuous case, we have the equality.

Theorem 1.2.18 (Phillips). Let (T3)i>0 be a Co-semigroup with the generator G.
Suppose that there exists a ty > 0 such that Ty is uniformly continuous for all
t >to. Then o(Ty) = €D for all t > ty.

Proof. In the notation of Theorem 1.2.8, the spectrum of T} is the set {h(T}) : h €
Homg(A)}. Applying h to Tsit = Ts o Ty, we get h(Ts4t) = h(Ts) - h(T}). Since Ty
is assumed uniformly continuous for ¢ > tg, it follows from the definition that the
map t — h(T}) is continuous for ¢ > ¢o. The non-trivial solutions of the functional
equation above are the exponentials h(T;) = e”t. The rest of the proof proceeds
as that of Theorem 1.2.8. O

1.2.20 It is easy to show that if v is an eigenvalue of G, then e!” is an eigenvalue
of T} for each t > 0. To see this, let u be a corresponding eigenvector: Gu = vu.

Then
d

dte’”Tt u=e"T0(G-yIx)u=0 (t=0),

which means that e~ 7T, u = u. Since e~ "°Tyu = u, then e~ "*T}, u = u identically.
This shows that ¢! is an eigenvalue of T} for all ¢t > 0.

1.2.21 We consider the question of the transpose of a semigroup and of its
generator.

Theorem 1.2.19. Let X be a reflexive Banach space and let (T})i>0 be a Co-
semigroup in X. Then the transpose semigroup T*;>o in X is likewise a Co-
semigroup in X*, whose generator is the transpose of the generator of (T})¢>o.

Proof. By definition of the transpose,
<Ttxaf>:<xaTt*f> (.’L’EX,fEX*).

From this and reflexivity of X, we deduce that (T))¢>o is weakly sequentially
continuous. But then, by 1.2.12, (T}*);>¢ is strongly continuous.

We leave the proof of the statement of the theorem about the generator of
(T})¢>0 to the reader. O
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1.2.22 Prove the following theorem.

Theorem 1.2.20. Let (T});>0 be a uniformly continuous Cy-semigroup in a Banach
space X with the generator G. Then the following conditions are equivalent:

(a) Re(8) <0 for all 0 € o(A);
(b) lim T3] = 0. 0

1.2.23 The following stability result of Phong [96] can be derived from Theorem
1.2.12, but we prefer to give its direct proof according to [96].

Theorem 1.2.21 (Phong). Let 7 = (T3)¢>0 be a bounded Cy-semigroup in a Banach

space X with the generator G. Assume that there is tg > 0 such that Ti, commutes

with a compact operator with dense range. Then tlim |Tix|| = 0 for all z € X if
— 00

and only if op,(G) NiR = 0. O

Theorem 1.2.21 follows from the more general Theorem 1.2.22. First of all,
we need a definition. Let & = (S¢)i>0 be another bounded Cp-semigroup in a
Banach space Y. We say that an operator C : Y — X intertwines T with S if
TioC=ColS; forallt >0.

Theorem 1.2.22 (Phong). Let 7 = (T3)¢>0 be a bounded Cy-semigroup in a Banach
space X with the generator G, and let S = (St)i>0 be a bounded Cy-semigroup in
a Banach space Y. Assume that there exists an operator C :' Y — X with dense
range, which intertwines T with S, and assume that there is to > 0 such that Sy,
commutes with a compact operator with dense range. Then tliglc | Tex|| =0 for all

z € X if and only if op,(G) NiR = 0.

Proof. The proof of the “only if” part is obvious. The proof of the “if” part is an

application of Theorem 1.1.4, which implies that if 7 is almost periodic, then, for

the condition tlim |Tyz|| = 0 for all x € X, it is enough to have 0,(G) NiR = 0.
— 00

Indeed, suppose that 7 is almost periodic, then
X-(T) =span{z € X : 3 a character a : Ry — I"s.t. Vt € Ry Thx = a(t)x},

according to Theorem 1.1.4, (1.1). If X, (7)) # {0}, then there exist 0 # z € X
and a character o : Ry — T satisfying Tix = a(¢)x for all ¢ > 0. Since 7 is a Cy-
semigroup, «(¢) is a continuous function satisfying the equality a(t+s) = a(t)-a(s)
for all t,s > 0. Thus a(t) = e** for an appropriate k € iR. Then k belongs to
op(G) N iR and corresponds to the eigenvector z, a contradiction. This remark
reduces the proof of our theorem to the proof of almost periodicity of 7.

Now, since T 0o C = C o S; for all t > 0, and Sy, o K = K o0 .S, for some
compact K : Y — Y, it follows that T3, o C o K = C o K o S;,, and hence
Thio0CoK =CoK oSy, foralln=0,1,2,..., and hence {T} x};>¢ is relatively
compact for every z € C o K (Y). Since C and K have dense ranges, C o K (V)
is dense in X, and since 7 is a bounded semigroup, it follows that {1} z};>¢ is
relatively compact for each z in X, i.e., 7 is almost periodic. O
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Results analogous to Theorems 1.2.21 and 1.2.22 also hold for a discrete
one-parameter semigroup generated by a single operator T

Theorem 1.2.23 (Phong). Let T be a power bounded operator in a Banach space X
and let S be a power bounded operator in a Banach space Y. Assume that: (i) there
exists an operator C : Y — X with dense range such that ToC = CoS; and (ii) S
commutes with some compact operator with dense range. Then nh_)rrgc | T™z|| = 0 for

allz € X if and only if o, (T)NT = 0, where I' is the unit circle in C. In particular,

if T commutes with a compact operator with dense range and o,(T)NT =0, then
lim ||T"z| =0 for allx € X. O
n—oo

1.2.24 There are discrete versions of Theorems 1.2.12 and 1.2.13, which are
due to Lyubich and Phong [83] (see also [73]).

Theorem 1.2.24 (Lyubich-Phong). Let T be a power bounded operator in a Banach
space X such that o(T) NT is at most countable, where I' := {\ € C: || = 1},
and X~ - T is mean ergodic for every X € . Then T is almost periodic. O

Theorem 1.2.25 (Lyubich-Phong). Let T be a power bounded operator in a Banach
space X such that o(T) N T is at most countable and let o(T*)NT = (. Then

lim ||T"z| =0 for allx € X. O
n—oo
1.2.25 Let us mention only a few results concerning the so-called individual

behavior of orbits of one-parameter semigroups. This area of research is quite
recent and promises to be very productive. One of the oldest and, probably, most
famous result here is the following theorem, which is due to Datko [22].

Theorem 1.2.26 (Datko). A Cy-semigroup T = (Tt)¢>0 in a Banach space X is
uniformly exponentially stable (i.e., the constant w(7T) which is defined in (1.14)
strictly less then 1) if and only if all functions Tyx : Ry — X (for all z € X)
belong to LP(Ry, X) for some fized p, 1 < p < oo. ]

We mention also the result, which is due to Miiller [86] and van Neerven
[88], about the individual behavior of orbits of a single operator. Its analogue for
Cy-semigroups is obvious.

Theorem 1.2.27 (Miiller—van Neerven). Let T be a power bounded operator with
the spectral radius r(T) = 1 in a Banach space X. Then, for anye > 0 and positive
sequence ()02 in co with sup,, a, = 1, there exists x € X, ||z| = 1, satisfying
T z| > (1 —€)ay, for all k. O

For other interesting results related to this topic, we refer to [90], and [123].
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1.3 Constrictive and quasi-constrictive semigroups

This section is devoted to one-parameter operator semigroups in arbitrary Banach
spaces, such that their asymptotic behavior is, in some reasonable sense, finite-
dimensional. In the investigation of such semigroups, the methods of linear algebra
can be applied in various ways. Such semigroups appear often in different appli-
cations and henceforth their study is well motivated. We give some examples and
refer for others to the Lasota-Mackey book [71]. We begin with the notion of a
constrictor of an operator semigroup, and then investigate semigroups possessing
compact or quasi-compact constrictors.

1.3.1 Let X be a Banach space with a norm || - ||. We denote by Bx the closed
unit ball of X, and by dist(y, A) the distance from y € X to a subset A of X. Let
T = (T})tes be a one-parameter operator semigroup in X.

Definition 1.3.1. We call a subset A C X a constrictor for T if
tlim dist(Tix, A) =0

for each x € Byx.

Of course, the notion of constrictor depends on the choice of a norm in X.
We denote the set of all constrictors for 7" by Constr|.;(7) or, simply, Constr(7),
if the norm in X is fixed.

In the discrete case, we say that A is a constrictor for an operator T if A is
a constrictor for the semigroup (7")5%, and we write A € Constr).|(T') instead

of A € Constr, ((T")%C:o)-

Lemma 1.3.2. If T possesses a (weakly) compact constrictor, then T is (weakly)
almost periodic.

Proof. Let A € Constr(7) be (weakly) compact. Given an element z € Bx and
a sequence (t,)5%, in J that converges to oo, take for any ¢, an a;, € A such
that |la;, — Tt, x| — 0. The sequence (a, )52, has a (weakly) convergent subse-
quence (as, )5, since A is (weakly) compact. Then the subsequence (T, x)52,
of (T3, )5, is also (weakly) convergent to the same limit. O

1.3.2 The following theorem is due to Lasota, Li, and Yorke [70] for Markov
operators in L'-spaces, and to Phong [94] (cf. also [97]) and Sine [120] in the
general case.

Theorem 1.3.3 (Lasota-Li-Yorke-Phong-Sine). Given a one-parameter bounded
semigroup T in a Banach space X, the following assertions are equivalent:

(i) there exists a compact A € Constr)(T);



44 Chapter 1. Elementary theory of one-parameter semigroups

(ii) there exists a T -reducing decomposition X = Xo(7T) ® X,.(T) with

Xo(T)={zeX: tlim ITiz|| = 0} and dim(X,.(7)) < co.

Proof. (i) = (ii): The semigroup 7 is almost periodic by Lemma 1.3.2. Applying
Theorem 1.1.4, obtain the decomposition X := X¢(7) & X, (7) onto 7-invariant
subspaces Xo(7) and X, (7) such that any € X,.(T) is a norm-cluster point of
the orbit {Tix}ses. Thus By, 7y € A. Henceforth Bx (7) is norm compact and
then dim(X;) < oo.

(i) = (i): Assume that X = Xo(7) & X,(7) is a 7-reducing decomposition
with Xo(7) = {z € X : thjgo |ITiz|| = 0} and X,(7), dim(X,(7)) < oo. Then

the set Mr | P| Bx, 7y is a compact constrictor for 7, where M7 = sup || T;||, and
teJ
P e L(X) is a projection that satisfies P(X) = X,(7) and ker P = X(7). O

Definition 1.3.4. A one-parameter bounded semigroup 7 is called constrictive if
T satisfies the conditions of Theorem 1.3.3. An operator T € L£(X) is called
constrictive whenever the semigroup (77)52; satisfies the same property.

Theorem 1.3.3 shows that constrictive semigroups can be asymptotically in-
vestigated with methods of linear algebra. This remark asserts the importance of
constrictive semigroups. Unfortunately, with exception of several rather special
cases, it is difficult to check whenever a semigroup 7 is constrictive. Therefore,
the problem arises:

to relax conditions on a semigroup 7 to be constrictive.

This problem will be central in this and several other sections of our book.

Due to the uniform boundedness principle, any constrictive semigroup is
automatically bounded. For this reason, we mainly consider bounded semigroups.

1.3.3 Let X be a Banach space and let 7 = (T})tes be a one-parameter
bounded semigroup in X, then

Xo(T)={zeX: tlim | Tex|| = 0}
de el

is, obviously, a closed 7T -invariant subspace in X. Whenever X(7) possesses a
T -invariant supplement, the semigroup 7 satisfies the conditions of Theorem 1.3.3
and, henceforth, 7 is constrictive. This remark is a key to the following definition.

Definition 1.3.5. We call a one-parameter bounded semigroup 7 quasi-constrictive
if
codimX(7) < oco.

o

An operator T € L(X) is called quasi-constrictive whenever the semigroup (77)%2 ;

satisfies the same property.

The following result is obvious.
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Proposition 1.3.6. Given a one-parameter bounded semigroup T = (T})icy. Then
T is quasi-constrictive if and only if the operator Ty is quasi-constrictive for some
TeJ O

This proposition allows us to consider in the investigation of one-parameter
quasi-constrictive semigroups the discrete case only.

1.3.4 Before studying quasi-constrictive operators in more detail, let us give
several examples.

Ezample 1.3.7. Let X := C[0,1]. Define T : X — X by T'f(t) := ¢f(t). Then

Xo(T) = {f € C[0,1): Tim |[T"f]| =0} = {f € C[0,1]: (1) = 0}

is closed and has co-dimension 1. So T is quasi-constrictive, but it is not constric-
tive, since it has no non-trivial eigenvector.

Ezample 1.3.8. Let X = ¢ with the sup-norm || - ||. Denote by ey, the element of
X, the k-th coordinate of which is equal to 1 and all other coordinates are zero.
Fix a € C and define the operator S, : X — X,

| etae k=1
Saler) = { Cral else

Set Ty := (I + Sa)/2. Obviously, T, is power bounded (moreover, it is contractive
if |a| < 1). For k > 2, we have

3 n n
Ty (eg) =27" Z (l)ek-H.

=0

So |77 (ex)|| = 27"(;,)}y7) Where [q] is the integer part of ¢. But

[n/2]
20y ) ~ Va2

asn — 00. S0 T2 (ex) converges to 0 for all £ > 2. On the other hand, || T2 (e1)]| > 1
for all n. Hence

Xo(Ty) :==A{x € ¢o : zg = 0},
and T, is quasi-constrictive. Obviously, T}, is constrictive if and only if a = 0.
Ezample 1.3.9. Consider a generalization of Example 1.3.8. Let 0 # S € L(X)
be a power bounded operator such that codim((I —S)X) < oco. Without any
restriction, we may assume ||.S|| = 1. Take some real o € (0,1) and consider the

operator T, := - I 4+ (1 — @) - S. Theorem 1.1.22 (or the result of Foguel and
Weiss [44, Lm.2.1]) implies

ITe* = T3 = T2 o (Ta = D] = (1 = @) - Ty o (I = )| = 0.
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Then (I — S)X C Xo(T) ={x € X : lim | T2«| = 0}, and
n—oo

codim(Xo (7)) < codim((I — S)X) < oo.

Consequently, T, is quasi-constrictive.

Example 1.3.10. A Markov operator T in L'(£2, %, u) is called completely mizing
(see, for example, [67,8.1]), whenever lim [|[T"f| = 0 for all f € L' (2,3, p)

such that ||f+] = ||f=|, where fi(x) = max(f(z),0) a.e. and f_ = (—f)4. Ob-
viously, every completely mixing Markov operator is quasi-constrictive, and it is
constrictive if and only if it possesses a non-trivial fixed vector.

FExample 1.3.11. Let T be a quasi-constrictive operator. Let X = X @Y, where Y
is an arbitrary finite-dimensional complement of Xg. Let P be a projection from
X onto Y with kernel Xy, and define

Q=1—-P U=QoToQ, V=QoToP, W=PoToP.
Since X is T-invariant, PoT o Q = 0, hence T = U + V + W or, in the matrix
form,
u Vv
T { ! W} .
Then T™ is represented by

™ Un Z;é Uk oV oWwn—1-k
0 Wn :

Let p(S) denote the resolvent set C\ o(S) of the operator S. Then an easy calcu-
lation shows that, for A € p(U) N p(W),

a_[O=0) A=0) e Voea=w) !
A=T) { 0 (A—W)—l]

holds. In particular, o(T") C o(U) U o(W). Obviously, T is constrictive if V' = 0.

1.3.5 Two problems arise in connection with Theorem 1.3.3. One of them was
mentioned above, and the other one is the following:

Find an appropriate analogue of Theorem 1.3.3 for quasi-constrictive semigroups.
We study these questions in this section. First of all we need a special notion.

Definition 1.3.12. Let A C X, then the Hausdorff measure of non-compactness
X (A) of A is defined as:

p
X)) (A) :==inf{a>0: A C U B(z;,a);p e Nyzy,zp € X},

i=1

where B(z, «) denotes the closed ball centered at « with radius a.
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Of course, in general, x.;(4) depends on the choice of the norm || - ||, but it
is clear that a set A satisfies x|.(4) = 0 for 1, and then for any other equivalent
norm on X, if and only if A is conditionally compact. The following example
explains the situation with measure of non-compactness of constrictors.

Ezample 1.3.13. Let o« > 0 and let T, be defined on ¢y as in Example 1.3.8. Then
the operator T, has a constrictor

Ay = [—e1,e1] + aBx

such that x.(Aa) = a; and, for every A € Constr|.(Tw), we have x|.(4) > «,
since the sequence T (eq) is increasing and its supremum in £°° is easily determined
as (1,a,a,...a,...). This implies also that when o > 0 and A € C, |A\| = 1, the
operator AT is mean ergodic if and only if A & 0(T,) = {1}.

Take some real 8 > 0 and consider the equivalent norm || - || on ¢ defined
as

lells = sup {xn,ﬁnw - x1e1||}.

It is easy to see that x.,(A) > a3 holds for every A € Constr|.,(7%). In partic-
ular, if 3 = 1/a;, then the operator T, has no constrictor A satisfying x.,(4) < 1.
It should be noted that the operator T, is a contraction with respect to the norm
Il - lg whenever 5 < 1/c.

1.3.6 Now we state the central theorem about quasi-constrictive operators,
which plays the analogous role in the quasi-constrictive case as the Lasota—Li—
Yorke-Phong—-Sine theorem in the constrictive case.

Theorem 1.3.14 (Emel’yanov—Wolff). Let T' be a power bounded operator in a
Banach space X. Then the following conditions are equivalent:

(1) T is quasi-constrictive;

(ii) for every e > 0, there exist an equivalent norm || - ||l on X and A; €
Constr)._(T') such that x _(A:) <e;

(iii) there exist an equivalent norm |- || on X and A € Constr)., (T') such that
X, (4) < 1.

For proving it, we need the following result of Krasnoselskii, Krein, and Mil-
man [66], which can also be found in Kato’s book [60, Ch. IV, 2.2], in Day [21],
or in Lindenstrauss and Tzafriri [78, Lemma 2.c.8].

Lemma 1.3.15 (Krasnoselskii—-Krein—-Milman). Let Y and Z be subspaces of a Ba-
nach space X with dimY < oo and dim Z > dimY, then there exists 0 £ z € Z
such that ||z|| = dist(z,Y). O
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Proof of Theorem 1.3.14. (i) = (ii): Take some ¢ > 0 and let Py be a projection
of X onto Xo. Let P := I — Py and let C := sup{|| 7"z : * € Bp(x),n > 0}. Then

lim sup [|7""™y|| < lim sup [|[T™ o PoT™y||

n—oo n—oo

+lim sup [|[T" o (P —1I)oT™y|
< CPoT™y|
for all m € N, y € X. Consider the equivalent norm || - || on X:
1yl = 1Pyl + eC7HIPol| | Poy (y € X).
Take y € X, ||y|lc < 1. It is easy to see that

lim sup dist(PoT" o Py,CP(Bx)) =0

n—0o0

in each of the equivalent norms on X. Consequently

IN

lim sup dist). . (T"y, CP(Bx)) lim sup ||T"y — PoT" o Py|.

n—00 n—0o0

lim sup |70 Pyy].

+lim sup |[T"oPy—PoT" o Pyl

n—oo

= lim sup ||PyoT" o Py||c

n—oo

IN

= eC Y| Py| 'lim sup ||PyoT" o Py

n—0o0

el Pyll < ellylle < e

IN

The set CP(Bx) is compact since dim P(X) < co. So, we obtain that
Ae:=CP(Bx) +{y € X : |ly[c < e}

is a constrictor for the operator 7' such that x, _(4c) <e.

(ii) = (iii): It is obvious.

(iii) = (i): Without any restriction, we may assume that || - ||; is the initial
norm || - || on X. Take a free ultra-filter &/ on N and consider the bounded ultra-

power Xy := {77 (X)/cy(X) according to 1.3.16. Then X, is a Banach space with
respect to the norm

—

(@)l := Lim [Ja |-
We identify X with the subspace in X;; of all equivalence classes of constant
sequences. Define the linear operator T : X — Xy by

—

Tz := (T"z) (Vz € X).
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Operator T is easily seen to be bounded.

Using the fact that x(A) < 1, take a real 6 > 0 such that (14 §)a < 1, where
a real « satisfies y(A) < a < 1, and take a finite set {a;}}_; C X which satisfies
AC U?:l B<aiv a)'

Let x € By(x) be arbitrary. Then x = Ty for some y € X such that

5
{n: Tyl <1+ ) eUt.

Consequently, there exists m € N satisfying ||T™y| <1+ g. Since

P
lim dist(T" oT™y, U B(b;, (1 + g)a)> =0,

n—oo
i=1
where b; := (1 + g)ai, there exists i, € 1, p such that
{keN:||T"y — b, || < (1+0)a} €U.

So, we have that ||z — b;, || < (1 + §)a holds in Xz;. Consequently,

C=

Brx) € | B(bi, (1 +6)a)),

1

o
Il

and Lemma 1.3.15 implies dim T(X) < p < oo due to (1 + §)a < 1.
Assume limy, ||T™z|| = 0. Since the operator T' is power bounded, it follows
that lim ||T™z|| = 0. This proves that

ker T C Xo(T) ={z € X : lim ||T"z| = 0}.
n—oo
The inverse inclusion is trivial. The equality Xo(7T') = ker T implies
codimX(T) = dim T(X) < oo.

Consequently, T is quasi-constrictive. O

In the strongly continuous case, Theorem 1.3.14 implies easily the following
result.

Corollary 1.3.16. Let 7 = (T})i>0 be a bounded Cy-semigroup in X. Then the
following conditions are equivalent:

(1) T is quasi-constrictive;

(i) for every € > 0, there exist an equivalent norm || - ||le on X and A, €
Constr)._(T) such that x _(A:) < ¢

(iii) there exist an equivalent norm || - |1 on X and A € Constr|., (7) such that
X, (4) < 1. O
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1.3.7 In the discrete case, we can say even more about conditions under which
a semigroup is quasi-constrictive.

Definition 1.3.17. Let T € L£(X). A subspace Y of X is called e-T-invariant
whenever
dist(Ty,Y) < ¢|| Tyl

forally e Y.

The following result is an analogue of Theorem 1.3.3 in some reasonable
sense.

Theorem 1.3.18 (Emel’yanov—Wolff). Let T' be a power bounded operator in a
Banach space X. Then the following conditions are equivalent:

(i) T is quasi-constrictive;

(ii) for every e > 0, there exists a finite-dimensional e-T -invariant subspace Y
with X = Xo®Y;

(iii) for every finite-dimensional subspace Y with X = Xo®Y and for everye > 0,
there exists n € N such that T™(Y') is e-T-invariant and X = Xo & T™(Y) .

Proof. The implications (iii) = (ii) = (i) are obvious.

(i) = (iii): Let Xy and T : X — Xy be defined as in the proof of Theorem
1.3.14. Let Y be an arbitrary algebraic complement of Xo(7") in X. Obviously,

T(Y) @ Xo(T) = X

holds for all n € N.
Now, let € > 0 be given. If the assertion does not hold, then for every n € N
there exists a normalized y, € Y such that

dist(T(T"yn), T"(Y)) > || Ty,
The unit sphere of Y is compact, so limy, y, = y exists. But then

libr[ndist(T"“‘ly,T"(Y)) = liéndist(T”“yn,T”(Y))

v

e i [Ty

= el [Ty > 0

holds, since T is power bounded and y ¢ X, = ker T. We define T in Xy by

" —

T(x,) = m and obtain
dist(7 o T(y), T(Y)) > lim dist(T" 1y, T™(Y)) > 0.

But

T oT(y) = (T+1y) = T o T(y) € T(X) = T(Y),

a contradiction. O
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1.3.8 Now we present some conditions on a quasi-constrictive semigroup to be
constrictive. We begin with a discrete semigroup.

Theorem 1.3.19 (Emel’yanov—Wolff). Let X be a Banach space and T € L(X).
Then the following assertions are equivalent:

(i) T is weakly almost periodic and quasi-constrictive;
(ii) T is constrictive.
Proof. (ii) = (i): It follows from Theorem 1.3.3 and from Lemma 1.3.2.
(i) = (ii): Let P € L(X) be a finite rank projection such that

ker P=Xo(T)={x € X : lim ||T"z| = 0}.
Take some free ultra-filter &/ on N. It is easy to see that, by
Wz = w—lig{nT"x (xeX),

there is defined a linear operator W in X. Here we use the fact that the weak limit
w-limy, T"x along U exists (see 1.3.16) since T is weakly almost periodic. Since T'
is power bounded, the operator W is bounded. Obviously, Xo(T") C ker(W), so
W(X)=WoP(X).

First of all we show that W(X)NXo(T) = {0}. Let Wu € Xo(T) be arbitrary.
Since P has finite rank,

|- [[-lmPoT"u = w-limPoT"u
7] u
= P(w—li&nT"u)

PoWu
0

holds. Thus to every ¢ > 0, there exists U. € U such that |[PoT™u| < My for
all m € Ug, where Mt := sup,,> |[|7"[|. Remark that

lim sup ||7""™y|| < lim sup ||T" o PoT™y|| +lim sup ||[T" o (P —1I)oT™y|
n—oo n—oo n—oo
< Mp[PoT™y|

for all m € N, y € X. So, if we take m € U, we obtain

lim sup ||[T"u|| = lim sup |77 "ul|
n—oo n—0o0
< Myp||PoT™ul
< €.

Consequently, Wu = 0 and the assertion W (X) N Xo(T) = {0} is proved.
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By Theorem 1.3.14, we may assume (by passing, if it is necessary, to an
equivalent norm) that there is a constrictor A C X of T such that x(4) < 1/3.
Let Xy and T : X — Xy be defined as in the proof of Theorem 1.3.14. Assume
dim W (X) < codimX(T), then ker T = X(T) is a proper subspace of ker W and,
therefore, there exists y = Tz € T(X) such that ||y|| = 1 and Wx = 0. By the
definition of T, lim sup dist(7T"z, A) < 1/3. Hence there exists z € A for which

n—oo

Iz — y|| < 1/3 holds in Xz;. Then
{n:||z—T"z|| <1/3} e U.

Consequently,
Iz~ (w— ") < 1/3
and
1zll = llyll = [z = yll > 2/3
since ||y|| = 1. This implies Wz = w — limy, T"z # 0. The contradiction shows
that

dim W(X) = codimXo(T).
Together with W(X) N Xo(T) = {0}, this implies X = Xo(T") & W (X).
Finally, let us show that W (X) is T-invariant. Let Wz € W (X) be arbitrary,
then

T(Wzx) =T(w- liLrlnT”w) = w- liZ/r{nT(T"w)
= w-limT"(Tx)
u
= W(Tz)
by the weak continuity of 7. This proves the T-invariance of W (X), and so T is
constrictive. g

There is a variant of Theorem 1.3.19 for a Cy-semigroup which is an easy
corollary of Theorem 1.3.19. We leave its proof to the reader.

Corollary 1.3.20. Let T = (1})1>0 be a bounded Cy-semigroup in a Banach space
X. Then the following conditions are equivalent:

(i) T is weakly almost periodic and quasi-constrictive;
(ii) 7 is constrictive. O
The following two corollaries of Theorem 1.3.19 are obvious.

Corollary 1.3.21. Let T = (T})ics be a one-parameter weakly almost periodic semi-
group. Then T is constrictive if and only if, for some equivalent norm || - ||1 the
semigroup T possesses a constrictor A which satisfies x., (A) < 1. O

Corollary 1.3.22. Let T = (Ti)ics be a one-parameter bounded semigroup in a
reflexive Banach space X . Then T is constrictive if and only if for some equivalent
norm || - ||1 the semigroup T possesses a constrictor A which satisfies x|, (4) <1.
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Related Results and Notes

1.3.9 All results of this section are taken from papers [31], [35], [38], [94], and
[120]. In some papers, the word attractor is also used instead of constrictor. La-
sota, Li, and Yorke have shown in [70] Theorem 1.3.3 for the special but important
case of Markov operators in L1(92, %, it). Then Phong [94] and independently Sine
[120] have showed that the generalization of the Lasota—Li—Yorke result, given by
Theorem 1.3.3, is a simple corollary of the Jacobs—Deleeuw—Glicksberg theorem.
In Phong’s paper [94], Theorem 1.3.3 is given in a slightly more general form, for a
representation of an abelian semigroup P in £(X), which is a homomorphism from
P to £(X) equipped with the operation of the composition of operators. A repre-
sentation (T}):ep is called bounded if sup,cp | T¢]| < co. Every abelian semigroup P
is ordered in the following way. A natural pre-order > on P (see, for example, [67,
p. 75], [81]) is given by

t-s & (t=sorJueP :t=s+u).

Set P, = {t + u : u € P}. Since Ps NP, O Py, the sections P; generate a filter
F. We shall write thm instead of limy. Similarly, hm ||TtxH = « means that to

every t € P and e > 0 there exists t(g) = t such that
a—¢e <sup{||Tsx||: s € Py} <a+e.

Definition 1.3.23. Let P be an abelian semigroup, let X be a Banach space with
the norm || - ||, and let 7 = (T}):ep be a representation of an abelian semigroup P
in £(X). A subset A C X is called a constrictor for T if

tliIIl diStH.H(Tt.T, A) =0 (ViL’ € Bx) .
Definition 1.3.24. A representation 7 = (T} ):cp of an abelian semigroup P in £(X)
is called constrictive if 7 has a compact constrictor.
The proof of the following theorem is similar to the proof of Theorem 1.3.3.

Theorem 1.3.25 (Phong). Given a bounded representation T = (Ti)iep of an
abelian semigroup P in L(X), the following assertions are equivalent:

(i) there exists a compact constrictor for T
(i) there exists a T-reducing decomposition X = Xo(T) & X, (T) with
Xo(T)={zeX: tlim ITiz|| = 0} and dim(X,) < co. O

Exercise 1.3.26. Show that Theorem 1.3.3 can be proved as a corollary of Theorems
1.3.14 and 1.3.19 without using the Jacobs—Deleeuw—Glicksberg theorem.

It is interesting that we did not use the Jacobs—Deleeuw—Glicksberg theorem
in the proofs of Theorems 1.3.14 and 1.3.19, however other deep techniques, like
ultra-powers and the Krasnoselskii-Krein—Milman lemma, have been used there.
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1.3.10 Examples 1.3.7, 1.3.8, 1.3.9, 1.3.10, 1.3.11, and 1.3.13 are taken from
[34], [35], and [50]. The strongly continuous version of Example 1.3.11 follows.

Let (Uy)>0 be a Cy-semigroup in the Banach space Z which converges strongly
to0 ast — oco. Let Y be a finite-dimensional normed space. Let B be a linear oper-
ator in'Y and set Wy = exp(tB). Finally, let V € L(Y, Z). Consider the semigroup
T=(T)>0 in X =2Z@Y given by

t

Ut fUtfso‘/OWSdS
0

0 Wy

T, =

It can be shown that this semigroup is quasi-constricted and Xo(7T) contains the
closed space Z which has finite co-dimension in Xg.

The dilation schema presented in 1.1.13 preserves the property of a semigroup
to possess a constrictor of the special type.

Ezercise 1.3.27. Let X and Y be Banach spaces, dimY < oo, andlet R € L(X,Y).
Show that an operator semigroup 7 in X possesses a (weakly) compact constrictor
if and only if the semigroup mr(7) in X X Y has the same property.

Ezercise 1.3.28. Let X and Y be Banach spaces, dimY < oo, andlet R € L(X,Y).
Show that an operator semigroup 7 in X is quasi-constrictive if and only if the
semigroup 7g(7) in X x Y is quasi-constrictive.

Power bounded quasi-compact operators is another important class of con-
strictive operators. More constrictive operators will be studied in Sections 2.1,
2.2, and 3.3. We show there that, in many cases, for obtaining a decomposition
X = Xo(7)® X, as in Theorem 1.3.3, it is enough to find in some sense small (but
not necessarily of Hausdorff measure of non-compactness less then 1) constrictor.
The idea to use Lemma 1.3.2 in the proof of Theorem 1.3.14 was suggested by
Troitsky.

1.3.11 The following important extension of Theorem 1.3.3 for a one-parameter
operator semigroup was obtained recently by Storozhuk [124]. This result seems to
be true also for any bounded operator representation of any abelian semigroup. It
was proved in [124] directly (without using the Lasota—Li—Yorke-Phong—Sine theo-
rem and without any kind of argument exploiting the Jacobs—Deleeuw—Glicksberg
theorem) that under the condition (1.46) there exists a T-reducing decomposition
X = Xo(T) ® X,(T) as in Theorem 1.3.3(ii).

Theorem 1.3.29 (Storozhuk). Let K C X be a compact subset of a real or complex
Banach space X, and let T € L(X) be a power bounded operator such that

lim inf dist(T"z,K)=0 (Vz € Bx), (1.46)

n—oo
then T is constrictive.

Before we prove this theorem, we need the following lemma.
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Lemma 1.3.30. Let K C X be a compact subset of a real or complex Banach space
X, and let T € L(X) be a surjective isometry such that
lim inf dist(T"z,K)=0 (Vz € Bx). (1.47)

n—oo

Then dim(X) < oo.

Proof. Assume dim(X) = oco.

I. The complex case: Since T is a surjective isometry, o(T) is a subset of the unit
circle T of C. Tt follows easily from (1.47), that every normalized eigenvector x
belongs to the compact set

K°:={¢a:¢(€C,|l¢(|=1,a€ K}.

Therefore ker(Al —T) N Bx C K° and dimker(A] —T) < oo for any A € o(T).
Moreover, there are only finitely many mutually distinct eigenvalues in o(T"). Oth-
erwise, by Lemma 1.3.15, there exists a sequence (x,,)52 ; of normalized eigenvec-
tors correspondent to mutually distinct eigenvalues, which satisfies ||z, — x| > 1
for all n # m. This contradicts the compactness of K°, since x,, € K° for ev-
ery n. Consequently, if o(T") consists of eigenvalues only, then X is the direct
sum of finite number of finite-dimensional eigenspaces correspondent to distinct
eigenvalues, which contradicts our assumption that dim(X) = co.

So, there exists A € o(T) which is not an eigenvalue of T'. It belongs to the
approximative spectrum of T (see, for example, [2, Thm.6.18]). Therefore, there
exists a normalized sequence (z,)5; such that

INT* 2, — T* 2, || = | A2n — Tzn|| = 0 (VE €N). (1.48)

By (1.47), for each n € N, there exist k,, and a,, € K such that

| T5 2, — an|| <t
Passing to a subsequence, one can assume ||a, — al| — 0 and ||T*"z, — a| — 0,
i.e.,

| Tk 2, —al — 0. (1.49)

Combining (1.48) with (1.49), we obtain Ta = Aa and ||a|]| = 1. The obtained
contradiction shows that dim(X) < oo in the complex case.

II. The real case: Let X be a real Banach space. Consider the complexification:
Tc : Xc — X¢, Te(x+iy) = Tx+iTy. The operator Tg is a surective isometry by
Exercise 1.1.43, therefore o(T¢) C I'. Since dim(X¢) = oo, the essential spectrum
Oess(Tc) C o(TIt) (see, for example, [2, Def. 7.39, p. 299]) is not empty.
Let A € 0ess(T), then dim(ker(AM —T¢)) = oo or (AI—T¢)(X) is not closed in
Xc. Indeed, assume that dim(ker(A —T¢)) < oo and (A —T¢)(X) is closed. Take
a closed complement Y to ker(A — T¢) in X¢ and define an operator R € £(X¢)
by
oz x € ker(AI — T¢)
Re = { 0 rey
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Then ker(A] — (Tc + R)) = {0}. Since R is a compact operator,
Oess (T(C + R) = Oess (T(C)

Thus A is not an eigenvalue of Tc+ R and A belongs to the boundary of o(T¢ + R).
So, A is in the approximative spectrum of T¢ + R and, therefore, there exists a
normalized sequence (w,)52; in X¢ such that

lim [|(Te + R)w, — Awy|| = 0. (1.50)

The subspaces (A — T¢)(X) and (Al — (Tc + R))(X) are closed or not simultane-
ously. If they are closed, by the open mapping theorem,

Tc+R: X — (M- (Tc+ R)(X)
is an open map, which contradicts the condition (1.50). This shows that
dim(ker(\ — T¢)) = oo

or (AI —Tc)(X) is not closed. In both cases, there exists a normalized sequence
Zn = Xy +1yn € X satisfying

INTE 2, — TE T 20| = | A2 — Teza| = 0 (VK €N), (1.51)
and having no cluster points in X¢. Consider the polynomial
Sat) = A=) (N —t) =t —t(A+X) + [\
The coefficients of Sy(¢) are real, so Sx(T¢) = (Sx(T"))c. By (1.51),
15 (Te)znll — 0
and, therefore,

lim [|S\(T)z,||=0 & lim [|[Sx(T)yn| =0.
n—oo n—oo

If there is a converging subsequence (xn, )72, then the corresponding subsequence
(Yny )32, has no cluster points. In any case, there exists a normalized sequence
(uy)22; in X having no cluster points and such that

IT2(T™ un) = A+ NI (T un) + APT™un]| = [T 0 Sx(T)ua|
= [IS\(T)ual

— 0
for every m. By (1.47), there is a € K such that

T?a — (A +MNTa + |A\*a = 0.
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Thus the orbit {T"a}S2 , of a belongs to the two-dimensional subspace
span{T"a | n € Z}

attracting some subsequence of (u,)22 ;. This contradicts the fact that (u,)S2,

has no cluster points. The lemma is proved. O

Remark that this lemma can be proved more directly, by using the fact that,
for any A in oess(T") belonging to the boundary of an unbounded component of
the resolvent set of T, dimker(A] —T') < oo or the range of AI — T is not closed
(60, Ch.IV,5.6].

Proof of Theorem 1.3.29. It is enough to show that T is almost periodic. Indeed,
in this case, the set {T™z : n € N € K} is a precompact constrictor for 7.

Let x € Bx. The orbit {T"x}52, has a cluster point in K, say a, which is a
coming back vector for T (see (1.10)). Consider the following subspace of X:

A = span{a,Ta,T?a,...}.

Then, by the same argument as in the proof of Theorem 1.1.26, any vector in the
norm closure cl A of A is a coming back point. Therefore, the restriction 7’|} , of
T onto cl A is a surjective isometry. Lemma 1.3.30 shows that

dim(cl 4) < o0.

Thus, the set {T™a}S2, is precompact and, therefore, the set {T"x}>2, is pre-
compact. Since x € Bx is arbitrary, we obtain that 7" is almost periodic, and the

proof is completed. O

Corollary 1.3.31 (Ansari-Bourdon-Storozhuk). Let X be a real or complex Banach
space, dim(X) > 2, and let T € L(X) be a supercyclic power bounded operator.
Then lim ||T™z| =0 for allxz € X.

Proof. Rescaling X by an appropriate equivalent norm, we may suppose ||T|| < 1.
Assume ||T™al| /4 0 for some a € X. Since T is supercyclic,

span{T"a :n > 0}

is dense in X and a is a coming back vector by the same argument as in the proof
of Theorem 1.1.26. Therefore, T' is a surjective isometry. For any x € Bx, there
exist Ag, |A\k] <1, and ny such that

klim AT ™ a —x|| =0

or, equivalently,
[Aka — T~ "Fz| — 0.
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So, the set
K={Xa:XeC, |\ <1}

satisfies (1.47) for the surjective isometry 7~!. Lemma 1.3.30 shows that
dim(X) < c0.
Thus there exists a non-trivial T-invariant subspace in X (see [2, Cor.10.6,10.7])

which contradicts the supercyclicity of T'. Hence, || T"al|| — 0. O

Ezercise 1.3.32. Let X be a real or complex Banach space, ¢ € X, |/c[| = 1, and
let T € L(X) be a power bounded operator such that

lim inf dist(T"z,span{c})=0 (Vz € Bx).

n—0o0

(a) Prove that T is constrictive with a compact constrictor

{A-cr [A <sup|[T[]}.
n>1

Hint: Use Theorem 1.1.24 and arguments such as above in the proof of Theorem 1.3.29.

(b) Formulate and prove an analogue of the previous result for a Cy-semigroup
and, more generally, for any bounded operator representation of any abelian
semigroup.

(¢) Formulate and prove an analogue of Theorem 1.3.29 for a Cy-semigroup and,
more generally, for any bounded operator representation of any abelian semi-
group.

The following question arises in connection with Theorem 1.3.29.

Open Problem 1.3.33. Given a bounded one-parameter operator semigroup T =
(TY)ies in X, a compact set C C X, and n € R, 0 <n < 1, such that

limtinf dist(Tix,C) <n (Vx € Bx).

Is T quasi-constrictive?

1.3.12 There are interesting relations between mean ergodicity and constric-
tivity of a one-parameter semigroup, discussed in [35] and [38]. In particular, the
following two theorems are taken from there, and we refer for the proofs to the
above mentioned papers.

Theorem 1.3.34. Let X be a Banach space and let T € L(X) be such that AT is
mean ergodic for all X € o(T). Then the following conditions are equivalent:

(i) T is quasi-constrictive;
(ii) T is constrictive and power bounded. O

Theorem 1.3.35. Let 7 = (T})i>0 be a bounded Cy-semigroup with the generator
G. Assume that the Co-semigroup (e MT});>0 is mean ergodic for every eigenvalue
A in o(G)NiR. Moreover, assume that Ty, is quasi-constrictive for some to. Then
T is constrictive. |
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1.3.13 Let 7 = (T%)tes be a one-parameter semigroup in a Banach space X.

Ezercise 1.3.36. Show that if 7 is bounded, then

Xo(T)={zeX: tlim | Tex|| = 0}
de el

is a closed subspace of X.

It was pointed out by Storozhuk [122] that, according to the Saxon—Levin
result [109], if the subspace X((7) is of a countable co-dimension, then X(7)
is barreled. Hence 7 is bounded in X((7") and, therefore, Xo(7) is closed in X.
Moreover, in this case, the co-dimension of X, (7') is finite.

Ezercise 1.3.37. Show that, for a bounded semigroup 7 = (T})¢cs in a Banach
space X,

tlim dist(Tix, Xo(7)) =0 = tlim |Tix|| =0 (Vze X). (1.52)

However, for unbounded semigroups, the condition (1.52) may fail even if the
subspace X is closed. To show this, take a sequence (5]‘);‘0:1 C C satisfying

e k

16,1 <1, [1=1, Z‘Hﬁjr:oo, and Hﬁjzo

k=1 j=1 j=1
(for instance, one can take £ := 1 and f; := \/J;l for j > 1). Put

for all n € N, and ~; := gfil for ¢+ > 1. Remark that

n = (Z‘ﬁﬁg

k=1 j=1

n

0<7v <7vp <1

for all j > 1.
Let H be a separable Hilbert space. Define an operator T' € L(H) as follows:

Vit1€i+1,1 + 2652 j=1
T(e;,) = : : .
(i.g) { Bjt+1€ij+1 Jj>17
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where {e; ;}75_; is an orthonormal basis of H. Then

IT™(ei )| = 18283 Batal® + [yi1Bo- - Bul® 4+ 4 is1Vit2 - - - Yitn|?
n+1 k
- (T zm@\
l=i+1 k=1 j=1

n+1 2n+1
(:II'W) j{:‘ I]:ﬁ%
k=1 j=1
n+1 k
= n+1j£:‘ II/%‘
k=1 j=1
n+l k
T
k=1 j=1
— 00,

Y

as n — oo for every i € N. Obviously,

" T (el

e8]
forallz = > ;;e;; € H and i € N. Thus, we obtain that
ij=1

lim || T"z] = o
n—00

whenever z; 1 # 0 for some 7 € N. On the other hand, [[ 8; = 0 and 3; > 0 imply
j=1

(va € H) [[(¥i € N)[zia = 0] = Tim |[T"] =0].
Then
Ho=Ho(T) = {zeH: lim ||T"| =0}
= {zeH:(VieN)w, =0}

is a closed subspace of H. At the same time,

p+n
. . n -
Jim (@) = (3 g (T o))’
i=p+1
Eotn 2
= lim P Ip.1 )
(;TL%OO é—ZQ) ‘ D, |

=0
holds for all z € H.
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1.3.14 The notion of quasi-constrictive semigroups was introduced in [35] for
the discrete case, and in [38] for general abelian semigroups.

Definition 1.3.38. A representation of an abelian semigroup P in £(X) is called
asymptotically bounded if

tlim |Tiz|]] < oo (Vz € X).

Definition 1.3.39. A representation 7 = (71} )¢cp of an abelian semigroup P in £(X)
is called quasi-constrictive if Xo(7) is closed and codimX,(7) < co.

Ezxample 1.3.40. Let P be the abelian semigroup of all co-finite sets of N with
the operation A o B := AN B, and let H be a separable Hilbert space with the
orthonormal basis {e;}$2,. Let P4 € L(H) be the orthogonal projection onto the
closure of span{e; : i € A} for all A € P. Then the representation P = (Pa)acp is
quasi-constrictive, because of

Ho(P)={zc H: Alim [|[Paz| =0} = H.

At the same time, the semigroup (P})22, is not quasi-constrictive for any A € P.

Ezample 1.3.41. It is easy to see that a bounded abelian semigroup G C £(X) is
quasi-constrictive if the semigroup (G™)32, is quasi-constrictive for some G € G,
and Example 1.3.40 shows that the converse is not true.

Let @ C L(X) be a bounded abelian semigroup.

Assume that codim(I — Q)(X) < oo holds for some @ € Q. Take the convex
hull G := co(Q,I). Then G C L(X) is a bounded abelian semigroup. Consider the
operator

Since o(G) NT' C {1} and G is power bounded, Theorem 1.1.22 implies

[G"o(I-Q) = 2G"o(G-1)
2HGTL+1 _GnH
— 0.

So
(I = Q)(X) € Xo(G)

and G € § is quasi-constrictive. Then, by the remark above, G is quasi-constrictive
as well.

Example 1.3.42. Let D be the convolution semigroup of all f > 0 of norm 1 in
LY(Ry), and let S = (S;);>0 be a bounded Cp-semigroup in a Banach space X.
Set

;= /Ooo S dt € LYY  (feD).
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Then f +— Cy is an abelian semigroup representation of D in £(X). It is quasi-
constrictive whenever S is quasi-constrictive. Show that S is quasi-constrictive.
By Example 1.3.41, it is enough to prove existence of a single quasi-constrictive
operator Cy. For f(t) = e™!, we obtain Cy = (A — A)~!, where A is the generator
of S. Then

oo tn
Chx :/ et Sxdt.
0 n!

This in turn yields that C is quasi-constricted with
Xo(S) € Xo(Cy).

Let € Xo(S) be arbitrary. Then, given £ > 0, there exists to such that ||S;z| < €
for all t > to. So if M = sup;> ||S¢]|, then

to tn o n
[CF x| < M||xH/ et dt+€/ e ! dt
0 n! to n!
to tn
< M||:cH/ et te.
0 n!
"o

Since the sequence ()72, converges uniformly to 0 on [0, to], we have that
lim [|C}z|| =0 for all € Xo(S), and
n—oo

codim(X(Cy)) < codim(Xo(S)) < o0.

1.3.15 We reproduce two theorems from [38] without proofs and send the
reader to this paper for details.

Theorem 1.3.43. Let X be a Banach space and let T = (T})icp be an asymptotically
bounded representation of an abelian semigroup P in L(X). Then the following
conditions are equivalent:

(1) T is quasi-constrictive;

(ii) for every € > 0, there exist an equivalent norm || - |lc on X and A, €
Constr)._(T) such that x _(A:) <¢;

(iii) there exist an equivalent norm || - |1 on X and A € Constr|., (7) such that
X, (A) <1. O

We call T asymptotically weakly almost periodic, whenever limy Tix exists
in the weak topology for every z € X, and every ultra-filter & on P is finer than
the filter F introduced in 1.3.9 (see also [81] for an equivalent definition). It is
clear that asymptotically weakly almost periodic representations are asymptot-
ically bounded, and that in the one-parameter case the asymptotically weakly
almost periodicity of a semigroup coincides with the weakly almost periodicity.
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Theorem 1.3.44. Let X be a Banach space and T = (T})iep be an asymptotically
bounded representation of an abelian semigroup P in L(X). Then the following
conditions are equivalent:

(i) 7T is asymptotically weakly almost periodic and quasi-constrictive;
(ii) T s constrictive;
(iii) there exist A € Constr(T) such that x(A) = 0;
)

(iv) T is asymptotically weakly almost periodic and, for some equivalent norm
| -[lx on X, there exists A € Constr).,(7) such that x  (A) <1. O

1.3.16 We finish this section with a short discussion of ultra-powers of Banach
spaces which were used in this section and will be used later in Sections 2.2 and
3.2. For a more detailed explanation we refer to [2], [85], [110], and [112]. Let I" be
a non-empty set and let Y C P(T') be a free ultra-filter. Denote by 1y the finitely
additive {0, 1}-valued measure on T', given by py(A) = 1 iff A € U. Note that the
intersection of finitely many sets of pz,-measure one has also measure p;-measure
one.

We need the following construction. Let (X)), er be a family of Banach
spaces. Denote by X, the Banach space of all U-bounded functions & = () er
on I such that ., € X, for all v € I, equipped with the semi-norm

2] = inf{M € Ry : pus({y € T+ [y || < M}) =1}

Then

Xo = ker(|| - [)) = {Z = (2,) : lim [| || = O}
is a closed subspace of X, where we assume under limy, ||| = 0 the following
property:

(Ve>0) pmy({yel:|lz,llx, <e})=1.
The quotient X := X /Xy is called the (bounded) wultra-product of the family
(X+)~er with respect to U. The norm on X is given by
191l = 117+ Xoll = lim [y ] - (1.53)

Remark that the limit in (1.53) exists since the family ||y, || of reals is #-bounded.
If all X, are equal to some single Banach space E, we shall denote

U7 (F) = Esx and cy(E):=Ey.

Then Ey = E := (2(E)/cy(E) is called the (bounded) ultra-power of E with
respect to Y. In this case, there is a natural isometric embedding of E into E by
means of  — ()5 + cy(E). Given a family {z,}yer € 47 (E) and a vector z € E,
we say that = ||-||—limy z~, the norm-limit with respect to U, if limy, ||z, —2z|| = 0.
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Remark that every norm-precompact family {x,},er in E possesses the unique
norm-limit with respect to Y. A similar definition is for w — limy z-, namely,
the weak-limit with respect to U. Every weakly precompact family {x} er in E
possesses the unique weak-limit with respect to I/. See the Abramovich—Aliprantis
book [2, Lm.1.59] for details.

1.3.17 Every bounded family (S, ) er of operators S, in X, defines the opera-
tor S in X, by S = (S, )er, the norm of which is given by HSH = SUP,er 1S411-

So X is invariant for S, and we obtain the uniquely defined operator Sin X given
by S§ := S§ + Xo. Moreover, ||S|| = limy ||S,||. If (Ry)yer is another bounded
family of operators R, in X, such that

({7 : Ry = S’Y} =1,

then R = S. Thus each subfamily (S, )eas with g (M) = 1 defines in a canonical
way an operator on X which coincides with S. It should cause no confusion if we
denote the operator on X induced by (S ),ear also by S.

If the spaces X, are all Banach lattices, so is X, and if (Sy)yer consists of
positive operators, then S is positive. If all X, are equal to some Banach space
X, then each T' € £(X) has a canonical extension 7' on X given by

Ty = (Tyy)ver + cu(X).

T is called an ultra-power of T'. .
We give the following theorem about spectral properties of T'. For the proof,
we refer to Schaefer [110] or Meyer-Nieberg [85].

Theorem 1.3.45. Let T be a bounded operator in a Banach space X, then J(T) =
0(11). Moreover, every point in the approximative spectrum of T is an eigenvalue
of T. O



Chapter 2

Positive semigroups in ordered
Banach spaces

In this chapter, we deal with one-parameter positive semigroups in ordered Banach
spaces. Firstly, we discuss the notion of ideally ordered Banach spaces and uni-
formly order convex Banach spaces. Both classes include LP-spaces (1 < p < 00)
as well as preduals of von Neumann algebras. We prove several theorems about
positive semigroups in such Banach spaces. Then we consider positive semigroups
in Banach lattices and investigate several types of asymptotic regularity of these
semigroups. In the last section of this chapter, we deal with relations between the
geometry of Banach lattices and mean ergodicity of bounded positive semigroups
in them.

2.1 Ordered Banach spaces, constrictors, domination

Here we recall basic properties of ordered Banach spaces and positive operators
in them. For the general theory of ordered Banach spaces, we refer to [17], [112],
and [129]. Then we introduce and discuss two important classes of spaces: the
ideally ordered Banach spaces and uniformly order convex Banach spaces. We
state Theorem 2.1.8 which is a basis for several results of Sections 3.2 and 3.3.
Then we present the notion of asymptotic domination and study it for positive
semigroups in ideally ordered Banach spaces. We give some properties of powers
of mean ergodic operators in ideally ordered Banach spaces, the proofs of which
are closely related to the proof of one of the main results of this section, namely
Theorem 2.1.11 concerning asymptotic domination. Then we investigate the strong
stability and almost periodicity of asymptotically dominated positive semigroups
in uniformly order convex Banach spaces.
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2.1.1 Let X be a real Banach space. A subset X is called a positive cone in
X if it is closed and satisfies the following properties:

R+'X++R+'X+§X+; *X+0X+:{O}, X+*X+:X.

The elements of X are called positive. The pair (X, X,) is called an ordered
Banach space (if a positive cone X in X is fixed, we call (X, X1 ) simply X). The
ordering “<” on X is introduced as follows:

x<y if and only if y—z€ X, .
For z <y in X, denote by [z,y] the order interval
{ze X 2z <z<y}

Recall that a positive element u of an ordered Banach space X is called an order
unit if the interval [0, u] has a non-empty interior. A positive element w of X is
called a weak order unit if any non-trivial order interval [0,z] has a non-trivial
intersection with the interval [0, w].

Definition 2.1.1. A subset A of X is called order bounded if A C [—z, 2] for some
z € X4. Ais called almost order bounded if for any € > 0 there exists z. € X
such that

A C |22+ ¢ Bx.

A is called quasi-order bounded if there exist z € X1 and 0 < 7 < 1 such that
AC|[-z,2]+n Bx.

The positive cone X in an ordered Banach space X is called normal if all
order intervals in X are norm bounded. On any normal ordered Banach space X,
there exists an equivalent norm that is monotone on X, i.e., if x,y € X such that
0 < a <y, then ||z|| < |ly||. For example, one can obtain such a monotone norm
| - |l1 in the following way:

lzlly = sup{llyl| : 0 <y <=} if 2>0 and

Jully s= int{foll + [lwl : o, > 0,0 —w = u}

for an arbitrary u € X;. In our book, all ordered Banach spaces are assumed to
be equipped with normal positive cones.

Definition 2.1.2. A linear operator T in an ordered Banach space X is called
positive if T(Xy) C X1. A semigroup S C L(X) is called positive if it consists of
positive operators.

The following simple property of positive projections is very useful.

Proposition 2.1.3. Let X be an ordered Banach space and P,Q € L(X) be projec-
tions such that 0 < Q < P. Then Q = QoPoQ. In particular, rank(Q) < rank(P).
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Proof. This follows from

0<SQoPoQ-Q = Qo(P-Q)oQ
< Po(P-Q)oQ
= Po@—-PoQ
= 0.

]

2.1.2 Now we introduce a class of ordered Banach spaces (cf. [37, Def.1]) that
will be intensively investigated below. Let X be an ordered Banach space, then
the normality of the positive cone X is equivalent to the norm-continuity of the

mapping
X+ X X+ 3 (a?,y) - diSt([O,I‘], [an])

at the point (0,0). We define X to be strongly normal if this mapping is norm-
continuous everywhere on X x X;. We call X a strongly normal Banach space
if its positive cone is strongly normal.

Proposition 2.1.4. If an ordered Banach space X possesses the interval decompo-
sition property

0,2 +y] = [0,2] + [0,y] (Va,y € X4),
then there exists a constant C such that
dist([0, 2], [0,y]) < Cllz —y[|  (Vz,y € Xy),

and, henceforth, X is strongly normal. In particular, any Banach lattice is a
strongly normal Banach space.

Proof. By passing to an equivalent norm if necessary, we may assume the norm
I - || to be monotone on X . Let 0 < x,y € X be given. Then  —y = ¢ — r, where
q,7 >0 and ||q|, ||r]] < C||z — y||. Here we use the normality of the positive cone
X 4. Therefore, if 0 < u < z, then

O<u<y+gq,
hence u = uy + uo, where 0 < u; <y and 0 < ug < ¢. This in turn implies
dist(u, [0,9]) < gl < Cllz —yl|,
from which we obtain
dist([0, 2], [0,y]) < Cllz —y||

and, finally, disty ([0, ], [0,y]) < Cllz —y|. O
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2.1.3 We call an ordered Banach space X ideally ordered if X is strongly
normal and all order intervals in X are weakly compact. We shall intensively use
the following simple property of ideally ordered Banach spaces (cf. [37, Thm. 10]).

Theorem 2.1.5. Let X be an ideally ordered Banach space. If {x,}22, C X1 and

o0
Tn, A, xo, then the set |J [0,x,] is conditionally weakly compact and its norm-

n=1
closure contains the order interval [0, zo]. Moreover, if all order intervals [0, x,]

o0
(n > 1) are compact, then the set |J [0, zy] is conditionally compact.
n=0

Proof. Due to the strong normality of X,
dist([0, 2], [0,20]) = 0  (n — o).

Hence, for any € > 0, there exists n. € N such that

J0,z.] c U [0, 2] + eBx. (2.1)
n=1 n=0

Ne [e%e)

Since the set |J [0, x,,] is weakly compact for any n., it follows easily that |J [0, z]
n=0 n=1

is conditionally weakly compact. Moreover, since

diSt([Oa -TOL [O’ an —0 (TL - OO), (22)

we obtain
oo
[0, .Io] g cl -1l U [0, .In]
n=1
Finally, assume that all intervals [0, z,,] are compact. Then the interval [0, zo] is

compact by (2.2). It follows now from (2.1) that the set |J [0, z,] is conditionally
n=0

compact. O

As examples of ideally ordered Banach spaces we can take Banach lattices
with order continuous norm, for instance, LP-spaces, where 1 < p < oo. For
another type of examples, we send the reader to Section 3.3.

2.14 We shall use the following definition (cf. [32, Def.2.1]) of another class of
ordered Banach spaces.

Definition 2.1.6. Let X be an ordered Banach space whose norm || - || is monotone
on X ; then X is called uniformly order convex if for every € > 0 there exists § > 0
such that, whenever z,y € Bx, 0 <z <y, and |ly|| — ||z|| < 4, then ||z —y| <e.

One can easily see that the following equivalence holds.
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Lemma 2.1.7. An ordered Banach space X is uniformly order convezx iff for every
M >0 and € > 0 there exists 6 > 0 such that if

0<z,ye M- Bx, dist(ly —z,X4) <9, and |y|| —|z| <4,

then |ly — zf| <e. O

Let us mention some examples of uniformly order convex Banach spaces.
Every ordered Banach space E with uniformly convex norm is uniformly order
convex (cf. [78, Sect.l.e]). In particular, every LP-space, 1 < p < oo, is uniformly
order convex. Moreover, every ordered Banach space E' whose norm is additive on
E is uniformly order convex. For more examples of these spaces, we can consider
so-called non-commutative L!-spaces (for details, we refer to Section 3.3).

2.1.5 Now we turn back to positive semigroups, and present an important
theorem about positive abelian semigroups possessing quasi-order bounded con-
strictors (see [37, Thm. 6]). Here we assume that J is an abelian semigroup ordered
according to 1.3.9, with a representation 7 = (T})tcs in £(X). The notion of a
constrictor for 7 is also taken from 1.3.9.

Theorem 2.1.8 (Emel’yanov—Wolff). Let X be a strongly normal Banach space,
and T = (T})ieg be a representation of an abelian semigroup J in Ly (X). If T
has a constrictor

[~y,y] +nBx

for some y € X1 and for some real n, 0 < n < 1, and if the closure of the convex
hull of the orbit Ty := {Tyy}ies contains a T -invariant point w, then the order

interval

1
[7”&), w}
1—n

is a constrictor of T .
Proof. First of all, M7 := sup ||T;|| < co by the uniform boundedness principle.
teg

Now let n < 0 < 1 be fixed. We claim that ,'_[—w,w] € Constr(7). To
prove this, it is sufficient to show that for arbitrary € Bx and € > 0 there exists
t(z,e) € J satisfying

1
Tix € [—w,w] + eBx
l1-0
for all t > t(z,e).

Fix ¢ € Bx and € > 0. Since of the cone X is strongly normal, there exists

6 > 0 for which

1
— < =

[~w,w]+ - Bx (0<zeX). (2.3)

— -
[27] s

“1—-0



70 Chapter 2. Positive semigroups in ordered Banach spaces

Since w € co{Tyy : t € J}, we can take oy € Ry and s4 € J, where ¢ € 1, m such
that

(1 - o)
Zaq =1; am = Zaq s, Y5 lam —w|| < : (2.4)
= po 2Mr

By induction, we construct an increasing sequence (¢;)5°, C J satisfying
Ty —s,@ E Za] Ttl_tjy, ZUJ Ttl_tj +0'Bx (2.5)

for all i,q € N, ¢ < m. The first step of (2.5) follows directly from the fact that
[~y,y] + nBx € Constr(7). Find for some i an element ¢; satisfying (2.5) for all
N 3 ¢ < m. Then we choose u}, and v} such that

A A
§ Jj—1 § Jj—1
- o Tti*t]‘ya o Tti*t]‘y]a
Jj=1 Jj=1

|vgll < 0", ug + vy =Ty, s,
for each ¢, N 3 ¢ < m. Then we have, for a large enough t;,1,

T

it1—8qL = Tti+17ti (ufz + U(ZI)
7 7
€ [ - Tti+1—ti Z Uj_thqt—tjy? Tt71+1—t7: Z Uj_thi—tj y]
j=1 j=1
+o'[~y,y] + o' Bx
i+1 i+1
c [- ZUJ_thi+1—tjy, ZUJ_ITti+1—tjy] + o' Bx

for all ¢ € 1, m. Thus, we obtain that (2.5) is true when replacing ¢ by 7 + 1.
Using the fact that w is a fixed point of 7 and the condition (2.4), we obtain

- | N i
||Z:U] 1Tzz-,—tj%n—17011)” < HZUJ 1Tti—tjam— l_ o wH+ ||wH
= 1D 07T, (am — will+
i=1
o
< 3 Mo - wi+ 7l
Jj=1
M i
< M lew—ull+, 7l
o
< 5/2+ Hw”
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for all .
Fix a large enough 7 such that

; . [(6(1—0) € )
o' < min , , (2.6)
< 2wl 2MF

then the condition (2.3) implies

[fZijthi,tjam, Z(ijthi,tjam] g 1 L [*"U.),"UJ] + © BX (27)
j=1 j=1

Now, by using (2.5), (2.6), and (2.7), we obtain

m
Ttix = E Oqusq+ti75q.’E
q=1

m 7 m 7
€ [ - Z ququ Z O—jithi*tjy’ Z aqTSq Z O—jithi*tjyjI
q=1 j=1 q=1 j=1

+Zaquq(Jin)
q=1
- [*Zajfthrtjam, Zajfthi,t].am] +0'MrBx
j=1 j=1
c ' Lwuw+ S Bx+oiMsB
S i oMy x +o Mrbx
1 €
C — B
- 170'[ w,w]+MT X
Then
€
Tix € 1_ [_Tt—tiwaTt—tiw]‘i‘MTTt—ti(BX)
c | lrwul+eBx

for all J ot > t(x,¢e) :=t;.
Thus we have shown that

1

L a[fw,w} € Constr(7).

1

1, [-w,w] € Constr(T). O

By arbitrariness of o, n < o < 1, we obtain
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2.1.6 Our next results concern the inheritance under domination of some
asymptotic regularity properties of one-parameter positive semigroups. We need
the following definition which presents the generalized form of the domination.
Let X be an ordered Banach space, and let S = (Si)tes, T = (Tt)tes be
one-parameter positive semigroups in X, and let P : X4 — X, be an arbitrary

mapping.
Definition 2.1.9. We say that

(i) S is asymptotically dominated by T if

tlim dist(Tix — Spz, X4) =0 (Vx € X3);
— 00

(ii) S is asymptotically dominated by P if

tlim dist(Pz — Six, X4) =0 (Vo e X,).
—00

We say that a positive operator S is asymptotically dominated by a positive
operator T if the semigroup (S™)52, is asymptotically dominated by (77)5%.
The part (i) of Definition 2.1.9 can be given in an equivalent form according

to the following proposition.
Proposition 2.1.10. The following conditions are equivalent:
(i) S is asymptotically dominated by T
(ii) for any f € X4, there exists a family (qg)tej C Xy such that tlinolo ||ng =0
and th—i—qtf > Sif forallt e J.
Proof. (i) = (ii): Let f € X . Take a family (h¢)ies € X such that

th—Stf—ht €X+ and ||ht|| — 0.

As in the proof of Proposition 2.1.4, take families (I¢):cs and (r¢):cs such that
hy =l — ry, where
li;re 20 and L], [[re]l < Cllhe]|

for all ¢ € J. Then the family ¢/ := r,, satisfies the condition (ii).

(i) = (i): Let f € X,. Take a family (¢/);es, which satisfies (i7). Then
lim dist(7"f — S"f, X;) < lim ||¢}| = 0. O
n—oo n—oo

Remark that the asymptotic domination can be quite far from its special
case 0 < S < T. For example, a positive semigroup S = (5™), which converges
strongly to a projection P, is asymptotically dominated by P but, in general,

S & P.
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2.1.7 The following theorem is about preserving the mean ergodicity under the
asymptotic domination.

Theorem 2.1.11. Let S and T be power bounded positive operators in an ideally
ordered Banach space X such that S is asymptotically dominated by T, and T is
mean ergodic. Then S is mean ergodic. Moreover, if the mean ergodic projection
Pr has finite rank, then the corresponding mean ergodic projection Ps has finite
rank and rank(Pg) < rank(Pr).

Proof. Tt is enough to show that lim A2 f exists for all f € X, . Fix some f € X

n—0o0
and take a sequence (¢/)°%, C X, which satisfies the condition (i) of Proposition

n—1
2.1.10. Put ¢/ := 0 and df := Y q}: for all n € N. Then
k=0

0<ASfF<ATf+dl (¥neN).

Since T is mean ergodic, lim || AL f — u|| = 0 for some u € X ;. Moreover
n—oo
lim ||ALf 4 d} —u| =0,
n—oo

since lim ||df|| = 0. Theorem 2.1.5 implies that the set { A f}°2, is conditionally

weakly compact and, henceforth, has a weak cluster point. Theorem 1.1.7 implies
that lim AJf exists. The rest of the proof follows from Proposition 2.1.3. g

For Banach lattices with order continuous norm, this result is due to Arendt
and Batty [12]; in the general case, it was stated in [37, Thm.13].

The proof of Theorem 2.1.11 cannot be directly extended to the strongly
continuous case. We give the analogue of Theorem 2.1.11 for usual domination
only with essentially the same proof.

Theorem 2.1.12. Let X be an ideally ordered Banach space. Assume that S =
(St)i>0 is a positive Cy-semigroup in X satisfying Six < Tyx for all © € Xy,
t > 0, where T = (T})1>0 is a bounded mean ergodic Cy-semigroup. Then S is
mean ergodic. Moreover, if the mean ergodic projection Pr has finite rank, then
the corresponding projection Ps has finite rank and rank(Ps) < rank(Pr).

Proof. Obviously § is bounded. Show that the net (Af f)i>0 possesses a weak
cluster point for all f € X, . Fix some f € X, then

0<ASF<ATf  (VteR,).
Since 7 is mean ergodic, tlim | AZ f — u|| = 0 for some u € X . Take arbitrarily
—00

an increasing sequence (t,)%2; such that lim ¢, = oo. Theorem 2.1.5 implies
n—oo
that the set {.Afn £15, is conditionally weakly compact and so has a weak cluster

point, that is obviously a weak cluster point of {A$f : ¢ > 0}. Theorem 1.1.7
implies that tlim AP f exists, which is required. The rest of the proof follows again
—00

from Proposition 2.1.3. O
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2.1.8 The next result is related to the inheritance of the almost periodicity of
a one-parameter positive semigroup under the asymptotic domination.

Theorem 2.1.13. Let X be an ideally ordered Banach space, and let S = (St)ie,
T = (Ti)tes be one-parameter positive semigroups in X such that S is asymptoti-
cally dominated by T . Assume that T is almost periodic. Then the semigroup S is
weakly almost periodic. Moreover, if every order interval in X is compact, then S
is almost periodic. Here we have the same as the above inequality of ranks of the
corresponding Jacobs—Deleeuw—Glicksberg projections: rank(Ps) < rank(Pr).

Proof. Tt is enough to show that the sequence (S, )52, has a weakly convergent
subsequence for each x € X and for each strictly increasing sequence (¢x)%2 .

Fix € X, and a strictly increasing sequence (tz)72,. Since 7 is almost
periodic, there exists a convergence subsequence (Ttkix)ioil' Then for any € > 0,
there exists i(¢) such that

{Stklx}fiz(a) c U [OaTtkix] +e-Bx. (28)

i=i(e)

By Theorem 2.1.5 and (2.8), the sequence (S;, )72, has a weakly convergent
subsequence and S is weakly almost periodic.

Assume that every order interval in X is compact. The same argument as
above shows that the sequence (S;, )72, has a norm-convergent subsequence. So
S is almost periodic. O

2.1.9 Now we present a result (cf. [37, Thm.11]) about powers of a mean er-
godic operator. According to Theorem 1.1.12, any power bounded operator 1" in a
Banach space X is mean ergodic, provided that T™ is mean ergodic for some m.
In general, the converse is not true, even for Koopman operators in C(K) [118].
But it is true for many important classes of operators.

Theorem 2.1.14. Let X be an ideally ordered Banach space, and let T be a positive

power bounded mean ergodic operator in X. Then T™ is mean ergodic for all

m € N.

Proof. Let m € N. It is enough to show that lim .Afmf exists for all f € X,.
n—oo

Fix some f € X;. Then

n—1 mn—1
m 1 1 .
0 AT f= D T Y T =mAL,f.
k=0 =0

Since T is mean ergodic, the sequence (mAZL £)°°, is convergent in X. By The-

orem 2.1.5, the set

(AL fyoe
is conditionally weakly compact and, consequently, possesses a weak cluster point.
Applying Theorem 1.1.7, we obtain that nh_)n;o AT™ f exists. O
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Remark that the conditions of the theorem are satisfied for Banach lattices
with order continuous norm, as well as for self-adjoint parts of preduals of von
Neumann algebras (see Section 3.3). For a Banach lattice with an order continuous
norm, Theorem 2.1.14 is due to Derriennic and Krengel [24].

2.1.10 The following two lemmas play a central role in the investigation of
asymptotic properties of positive semigroups in uniformly order convex Banach
spaces. These lemmas are taken from [32].

Lemma 2.1.15. Let X be a uniformly order convex Banach space, J =N or J =
Ry, (xt)ies be a family in X4, and let P, : X4 — X4, t € J, be non-expansive
mappings (this means that || Pux|| < ||z|| for all x € X1 and t € J ). Let (t,)52,
be a sequence in J converging to oo, and assume that

(l) lim Ptnft

n—oo

x4, exists for allm € N, and

m

&y, —x, , X4) =0 for allm € N.

(11) lim diSt(Ptnft
n—oo
Then the sequence (x4, )22, is norm convergent.
Proof. By (i), if m € N is fixed then the sequence (P, _¢,, %¢,, )5 is bounded.
Assumption (¢7) implies that there exist z, € E, n € N, such that

0<wm, <P, _¢,%, +2, and lim |z,]| =0. (2.9)

Then (z:,)52, is also bounded. Let o := lim inf ||z¢, || < co. For fixed € > 0,
n—0o0

choose m € N such that ||z, || < a+e¢. Since P;, is non-expansive, (2.9) yields

—tm
lim sup [z, | < lim sup [P, ¢,
n—oo n—oo
< a+e.
Thus lim sup ||z, || < @, and hence a = lim ||z, || exists.
n—oo

n—oo
Let M := sup,, ||+, || < co and fix € > 0. Choose 6 > 0 corresponding to M
and € as in Lemma 2.1.7. There exists r € N such that

[lze, | = |zt ||| <8 for n,m >r.
Assumption (i) implies that there is 7 > r such that
| Pt .2t — Pe, ¢ 2. ]| <& for n,m >ry.
By assumption (ii), there exists ro > r; such that
dist (P, —t @t — ¢, X4) < for n>rs.
In particular, we find w,, € X,n > r9, such that

0<um, <P, _tx, +w, and |wy] <9.
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Then

|z, =0 < P —t.ze, || < |2l
< Nzl +6  (n>7r2),

and hence

H|Ptn7t,,xt,, <§ for n>re.

— ||z,

From Lemma 2.1.7, we get
| P, —t ., — x4, || <& for n>rg.

Thus, if n,m > ro, then

oe, — 2, | < ll2e, — Pt xe, | 4+ (1P, 20, = Py,
+HPtm,_t7‘xtr - wtm, ||
< 3e.
Hence (¢, )22, is a Cauchy sequence, and the assertion follows. ]

Lemma 2.1.16. Let X be a uniformly order convex Banach space, let J = N or
J = Ry, (zt)tes be a family in X4, and let P, : Xy — X4, t € J, be non-
expansive mappings. Let (t,)22, be a sequence in J converging to oo, and assume
that
(i) the set {Py, _y,, T, : n € N} is relatively compact for all natural m,
and

(11) lim diSt(Ptnft

n—oo

xt,, — Tt,, X4) =0 for all natural m.

m m

Then there is a convergent subsequence (xs,)5% 1 of (T¢)re-

Proof. By the diagonal sequence argument, we can choose a subsequence (s$,)5

of ()22, such that the sequence (Ps, —t, 2+, )22 is convergent for each m € N.

Thus (Ps, —s,, x5, )52 converges for each m € N. Moreover,

nh_)ngc dist(Ps, —s, s, —xs,, X4+) =0 (Vm eN).
Lemma 2.1.15 with (¢,)52; replaced by (s,)5%; yields the assertion. O
2.1.11 Now we are in a position to prove the following result (cf. [32, Thm.
3.1]).

Theorem 2.1.17 (Emel’yanov—Kohler-Rébiger—Wolff). Let X be a uniformly order
conver Banach space. Assume that S is a one-parameter positive semigroup in X
which is asymptotically dominated either

a) by a non-expansive mapping P : Xy — Xy or
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b) by a one-parameter strongly stable positive contractive semigroup T .
Then S is strongly stable. Moreover rank(Ps) < rank(Pr).

Proof. a) Let x € X4 and let (£,)52, be a sequence in J such that lim ¢, = oco.

n—oo
For t € J, set x; := Six and P, := P. Then (xt)tc, (Pt)tes, and (¢,)52, satisfy
the assumptions of Lemma 2.1.15, and hence (2, )2, is convergent. Since this is
true for every sequence (£,)52; in J converging to oo, the stability of S follows.

b) Let Px := tlim Tix, x € X;. Then P: X; — X is non-expansive, and
—00

S is asymptotically dominated by P. Now the assertion follows from a). O

2.1.12 We finish with the following result on the inheritance of almost period-
icity under asymptotic domination (cf. [32, Thm.3.3]).

Theorem 2.1.18. Let X be a uniformly order convex Banach space. Assume that
S is a one-parameter positive semigroup in X which is asymptotically dominated
by a one-parameter almost periodic positive contractive semigroup T. Then S is
almost periodic.

Proof. Let € X and let (¢,)%2; be a sequence in J such that lim ¢, = oo. Set

n—0o0

x¢ := Spx and P, := Ty, t € J. Our assumptions imply that (x¢)ics, (P)ies, and
(tn)5e, fulfill the conditions of Lemma 2.1.16. Thus (S, z)32, has a convergent
subsequence, and hence S is almost periodic. O

Related Results and Notes

2.1.13 It would be interesting to construct an ordered Banach space with a
normal positive cone which is not strongly normal.

In Proposition 2.1.4, we can say even more about Banach lattices, namely
that C' = 1.

FExercise 2.1.19. Let E be a Banach lattice. Show that
dist([0, 2], [0,y]) < [lz —yll  (Vz,y € E4). (2.10)

It seems to be that the condition (2.10) characterizes Banach lattices among
ordered Banach spaces.

Question 2.1.20. Let E be an ordered Banach space that satisfies the condition
(2.10). Is E a Banach lattice?

2.1.14 A special case of Theorem 2.1.8 was proved in [101] for a one-parameter
discrete semigroup of positive contractions in a Banach lattice. Then in [50], it
was extended for any one-parameter discrete semigroup of positive operators in
a Banach lattice. The main idea in [37] (and in [40]), where this theorem was
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obtained in its general form, is to find an extension of those results on the non-
commutative L'-spaces, which are far away from Banach lattices (see Section 3.3
for details). Note that without the assumption that the closure of the convex hull of
the orbit 7y := {Tyy}+es contains a 7 -invariant point, the statement of Theorem
2.1.8 is not true. To show this, it is enough to take the operator T, in the Banach
lattice ¢ from Example 1.3.8 with o > 0.

The following result is an easy consequence of Theorem 2.1.8.

Theorem 2.1.21. Let 7 = (T})ies be an abelian positive operator semigroup in a
strongly normal Banach space X with a strong order unit 1. If the limit

w= lim A7T

T—00

exists, then
[-Mw, Mw] € Constr(T),

where M = sup ||T¢||. In particular, if w =0, then lim ||T:|| = 0.
teg t—o0

Proof. By hypothesis, the order interval [-M 1, M 1] is a constrictor of 7. Thus

the first assertion follows from Theorem 2.1.8. If w = 0, then tlim |T:1|| = o,
—00
which implies, in view of T} > 0, that tlim | T¢|| = 0. O

In Section 3.3, we show (Theorem 3.3.16) that the self-adjoint part of any
C*-algebra has a strongly normal positive cone. Thus we can apply Theorem
2.1.21, and obtain the following corollary which seems to be interesting even for a
commutative C*-algebra. The second part is a generalization of the result of Groh
and Neubrander [54, Satz 3.2], where the weak convergence of 7 1T to 0 is assumed
in order to derive uniform convergence to 0. In fact, under the assumption that
T, 1 converges weakly to 0, by the Eberlein mean ergodic theorem, w = 0 in the
corollary below. A result related to this second part was proved by Batty [16,
Thm. 3] in a more general setting.

Corollary 2.1.22. Let T = (T})i>0 be a positive Cy-semigroup in a C*-algebra A

with the unit T. If the limit
w= lim A71

T—00

exists, then [—Mw, Mw] is a constrictor of the restriction of T onto the self-adjoint
part As, of A, where M = sup ||T||. Moreover, if w =0, then tlim |T:|| = 0.
t>0 — 00

Proof. By the hypothesis, the interval [—-M I, M 1] is a constrictor of the restriction

7| .a.,- Then the assertion follows from Theorem 2.1.21. If w = 0, then lim | T, I|| =

0 which implies, in view of positivity of 7', that tlim IT:]| = 0. O
— 00
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2.1.15 The following interesting question about the possibility of replacing 7
by A7 in Theorem 2.1.8 is open even for the one-parameter case. According to
Theorem 2.2.5, the answer is “yes” for a bounded one-parameter positive operator
semigroup in a K B-space.

Open Problem 2.1.23. Let X be a strongly normal Banach space, and let T be a
one-parameter positive operator semigroup in X. We suppose that T satisfies

lim sup dist(AZz, [~y,y] + 7Bx) =0 (Vz € Bx)

t—o0

for some y € Xy and some real n, 0 < n < 1; and suppose that the closure of the
convex hull of the orbit Ty := {Tiy}iey contains a T -invariant point w. Does the
interval [—w, w] satisfy

lim sup dist(A7 =, [~w,w]) =0 (Vz € Bx)?

t—oo

2.1.16 In the case when one-parameter semigroups S and 7 consist of linear
operators acting in Banach lattices with order continuous norm (for example, in
LP-spaces, where 1 < p < o0), which are uniformly order convex Banach spaces,
Theorems 2.1.17, 2.1.18 will be generalized in Section 2.2, namely, they hold with-
out the condition that 7 is non-expansive. The following example shows that the
uniform order convexity condition is essential there.

Ezxample 2.1.24. Let E = ¢ be the space of convergent sequences endowed with
the sup-norm. Let T = Iy, and define S € £, (F) by

s© =, ,&) €=Ex <o,

Then 7 = (T™)52, is strongly stable and contractive, and S = (S™)22, is asymp-
totically dominated by (T™)22 ;. However, (S™)52, is even not almost periodic.

2.1.17 There are several interesting results related to Theorem 2.1.21 about
positive semigroups in C'(K). We mention only a few of them. An operator T in
the ordered Banach space X = C(K) is called irreducible if for each f € X,
f # 0, and each a € K there is n € N with T" f(a) > 0. By Ix we denote the
function from C'(K) which is identically equal to 1. The following result is due to
Jamison [58]; for the proof of it, we send the reader to [67, pp. 180-182].

Theorem 2.1.25 (Jamison). Let K be a compact Hausdorff space, f € C(K), and
let T be a positive irreducible operator in C(K) such that T(Ix) = k. If T
satisfies

lim T"(f)(a) =0 (Va € K)

n—oo

then lim ||T™(f)|| = 0. O
n—oo
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Ezercise 2.1.26. Let K be a compact Hausdorff space, and let T' be a weakly almost
periodic irreducible positive operator in X = C'(K) satisfying T (I x) = Tx. Show
that lim ||7™f|| =0 for any f € X,(T). Show that T is almost periodic.

n—oo

Hint: See [67,p.182].

Ezercise 2.1.27. Let K be a compact Hausdorff space, and let T" be a positive
operator in X = C(K). Show that if T™(lx) converges to 0 pointwise, then
lim ||[T"(1k)|| = 0.

n—oo

Hint: See the proof of [67, Thm.5.1.14].

2.2 Positive semigroups in Banach lattices

If S and 7 are one-parameter positive operator semigroups in a Banach lattice
such that S is dominated by 7, then it is natural to ask which properties of 7°
are inherited by §. There are numerous results in this direction dealing with com-
pactness, weak compactness, the Dunford—Pettis property, and others (see [4], [85],
[131] for a survey of such results). In this section, we discuss asymptotic properties
of dominated semigroups, such that the mean ergodicity, strong stability, and al-
most periodicity. Most of results can be formulated for positive operators as well as
for positive Cy-semigroups in Banach lattices. We begin with the main definitions
concerning Banach lattices and positive operators in them and then discuss the
inheritance of mean ergodicity and (weak) almost periodicity under domination.
Our notations are standard and follow to the books [5], [85], [110], and [131].

2.2.1 Let E be an (usually real) ordered Banach space. In this section, we
everywhere assume that F is a Banach lattice, which means that sup(z,y) and
inf(x,y) exist for any two elements z,y € E, and that ||z|| < |ly|| whenever
|z] < |y|. We use notations V and A for the lattice operations sup and inf and, as
usual, we denote ., := sup(x,0), x_ = (—x)4, and |z| := x4 + x_ the positive
part, negative part, and modulus of x € E respectively. Examples of Banach
lattices are LP-spaces (1 < p < o0), C(K), co, etc.

A Banach lattice FE is called Dedekind complete if any order bounded subset of
F has a supremum. F is called o-Dedekind complete if any countable order bounded
subset of E has a supremum. Such Banach lattices as LP-spaces (1 < p < o0)
and ¢y are Dedekind complete. The Banach lattice ¢ of all real-valued convergent
sequences is even not o-Dedekind complete. More generally, C'(K) is Dedekind
complete if and only if every open set in the Hausdorff compact space K has open
closure.

A subset A of the Banach lattice F is called an ideal if A is a vector subspace
of E which satisfies:

r €A yeEE, |y <l|z|=yeA
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An ideal B in FE is called a band if for every increasing net in B that has a
supremum v in E, the element u belongs to B. For example, L]0, 1] is an ideal in
L?[0, 1] whenever ¢ > p, but if ¢ > p it is not a band.

A Banach lattice E has a topological orthogonal system (t.o.s. for short) if
there exists a pairwise disjoint set A of positive elements of E such that the ideal
generated by A is norm dense in E. If F has a t.o.s. consisting of one element,
this element is called a quasi-interior point of E.

Another important condition on Banach lattices is the order continuity of the
norm: the norm in F is called order continuous if any decreasing to zero net in £
is norm convergent to zero. Such Banach lattices as LP-spaces (1 < p < 00) and ¢g
have order continuous norm. C'(K) has order continuous norm in the trivial case
only, when K is finite. Any Banach lattice having an order continuous norm is
Dedekind complete. A Banach lattice E' has an order continuous norm if and only
if £ is an ideal in its bidual E** (see [85]). It is easy to see that every uniformly
order convex Banach lattice has order continuous norm (see [110, I1.5.10, I1.5.15]).

A set A in the Banach lattice E is called almost order bounded if for every
e > 0 there exists . € E such that ||(|z|—z<)+| < eforall z € A. In other words,
for any € > 0, there exists an interval [—ac, ac] such that A C [—a., a.]| + eBg (cf.
Definition 2.1.1).

A Banach lattice E is called a K B-space if any norm bounded increasing
net has a supremum and converges to it in the norm. Examples of K B-spaces are
reflexive Banach lattices and L'-spaces. g is not a K B-space. Any K B-space has
an order continuous norm and it can be shown that F is a K B-space if and only
if £ is a band in its bidual E** (see [85]).

Any positive operator in a Banach lattice E is continuous (the proof of this
simple property can be found in any book about Banach lattices). By £ (F) and
E’ we denote the set of positive operators and the set of positive linear forms in
E | respectively. An operator T is called regular if it can be written as a difference
of two positive operators.

A linear operator T' from a Banach lattice E to a Banach lattice F' is called
a lattice homomorphism (Riesz homomorphism) if T(|z|) = |T(x)| for any z €
E. Any lattice homomorphism T : E — F is positive, and if 7! exists, then
T—!:F — FE is a lattice homomorphism as well; in this case T is called a lattice
isomorphism (Riesz isomorphism).

If T is a positive operator in E, then x € E is called a positive fized vector
of mazimal support if x € Fix(T) N E4 and every y € Fix(T) N E4 is contained in
the band generated by =x.

A linear functional 2’ € E7 is said to be strictly positive if (', z) > 0 for all

z e B\ {0}.

2.2.2 Now we investigate asymptotic properties of a one-parameter asymptot-
ically dominated semigroup in a Banach lattice. We shall see that (compare with
Section 2.1) the uniform order convexity of an ordered Banach space can be re-
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placed by a considerably weaker condition of the order continuity of the norm of
a Banach lattice.
Note that we always have in a Banach lattice F,

dist(z, Ey) = [(=2)+] (V& € E),

and hence a positive semigroup S = (St):cs in E is asymptotically dominated by
a positive semigroup 7 = (T}):es in E if and only if

tlim |(Sex — Tyx) || =0 forall ze€ Ey.
—00

We need the following construction, which can be found in [110, IL.8, Ex.1].
Let 2’ € E be a positive linear functional in the Banach lattice E. Then

N :={ze E: (2,]z]) =0}
is a closed ideal in E, and
lz+ N(@)|| = (', |z]), = € E,

defines a lattice norm on the quotient space E/N(z'). The completion (E,z’) of
E/N (') with respect to this norm is a Banach lattice. The norm is additive on
(E,2')+, and hence (E, ') is uniformly order convex. The quotient map

q: E— E/N(z")

defines the lattice homomorphism j,» : E — (E,2’). f T € L, (E) is an operator
such that 7"z’ < 2', then the ideal N (2') is T-invariant, and 7" induces the positive
contraction T in (F,z') given by

Tjpx =juTz, (xekE).

The following lemma connects convergence of an almost order bounded se-
quence in E with convergence in (F,z’) (see for the proof [85, 2.4.8] or [100,
Lm.3.8)).

Lemma 2.2.1. Let (x,)%2, be an almost order bounded sequence in a Banach lattice
E with order continuous norm, and let ' be a strictly positive linear functional
in E. Then (x,)22 is convergent in E if and only if (jyxn)S2, is convergent in
(E,z"). O

2.2.3 We come to one of the main results of this section about the inheritance of
strong stability and almost periodicity of an asymptotically dominated semigroup
in a Banach lattice (see [32]).
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Theorem 2.2.2 (Emel’yanov—Kohler—Ribiger—-Wolff). Let E be a Banach lattice
with order continuous norm and let S and T be one-parameter positive operator
semigroups in E such that S is asymptotically dominated by T. If T is almost
periodic then S is almost periodic. Moreover, if the Jacobs—Deleeuw—Glicksberg
projection Pr has finite rank, then the corresponding projection Ps has finite rank
and rank(Ps) < rank(Pr).

Proof. First we consider the case J = N. By passing to an equivalent norm, we
may assume that S consists of contractions. Now fix z € E,. Let F' be the closed
ideal in E generated by

M={Sn,0Th, 0 -08m,0Th, x: mg,ng,...,mg,ni €N, k &N}

Then F is invariant for S and 7, and u = -, 27"z, is a weak order unit of
F, where {z,, : n € N} is an enumeration of M. Thus, by restricting S and 7 to
F, we may assume that F contains a weak order unit. By [79, 1.b.15], there is a
strictly positive linear functional 2’ € E7. Since 7 is almost periodic, 7 is mean

ergodic with the mean ergodic projection Pr. Consider the closed ideal
I.={z€FE: Pr|z|=0}.

The order continuity of the norm implies that I is a projection band (see [85,
2.4.4]); hence E = I & I+, where

L:{ZEE: lz| Ayl =0

for ally € I}. Let R be the band projection from E onto I*+. Note that 0 < R < Ig
and R is a lattice homomorphism (see [110, I1.2.9]). We claim that {S,z : n € N}
is relatively compact in E for every z € F,. It suffices to show that this is true
for z € I, and z € (I'),, respectively.

1-st case: z € I,. Since 7 commutes with Pr, the ideal I is 7-invariant.
Denote by 7] the restriction of 7 to I. Let w € I and  : N — I" be a character such
that T,w = a(n)w, n € N. Then |w| < T,,|w|, n € N, and hence |w| < Pr|w| =0
which implies w = 0. Since 7| is almost periodic, it follows from Theorem 1.1.4 that
7| converges strongly to 0. In particular, nh_)n;o T, z = 0. Since S is asymptotically

dominated by 7, we obtain lim S, z = 0.

n—oo
2-nd case: z € (I1),. By assumption, {T,,z : n € N} is relatively compact

and hence almost order bounded. Since S is asymptotically dominated by 7,
the set {S z : n € N} is almost order bounded as well. Let ' := P%2’. Then
T, =2', n € N. The induced representation T = (T,,)5%, in (E,z') determined
by Thjz = jorTh, n € N, is positive, contractive, and almost periodic. Moreover,

nh—{gc d15t< n— m(]m'smz) Jz'Snz, (E, xz )+)

= nh_)m ”[Jm'snz = Jo'Tn—m © Sm Z]+||

= lim (z/, (Snz — Ty—m © Sim 2)+)

n—0o0

=0.
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~ Apply Theorem 2.1.18 to the sequence (j.»Snz)52; C (E,2')y, operators
T, € Li((E,2")), and every sequence (t,)52; in N converging to co. We show
that the set {j,-Snz: n € N} is relatively compact in (E,2’). From

[jerRo Snz = jerRo S zll(gay = (2',[RoSnz—RoSy,z|)
< (2,|Snz — Smz|)
= ”jz’SnZ - jz’SmZH(E,x/)a (n,m € N),

we derive that
{jarRo0 S, z: neN}

is relatively compact in (E,z"). Since a'|;. is strictly positive and
{RoS,z: neN}

is almost order bounded, Lemma 2.2.1 implies that {Ro S, z : n € N} is relatively
compact in [+ C E.

Now we show that {S,z : n € N} is relatively compact. Fix ¢ > 0. Since
{Snz: n € N} is almost order bounded, there exists y € E such that

1(1Skz = Sizl —y)4 || <& (VK I €N).
By the contractivity of the operators S,, and Ir — R, we obtain

150 (Skz = Si2)[| = [ R(Skz = Si2) | 150 (Skz = Si2)| = 1S 0 R(Skz — Siz)|

<
< [|Suo (Ie — R)(Skz — Si2)]|
< [ISuo (s~ R)y| +=.

From the first case, we know that lim S, o (Ir — R)y = 0. Hence there exists
n—oo
ng € N such that

|Sno (Skz — Si12)|| < ||R(Skz — Si2)|| +2¢  (Vk,l € N). (2.11)
Since {R o S, z: n € N} is relatively compact, there exists my € N such that
{RoSnz: neN}C{RoS,,z: 0<m<mg}+eBg.
Now let n > mg + ng. There exists 0 < m < mg such that
|IRoSn—nyz2—RoSnz|| <e.
By (2.11), we have

|Ro Sp—n,z— RoSy,z||+ 2
3e.

1902 = Smno 2

IN A
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Thus

{Snz: neN}C{S,z: 0<m <mg+no}+ 3eBg,
ie., {S,z: n € N} is totally bounded and hence relatively compact. This proves
the assertion for J = N.

If J =Ry, it follows from above that {S,x : n € N} is relatively compact
for each x € E. The strong continuity of S and Proposition 1.1.3 imply that
{Six : t > 0} is relatively compact for each « € E. The rest of the proof follows
from Proposition 2.1.3. O

2.2.4 From Theorem 2.2.2, we can deduce the following result (see [32]) on the
inheritance of strong stability.

Theorem 2.2.3 (Emel’yanov—Kohler—Ribiger—-Wolff). Let E be a Banach lattice
with order continuous norm and let S and T be one-parameter positive operator
semigroups in E such that S is asymptotically dominated by T . If T is strongly
stable, then S is strongly stable, and rank(Ps) < rank(Pr).

Proof. By Theorem 2.2.2, the semigroup S is almost periodic. The corresponding
Jacobs—Deleeuw—Glicksberg projections Ps and Py satisfy

0<S;0Ps <TyoPr=Pr (Vt € J).
First of all, remark that
PsoPTongngx:Psx,

and

PsoProPsx PsolyoProPsx
PsoTioPsx
PsoS;oPsx

StOPS.T

v v

for all x € E4 and t € J. Thus,
PsoPry>vy, PsoPry>Sy (V0<uze Ps(E))
for all t € J. So, we have
C = Ps o Prlps(p) 2 Ilps(p): Stlps(py (V€ J),
with respect to the order in £(Ps(E)). Then
C*™* > IV S e Ly(Ps(E)™).

*

The supremum I V S;* exists in £(Ps(FE)™) since the Banach lattice Ps(E)™ is
Dedekind complete.
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Let S;* £ I. Then IV Sf* =1+ A, where
0<A€L(Ps(E)™).

Consequently,
C*" > I+ A" >1+nA (Vn € N).
Take an operator C o Ps € L, (F). Then
0<C"oPs = (CoPs)"
< P
= Pr (Vn € N).

Thus the orbit {C™y}22, is bounded in E and, therefore, in Ps(E) for any
y € Ps(E). Then the set {C"}52, C L(Ps(E)) is bounded in the operator norm
by some M > 0. Then

nfAz|| < [z +nAx|
= (I +nA)z|
< JC
< el
< Mzl

for all 0 < z € Ps(E)** and for all n € N, which is impossible, since A # 0. The
obtained contradiction shows that S;* < I on Ps(E)**.

Thus S|ps gy < I|ps(p) and L(Ps(F)). This inequality and the fact that the
spectrum o (S¢|ps () lies on the unit circle imply that S; = Id on Ps(E) for all
t € J. Thus the semigroup S is strongly stable. (]

2.2.5 It was proved in [39] that if T is a Markov operator in L!-space, then
T is mean ergodic and satisfies dim Fix(T") < oo, whenever there exist a function
h € LY and real n, 0 <7 < 1, such that

N (S I NEY

for every density f. We turn back to this theorem in Section 3.1. This result was
extended to any positive power bounded operator in a K B-space in [8]. Moreover,
it was shown that this property of positive operators characterizes K B-spaces
among o-Dedekind complete Banach lattices.

Theorem 2.2.4 (Alpay-Binhadjah-Emel’yanov—Ercan). Let F be a K B-space, let
T be a positive power bounded operator in E, let W be a weakly compact subset of
E, andletn e R, 0<n<1, be such that

lim dist(ALz, W +nBg) =0

n—0o0

for any x € Bg. Then T is mean ergodic.
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Proof. Without loss of generality we may assume that E has a quasi-interior point.
Indeed, for any x € E, x # 0, we consider the closed order ideal F' generated by
{T"|z| : n > 0} instead of E. Then F is a K B-space [110, Prop.I1.5.15] with a
quasi-interior point ), -, 27"T"|z| and T'(F) C F. Moreover, F' is a projection
band in E [85, Cor.2.2.4]. If P: E — F denotes the corresponding band projec-
tion, then

lim dist(ALz, P(W)+nBr) =0 (Vz € Bp).

Since ||P]| = 1 and P(W) is weakly compact in F', the restriction T'|r satisfies
the assumptions of the theorem. Thus, to show that (ALz)2°, converges, it is
enough to show that 7| is mean ergodic. Hence we may assume that E has a
quasi-interior point, say e.

There are two alternative cases:

1-st case: (AT 2/)%2 | is a o(E', E)-null sequence for each 2/ € E’. Then
(ATx)% | converges weakly to 0 for each x € E and hence, by Theorem 1.1.7,
(ALT)oe | converges strongly to 0. Hence T' is mean ergodic.

2-nd case: There is 2’ € E’, such that (AT"2')22 | is not o (E’, E)-convergent
to 0. Let 0 # ¢’ € E', be a U(E’, E)-cluster point of (AT z/)22,. We may assume
l¥/|| = 1. Then, for all € > 0, there exists n with

W, z) — (AT 2 2) <e & (T'y,2) — (T'AT &/ z) < e.
Combining these estimates, we arrive at
<y/,.’E> - <T’y/,$> < 257

but € and x were chosen arbitrarily, so T'y’ = y/'.

Fix € > 0 satisfying n+e < 1, choose x € BgNE, such that (y', z) > 1—¢. Let
2" € E be a o(E", E')-cluster point of (ALx)52 ;. Then, by the same arguments
as before, T"2" = 2.

Since W is weakly compact in E and nan;C dist(ALx, W + nBg) = 0, we

obtain " € W + nBg». Moreover,

(W, 2"y =({,z) >1—¢.

(Since 2z is a o(E", E')-cluster point of (ALx)%°, then for every § > 0 there
exists ng such that

2"y — (AL x) <

Thus we have (y/, ") — (AZ; y',x) < 0, and since Ty’ = v/,

(', 2"y — (y,z) < 4.

By arbitrariness of §, (', ") = (y/, z).)
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Let P be the band projection from E” onto E (such a projection exists
because F is a K B-space). Then (Ig» — P)x” € nBg, and hence

(', Px"y = (4, 2"y =y, (Ign — P)2")y > 1 —e—n>0.
From

Px// + (IE” _ P).’L‘N — x// — T//:L‘//
— :L‘//

= TOP.I”+TNO(IEW 7P)$” S E++El,
and from the fact that Pz” is the biggest part of 2"/ in E,, we get
0<ToPz" < Px".

Hence (T™o P x'")22, is a decreasing sequence in E . Since E has order continuous

norm, z := lim T" o Pz"” € E, exists. Clearly Tz = z and, from
n—oo

<y/’z> = <y’,Px”> >0,

it follows that z # 0. Hence Fix(T) N E; # {0}.

Now the existence of a quasi-interior point e in F implies the existence of a
strictly positive linear functional ¢ in E [79, Thm.1.b.15]. For = € E, let P, be
the band projection from E onto the band generated by x. Set

= sup (¢, Pye) > 0.
zeFix(T)NE4

Choose z, € Fix(T)NEL, n € N, |lz,| < 1, with @ = lim, (¢, Py, e). Let
w:= Yy 2 "z, Then u € Fix(T)N E;, P, > P,, for all n € N, and hence
(¢, Pye) = a. Let now = € Fix(T)N E. Clearly P, > P, and P4, > P,. From

Q= W,Pu@) S <7/1,Pu+xe> § «

and the strict positivity of ¢, we obtain P,e = P,,e. Since e is a quasi-interior
point, P, = Py4,. From P,., > P,, it follows that P, > P,. Thus u € Fix(T)NE,
has a maximal support.

Denote by B, the projection band generated by w.

B, = U [—nu, nul
n=1

by the order continuity of the norm in E. Denote Q@ = Igp — P, and S = Qo T.
Since T o P, = P, oT o P,, an easy calculation shows that

QoT=QoToQ
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(and then (QoT o Q)" = (QoT)" = Qo T™ for all n).
Show that the sequence (Q o AL)> | is strongly convergent to 0. If not then

n=

A2 /0, and, as in the 2-nd case, there exists ¢ € Fix(S") N E',, y’ # 0. From
y/:T/OQ/y/ — Q/OT/OQ/y/
— Ql o S/ y/
= QY
we obtain that ' € Fix(T") N E’,. Again, as in the 2-nd case, for this 3’, there
exists y € Fix(T') N E4 such that (y/,y) > 0. Then

W, Qy)=(QY,y) =,y >0.

Hence (Idg — P,)y = Qy # 0, i.e., y € B,,. This contradicts the fact that u has a
maximal support. Thus @ o AL — 0 strongly.

Since T is power bounded, M := sup,,~( ||T"]] < oo. We shall use the follow-
ing two elementary formulas: B

AL = kY AT 4 T 0 AT 4720 0 AT 4. 4 =D 5 gT) (2.12)
and
AT = AT = G4 i) T+ T e T i+ 0) AT L (213)
Let x € E and € > 0. Since

lim ||(Ig — P,)o AL z|| =0,

n—oo

there exists n. such that dist(A} z, B,) < (3M)~'e. Then there exist ¢. € Ry
and w € [—ceu, ccu] satisfying

H.Agsx —wl|| < (2M) e,
Then, for any [ > 0,
|7 o.AZE x—Thw| < ||TY - H.Agsx —w|| < M- H.Afsx —wl| <27 . (2.14)

T[—u,u] C [~u,u] implies T'w € [—c.u, c.u] for all [. Combining (2.12) and (2.14),
we obtain
dist(A} .z, [—cou,ccu]) <27 (Vk €EN). (2.15)

By (2.13), there exists k. € N satisfying
AL i — ALzl <27% (V> ke, i=1,2,...,n2), (2.16)
From (2.15) and (2.16), it follows that

dist(.AZ:c, [—ceu,ccu)) <e  (Vp > neke) . (2.17)
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By (2.17), the sequence (ALz)%° , is almost order bounded. Since every almost
order bounded subset of a Banach lattice with order continuous norm is weakly
precompact (cf. [101, Lemma 3.2]), {AL2}2° , has a weak cluster point and then,
by the Eberlein theorem, the sequence (AL x)3 ; is norm convergent for any = € E.

Thus T is mean ergodic. O

Remark that, from the proof above, we can see even more, namely, that
Fix(T) C B,. Indeed, if € Fix(T), then

Ple =g —P)e=Ig—P,)o ATz —0.

So Plx = 0, and hence x € B,,.

2.2.6 Since order intervals in any K B-space are weakly compact, the theorem
is true if we replace a weakly compact subset W of E by an order interval [—g, g]
for any g € E. In this case, we have even more, that the fixed space Fix(T) of T'
is finite-dimensional, and this is what the next theorem shows (see [8]).

Theorem 2.2.5 (Alpay—Binhadjah—Emel’yanov—Ercan). Let E be a K B-space, let
T be a positive power bounded operator in E, let g € Ey, andletn e R, 0<n <1,
be such that

lim dist(Alz, [~g,9] +nBg) =0 (2.18)

n—oo

for any x € Bg. Then T is mean ergodic and Fix(T) is finite-dimensional.

Proof. The mean ergodicity of T follows from Theorem 2.2.4.
Let us denote by C' the order ideal generated by the set

{w€ Byt || ALl — 0}

Then, for any ¢ € C, | AZ¢|| — 0. By the power boundedness of T, ||ALz| — 0
for any z € C, and hence the norm closure C of C' coincides with C. Since any
norm closed ideal in a Banach lattice with order continuous norm is a band [85,
Cor.2.4.4], C'is a band, and every band in E is a projection band, E = C @ C9.
Obviously, C is T-invariant. Denote by Pc the band projection Po : E — C, and
by Pca the band projection Ppa : E — C?%. Let Ty := PpaoT, then 0 < T} < T,
and the band C¢ is T}-invariant. The operator T} is power bounded, and
lim dist(A™z,[~g,9] +nBg) =0 (Vx € Bg).

Thus T} satisfies all conditions of Theorem 2.2.4, then, by this theorem, T} is mean
ergodic. Consider the mean ergodic projections Pr, Pr, : E — E defined as

Prxz = lim Alz, Ppaz= lim Al'z (Vz € E).

n—oo n—oo
By Theorem 1.1.9, Fix(T) = Pr(F) and Fix(T1) = Pp, (E). Obviously

Pr,Pr, >0 and Fix(T}) C C%
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Now we show that Pr, is strictly positive in C¢ in the sense that
reClz#0 = Prz#0.

Since C' is T-invariant, we obtain by induction, that Pgid o T™ = Pga o T7* for all
n > 0. Then Pra 0 AL = Ppa o AL for all n > 0, and hence

PchPT:PCciOPTl. (219)

Let z € Cj’lr, x # 0, then, by the construction of C, Prz # 0 and Pga o Prxz # 0
since Prz € Fix(T). Then, by (2.19), Pca o Pp, x # 0, and hence Ppx # 0,
and so Pr, is strictly positive in C¢. By [110, Thm.IT1.11.5], Fix(7}) is a Banach
sublattice in C% and hence in E.

As it was shown in the proof of Theorem 2.2.4, there is a positive T3-fixed
vector u; of a maximal support and (Idga — Py, ) o ALY — 0 strongly as n — oc.
Hence

nh_)rrgc dist(Al 2, [~ P,, g, Pu,g] +7Bg) =0 (Vz € E, ||z| < 1). (2.20)
Assume dim Fix(T}) = oo then, by Judin’s theorem (cf., [5, Exer. 13, p. 46]), there
exists a sequence ()52, C Fix(T1)+ such that x; Apix(r,) z; = 0 for all i # j.
Hence x; A z; = 0 for all ¢ # j since Fix(11) is a sublattice in E. We may assume
|lz:|| = 1. Set y; = Py, g A z; for any i. From (2.20), we obtain

lyill = [[Pug A il
= @i — (% — Puyg)+ |l
> 1-n
> 0

for all 4. On the other hand, (y;)$°, is an order bounded (by the element P, g)
disjoint sequence in E, so the order continuity of the norm in E implies ||y;|| — 0
due to [85, Thm.2.4.2], which contradicts the inequality above. Hence Fix(T}) is
finite-dimensional.

Now we show that Fix(T') C Pp(Fix(T})). From this, it will follow that

dim(Fix(T)) < dim(Fix(T1)) < o0,

which is required.
Indeed, let f € Fix(T), then

f = Pof+Poaf
= ToPof+ToPqaf,
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and
Pcdf = PCdOTOPCf+PCdOTOPCdf
= PchTOPCdf
= Tlopcdf,

since C is T-invariant. Hence Pgaf € Fix(Th). To finish the proof of the theorem,
it is enough to show that f = Pr(Pgaf). It follows directly from

fo= ALf
= AL(Pof)+ AL (Poaf)
—  Pr(Pgaf) (n— o0). O

Remark that any mean ergodic positive operator 7', such that dim(Fix(7T")) <
00, satisfies the condition (2.18) for some g € F; and n € R, 0 < n < 1. Moreover,
n can be taken arbitrary small.

Example 1.3.8 shows that the condition that E is a K B-space cannot be
omitted in Theorem 2.2.4. Even for Banach lattices with order continuous norm,
this result can fail. Indeed, for a # 0, the operator T, constructed in Example
1.3.8 satisfies

nl;n;o dist(AT>z, [—e1,e1] + aB,) =0 (V2 € By,).
On the other hand, the sequence (AZ=e;)° ; does not converge to any element of
co. Hence T, is not mean ergodic.

2.2.7 Now we prove the following result, which was obtained by Rébiger [101,
Thm.5.3] under some additional conditions.

Theorem 2.2.6 (Réabiger). Let T be a positive operator in a K B-space E. Moreover,
let C :=[—z,z]+n- Bg be a constrictor of T, where z € E4 and 0 < n < 1. Then
T is asymptotically periodic (see the definition in 1.1.2).

Proof. Since the operator T satisfies the condition (2.18), by Theorem 2.2.5, T
is mean ergodic. By Theorem 2.1.8, T" has a constrictor [—y,y], where y € E,,
Ty = y. Since any order interval in a Banach lattice with order continuous norm
is weakly compact, T' is weakly almost periodic.

Show that the subspace E,.(T') of reversible vectors of T is finite-dimensional,
and T| g,.(1) is periodic. The Jacobs—Deleeuw—Glicksberg projection

Pr:E— E.(T)

is, obviously, positive. By [110, I1.11.5], E.(T) = Pr(F) is a Banach lattice with
respect to the order induced by E and with a suitable equivalent norm. Since
[—y,y] € Constr(T") and Pr € wo-cl{T" : n € N}, we have

Bg,.(r) € Pr(Bg) C [y, y].
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Applying Pr again, it follows that Bg, (1) is order bounded in E,.(T'). Thus E.(T')
is lattice isomorphic to an AM-space with a strong unit, and hence, by the
Kakutani-Krein representation theorem, E,.(T) = C(K) for some compact Haus-
dorff space K. On the other hand, E,(T') is reflexive (since Bg, (1) is weakly com-
pact) and, by Grothendieck’s theorem (cf. [110, I1.9.9, Cor.2]) dim(E,(T)) < oo.
Thus T'| g, (1) is a positive doubly power bounded operator in a finite-dimensional
Banach lattice E,(T"). By Theorem 1.1.15, (T'|g, (ry) ™' > 0 and hence T'|g, (1) is a
lattice isomorphism in F,.(T'), but any lattice isomorphism in a finite-dimensional
Banach lattice is periodic.
Now to finish the proof, it is enough to show that

En(T)={z € X : lim ||T"z| =0}

Let F be the band in E generated by y. Then F has an order continuous norm
and is a range of a positive projection P : E — F. Moreover, there is a strictly
positive y' € F* (cf. [78, 1.b.15]) and ¢ := P*(y’) is a positive extension of 3’
to E.

Now, we apply the ultra-filter technique from 1.3.16 and 1.3.17. Let U be a
free ultra-filter on N and let Fys be the ultra-power of E with respect to . Define
T : Ey — Ey as in (1.48). Let §j = § + Eo, then S(Bg) C [, ]. Denote (Ey);
the principal ideal generated by ¢ in Fp, then

Ty : E — (Ey)y

is continuous. Thus 7' = ig 0 Ty admits a factorization through (Eu)g, where
ig: (Eu)g — Eu

is the canonical injection. By means of

<7// ) (xn)zczl + EO> = nlgrolo<7/) ; xn> )

the linear functional ¢ induces a functional ¢/ € (Ey)*. Consider the L!-space
(Ey, ') associated to Ey, which is a completion of E;; with respect to the norm
given by ¢/, and let

Jur = By — (Eu, ")
be the canonical map. We obtain the following diagrams:

EL By ™ (B, ),

ED (By)y 2 By.

Since iy and jy are positive operators, and order intervals in the L'-space (Ey, 1)
are weakly compact, R := jy 04y maps the unit ball [—7, 3] of (Ey)y into a weakly
compact set, i.e., R is weakly compact. Since (Ey )y is lattice isomorphic to a
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C(K)-space, a result of Grothendieck (cf. [110, 11.9.7, I1.9.9]) implies that R maps
weakly compact sets into norm compact sets. Thus jy o T = Ro Ty also maps
weakly compact sets into norm compact sets.

Now let € E¢(T), ||x]| < 1. There is a subsequence (T x)22 ; of (T™x)%

m=1
weakly convergent to zero. Thus (jy 0T oT™* )72, converges to zero in the norm,
ie.,
lim lim (¢, |T"T™ ) = lim (', |T o T™ x|
U k—oo k—o0
= lim [y o ToT™ g
k—oo
= 0.
In particular, there is a sequence (ng)$ ; of naturals such that
klim (W, | T x[) =0  (rg :=ng + mg). (2.21)
ol
Since [—y, y] € Constr(T'), there is a decomposition
T x| = ar, + b, (k€N),

such that a;, € [y, y|NE4, by € E4, and klim ||bx|| = 0. The sequence (ax)52, is
— 00
order bounded in F' and (2.21) implies

lim (y',ax) = lim (P*(y'),ax)
k—o0 k—oo
= lim (¢, ax)
k—oo
= 0.

By Lemma 2.2.1, we obtain klim |lak|| = 0, thus
oo
lim | T7%z|| = lim |la + bg|| = 0.
k—oo k—oo
Since T is power bounded, this implies
lim ||T"z|| =0,
n—oo
and the proof is finished. O

Related Results and Notes

2.2.8 Prove the following easy facts about positive operators in Banach lattices.

Ezercise 2.2.7. Show that every positive linear operator T' from a Banach lattice
FE to another Banach lattice F' is norm-continuous. In particular, every positive
linear functional 1) on E belongs to E*.
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Ezercise 2.2.8. Let T : E — F be a positive invertible linear operator between
Banach lattices F and F. Show that the following conditions are equivalent:

(i) T~ is positive;

(ii) T is a lattice isomorphism.

2.2.9 Let us say several words about the history of Theorems 2.2.2 and 2.2.3. In
the last two decades, there were many results concerning spectral and asymptotic
properties of dominated operators, such as strong and uniform ergodicity, strong
and uniform stability, almost periodicity, quasi-compactness or certain inclusion
relations among the peripheral spectra (see [9], [12], [19], [84], [92], [99], [100],
[101], [102], [103], etc.). In [100, Thm. 3.9], it was shown that if T" is a positive
operator on a Banach lattice F with order continuous norm such that the powers
T™ converge strongly to a projection Pr of finite rank, then, for each operator
S on FE such that 0 < S < T, the powers S™ are also strongly convergent. The
same conclusion holds if one requires instead of the finite rank condition on Pr
that the spectrum o(T) of T' does not contain the whole unit circle (see [102,
Cor. 4.3]). Analogous statements hold for the inheritance of almost periodicity
under domination (see [100, Prop. 3.10], [102, Thm. 4.2]). What kind of additional
conditions on the dominating operator T' (or on the dominating Cp-semigroup 7)
are needed to make the dominated semigroup S almost periodic or strongly stable?
Theorems 2.2.2 and 2.2.3 give the complete answer to this question.

Also we remark that the second part of the proof of Theorem 2.2.2 shows
that the strong continuity of 7 is not necessary, and that it is sufficient to require
only asymptotic compactness of 7 instead of the almost periodicity of 7.

Here we present (see [32]) a short, but indirect, proof of Theorem 2.2.3
founded on a result of the paper [102].

An alternative proof of Theorem 2.2.3. Theorem 2.2.2 implies that S is almost pe-
riodic. Since S is asymptotically dominated by 7 and 7 is strongly stable, the
corresponding Jacobs—Deleeuw—Glicksberg projections Qs and Q7 satisfy

0<50Qs<TioQr=Qr (telJ).
By [102, Thm.1.4], the following inclusions for the spectra hold:
0(S;oQs)NT Co(Qr)NT C {1} (teJ).
Now the Jacobs—Deleeuw—Glicksberg theorem yields
St

E.S) = IE.(5)
and tlim Sz =0 for all z € Ey(S). Hence S is strongly stable. O
—00

In the paper [98, Prop. 3.1 and 3.4], it was shown that in order to have
inheritance of almost periodicity and stability, as formulated in Theorems 2.2.2,
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2.2.3 respectively, the order continuity of the norm of F is necessary, at least
for Banach lattices which contain a topological orthogonal system or which are
o-Dedekind complete.

The following examples [32] show that positivity of S cannot be omitted in
Theorems 2.2.2, 2.2.3. We point out that in the second example the operators
belonging to the semigroup & are even regular.

a) Consider the operator S in L?(T'), 1 < p < oo, defined by

Sf(z) ==2f(2), feLP(l), z€T.

Then § = (S™)22, is dominated by the trivial semigroup 7 = (Id)%2, in the
following sense:

|S"fl=1fl, feLPD).
Note that S is an isometry.

Ezercise 2.2.9. Show that S has no eigenvalue. Thus, by the Jacobs—Deleeuw—
Glicksberg theorem, S cannot be almost periodic, whereas 7 is even strongly
stable.

b) Let @ € R\ Q. Define S on LP(T"), 1 < p < o0, by

(S£)(2) = h(2)f(e'*"2),

where h(z) = 1 if Re(z) > 0 and h(z) = —1 if Re(z) < 0. The modulus of the
operator S exists and is given by (|S| f)(z) = f(e'*" 2).

Ezercise 2.2.10. Show that the semigroup 7 = (|S]")22, is almost periodic.

n=0

The semigroup & = (5™)%2, is dominated by 7 in the following sense:
[S" I < [S["If, f € LP(I).

Ezercise 2.2.11. Show that {S"I : n € N} is not relatively compact in LP(T),
where 1 denotes the constant function equal to 1 on I'.

Hence S is not almost periodic.

2.2.10 In a Banach lattice with order continuous norm, it follows from the
mean ergodicity of a positive power bounded operator T' that T is mean ergodic
for any m € N [24] (see also Theorem 2.1.14). In general, it is not true, even for a
Koopman operator on a Banach lattice C(K), for appropriate compact Hausdorff
space K (see Sine’s paper [119]). The idea of the correspondent example in [119]
is quite technical and cannot be used directly in any C'(K).

Open Problem 2.2.12. Let K be an infinite compact Hausdorff space. Is there a
positive power bounded mean ergodic operator T in C(K) such that T™ is not
mean ergodic for some m € N?
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Another interesting question is related to the Sine mean ergodic theorem (see
Theorem 1.1.11). What is its form for the case of positive operators in Banach
lattices?

Open Problem 2.2.13. Let T be a positive Cesaro bounded operator in a Banach
lattice which satisfies (1.7) such that positive fized vectors T separate positive fized
vectors of T*. Is T mean ergodic?

We finish with the following problem on positive operators in a Banach lat-
tice. It is easy to see, using the trivial fact that the weak convergence of a positive
sequence in an AL-space implies the strong convergence, that any power bounded
positive operator T on an AL-space E, such that 0 belongs to the weak-closure of
an orbit {T7z}22 , for each x € E, satisfies a formally more strong condition

w- lim T"z =0 (Vx € E).
n—oo
It is a well-known fact that, in general, this is not true for power bounded oper-
ators in Banach spaces. However, if we assume T € £(X) to be almost periodic
then, by Theorem 1.1.4, it follows from 0 € w-cl{T"x}52, for each x € X that
nILrI;O |IT™z|| = 0 for all x € X. It is an interesting and still open question to

investigate the case of positive operators (or positive Cp-semigroups) in Banach
lattices.

Open Problem 2.2.14. Let 7 be a one-parameter bounded positive semigroup in a
Banach lattice E which satisfies 0 € w-cl{T™x}>2, for each x € E. Does

w- lim T"z =0

n—oo

hold for all x € E?

2.2.11 Let us say some words about renorming of a Banach lattice in connection
with asymptotic behavior of a positive operator acting in it. First, if we have a
power bounded positive operator T' in a Banach lattice E, then we can easily
renorm F,

[z = sup{|T"al| : n > 0} (V€ E)

to make T contractive: ||z||r > ||Tx|r for all x € E. This idea works also for a
doubly power bounded positive operator 7" such that 7! is positive. In this case,
it can be very easily shown that 7" is a lattice isomorphism, and we can construct
the equivalent norm on F under which T" becomes an isometry:

||| 7 := sup{||T"z|| : n € Z} (Vz € E).

If T is positive and doubly power bounded, the similar procedure, in general, does
not lead us to a positive isometry (because of T~ # 0 in general), as the following
example [29] shows.
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Ezample 2.2.15. Given w ¢ R, take 2 = R U {w}, and let a measure y on the
Borel algebra B = B(£2) be defined as the Lebesgue measure on B(R), and let

p({w}) = 1.
Then, for any ¢ > 0, there exists a positive operator in L*(Q, B, 1) with
non-positive inverse that satisfies sup,,cz [|7"]] <1 +e¢.

Proof. Let € > 0. Consider a measure preserving automorphism S in 2 defined by
S(w) = w and S(t) =t — 1, whenever ¢t € R; and define a positive operator T' in
LY(Q,B, 1) by

Tf:=foS+e- [/Olfdﬂ} “X{w}s

where, as usual, y 4 is the indicator function of a subset A. Then it is easy to see
that

™f

nooa1
fost+e [ [ roslan]
i=1
n—i+1

— foS”+€~[i/' foS"’ldu}'X{w}
i=17n"0

rostae [Trosm ] xiw

for all n € Zy, and f € LY(Q, B, ). A similar computation shows that

0
T"f=foS"—c-| [ foS"du| xqw

—n

for allm € Z\Z; and f € L'(Q, B, u), in particular, 7! is not positive. Moreover,

oo

Izl < festves [ [ 170" au] g
= @+l

foralln € Z; and f € L1(Q, B, 1), which provides the required property sup{||7"|| :
neZl<l+e. O

This result was extended in [7] to any AL-space. Also, by the duality, if
an AM-space E has a predual, then there is a positive doubly power bounded
operator S in E such that S~! is not positive. We do not know if the similar
example can be constructed for any infinite-dimensional Banach lattice, or not.
But, in the finite-dimensional case, as Theorem 1.1.15 says, it is impossible.

We continue with the following theorem of Abramovich [1]. Indeed, in the
paper [1], a slightly more general result was proved, but we restrict our attention
only to the following special case.
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Theorem 2.2.16 (Abramovich). Any surjective positive isometry in a Banach lat-
tice has a positive inverse.

Proof. Let T be a surjective positive isometry in a Banach lattice E. We have to
show that T(E;) = E;. Assume that it is not true. Then there exists y € F,
such that y ¢ T'(EL). Let ||y|| = 1. Take x € E such that Tz = y. Then |z|| =1
and x ¢ Ey. Consequently, x_ > 0 and x4 # 0, since if x; = 0, then

which is impossible. Set y1 = T(x4), y2 = T(x-). Then y; > 0, yo > 0, and
y =11 — y2 > 0. Moreover, T(z4 —z_) = y1 + y2, and

lyr + 2l = llzy + 2| = log — 2| = [Jof| = 1. (2.22)
We shall prove by induction that for any k£ € N,
|z + kz_|| = 1. (2.23)

For k = 1, (2.23) follows from (2.22) directly. Let (2.23) be true for k; we will
prove it for k + 1.
Let us consider the element z; — (k + 1)z_. Then

T(xy —(k+1)z-) =y1— (k+ 1)yz,

and
—(y1 — ky2) <y1 — (k+ 1D)ya <1 + kya.

Then |y; — (k + 1)y2| < y1 + ky2 and

lyr — (k+ Dyall < [lys + kyzl|

= |T(z4 + k)|
— g+ k|
= 1.
Thus
s — (k+Da—|| = [Ty — (k+ Dyaf < 1,
and
s + O+ V|| = s — (k + Da_| < 1.

Since ||z4 + (k+ Dz_|| > 1, we get
oy + (k+ Do =1,

and (2.23) is proved for all k € N. Then 2_ = 0, which contradicts our assumption.
Then T(E;) = E4, which is required. O
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2.2.12 The following spectral characterization of the uniform mean ergodicity
of positive operators in a Banach lattice [59, Thm.5] is stronger than the similar
result (Theorem 1.1.34) for operators in a Banach space.

Theorem 2.2.17 (Karlin). A positive operator T in a Banach space is uniformly
mean ergodic iff r(T) < 1 and 1 is a pole of the resolvent of T of order at most
1. |

There are several interesting results about inheritance of uniform mean er-
godicity and uniform stability. We refer to Ribiger [99] and mention here some of
these results. The next three theorems are mainly due to Caselles [19, Cor. 4.6]
(cf., also, [99, Thm. 2.2]) and Rébiger [99, Cor. 2.6 and Thm. 3.4]).

Theorem 2.2.18 (Caselles). Let E be a Banach lattice and let S,T € L(E) satisfy
0< S<T. IfT is uniformly mean ergodic with the ergodic projection Pr of finite
rank, then S is uniformly mean ergodic and rank(Ps) < rank(Pr). |

Theorem 2.2.19 (Rébiger). Let E be a Banach lattice and let S,T € L(FE) satisfy
0< ST, If T is uniformly stable with the ergodic projection Pr of finite rank,
then S is uniformly stable and rank(Ps) < rank(Pr). O

Theorem 2.2.20 (Rébiger). Let E be a Banach lattice and let S and T be positive
Co-semigroups in E such that S is dominated by T . If T is uniformly mean ergodic

and rank(Pr) < oo, then S is uniformly mean ergodic and rank(Ps) < rank(Pr).
]

The uniformly stable version of Theorem 2.2.20 is due to Martinez and Mazon
(84, Prop. 3.3] (cf. also [99, Thm. 3.6]).

Theorem 2.2.21 (Martinez—Mazon). Let E be a Banach lattice and let S and T be
positive Cy-semigroups in E such that S is dominated by T . If T is uniformly stable
and rank(Pr) < oo, then S is uniformly stable and rank(Ps) < rank(Pr). O

Remark that the inequalities on ranks in the theorems above are obvious
by Proposition 2.1.3. The only non-trivial part is to prove that the dominated
semigroup is uniformly mean ergodic. Theorems 2.2.18 and 2.2.19 are no longer
true if Pr has infinite rank as the following exercise shows.

Ezercise 2.2.22. Let E = {,, 1 <p <00, T = Ig, and S € L(E) is defined as
follows (cf. Example 2.1.24) :

Stz = (" @)

T .
n+1 n=1
Then 0 < S < T and T is, obviously, uniformly stable. Show that S is even not
mean ergodic.

Ezercise 2.2.23. Let P be a positive projection of finite rank in a Banach lattice
E. Show that every S € L(FE) satisfying 0 < S < P is uniformly stable.
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An operator T in a Banach space is called uniformly asymptotically periodic
if there is a periodic operator G such that lim ||T™ — G"|| = 0.
n—oo

Ezercise 2.2.24. Let E be a Banach lattice and let S, T € L(E) satisfy 0 < S < T.
Assume that T is uniformly asymptotically periodic with the corresponding peri-
odic operator P of finite rank. Show that S is uniformly asymptotically periodic
and its periodic operator ) satisfies rank(Q) < rank(P). Show that aper(T) =
k - aper(S) for an appropriate k € N.

Hint: See the proof of [99, Prop.2.8]

2.2.13 In the following exercise, the reader should show that the order continu-
ity of the norm in Theorems 2.2.2 and 2.2.3 cannot be omitted even if rank(7") = 1.

Ezercise 2.2.25. Let E = ¢, and let T, S € L(E) be defined as follows:

T((@n)i) = (wne)i) & S((@a)izy) = (

n o

n+1 :an)

n=1 '
Show that T is strongly stable with rank(Pr) = 1. Show that S is even not mean
ergodic.

On the other hand, under some additional assumptions, Theorem 2.2.2 is still

true for any Banach lattice. For example, the following result has been stated in
[100, Lm.3.4].

Theorem 2.2.26 (Rébiger). Let S,T € L(E) be operators in a Banach lattice E
such that 0 < S < T. Let T be strongly stable and let rank(Pr) < oo. If S is
almost periodic, then S is strongly stable and rank(Pg) < rank(Pr). O

It is an open question if in this theorem one can omit the finite rank condition
on PT.

2.2.14 There is an old and well developed spectral theory of positive operators
in Banach lattices, we refer to [85, Ch.4] for it. We mention here without proofs
only a few results. The first and, probably, the most famous one concerns positive
compact operators.

Theorem 2.2.27 (Krein—Rutman). Let T be a positive operator in a Banach lattice.
If T* is compact for some k € N, then the spectral radius v(T) is an eigenvalue
of T corresponding to a positive eigenvector. Moreover, r(T) is a pole of Rx(T) of
the maximal order on the spectral circle {\ € o(T) : |\ = r(T)}. O

Also, there are several results about the spectrum of a Riesz homomorphism.

Theorem 2.2.28 (Lotz—Scheffold). Let T' be a Riesz homomorphism in a Banach
lattice. Then the spectrum o(T'), point spectrum op(T'), and approzimative spec-
trum o4(T') are cyclic subsets of C. O

Theorem 2.2.29 (Arendt—Schaefer—Wolff). Let T' be a Riesz homomorphism in a
Banach lattice such that o(T) = {1}. Then T =1. O
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Theorem 2.2.29 was stated in [113] and was generalized in [134] in the fol-
lowing way.

Theorem 2.2.30 (Zhang). Let T' be a positive operator in a Banach lattice such
that 0 belongs to the unbounded component of C\ o(T'). Then, for every e,

O<e<r(T™H 1,
there is n = n(e) satisfying
™ > (r(TY) ™ —e)™™ -1 (Vme€eN). 0
It is interesting that the extension of Theorem 2.2.29 onto the class of positive

operators is a hard and still open problem, namely:

Open Problem 2.2.31. Let T be a positive operator in a Banach lattice such that
o(T) = {1}. Does T > I hold?

There is only one class of Banach lattices, in which this problem was solved
(for the positive case), the finite-dimensional Banach lattices. In any class of in-
finite dimensional Banach lattices this problem is open. However, under some
additional conditions on an operator this problem has the positive solution. The
following result was obtained very recently in [26, Cor.1] by using the technique
developed by Zhang [134].

Theorem 2.2.32 (Drnovsek). Let T be a positive operator in a Banach lattice such
that lim n|(T —I)*|Y/™ =0. Then T > 1. O

Another class of results concerns the so-called zero-two law. For details, we
also send the reader to [85, Ch.4]. For example, the following theorem, which is
due to Schaefer [111], is about positive contractions.

Theorem 2.2.33 (Schaefer). Let T be a positive contraction in a Banach lattice E,

then either lim ||T™ — T+ =0 or
n—oo

||T7L_T7L+1Hr —9 (Vn:O’l,...),

where ||S]|, = inf{||A]| : A € L(E), |Sz| < Az Vz € E;} is the regular norm of
a regular operator S € L(E). O

2.3 Positive semigroups and geometry of Banach
lattices
It is well known (see Theorem 1.1.20) that every power bounded operator in a

reflexive Banach space is mean ergodic. Is the converse true? This old problem of
the theory of Banach spaces was suggested by Sucheston in 1975 in [126]. In 1986,
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Zaharopol [132] gave the positive answer to Sucheston’s question for a o-Dedekind
complete Banach lattice. Zaharopol’s result has been generalized in many direc-
tions in [27], [34], [33], [45], and [98]. Let us mention Rébiger’s paper [98], in
which there was constructed an example of non-mean ergodic operator T satisfy-
ing 0 < T < I in a Banach lattice which is o-Dedekind complete or contains a
topological orthogonal system and which does not have the order continuous norm.
The original Sucheston’s problem is still open. In this section, we consider only
the Banach lattice setting and present some results from [8], [27], [33], [34], and
[132]. Another question arises about geometrical properties of a Banach space or
a Banach lattice, which can be characterized by the mean ergodicity of operators
belonging to some special classes. We shall also discuss this question.

2.3.1 In order to describe our first result [34], we need the following notion.
Let E be a Banach lattice and let T' € L(E). We call the operator T power order
bounded if for every x € E, there exists z € E, such that T"([—z,z]) C [~z, Z]
for all n € N. We characterize the order continuity of the norm on a Banach lattice
as follows.

Theorem 2.3.1 (Emel’yanov—Wolff). Let E be a Banach lattice. Then the following
assertions are equivalent:

(i) the norm on E is order continuous;
(ii) every power order bounded operator T : E — E is mean ergodic.

Before we give the proof, let us recall the following two well-known facts.
The first one is that any power order bounded operator is power bounded by the
uniform boundedness principle. The second one is: let h € ¢y satisfy

0<h(n)<1l (VneN),
then the multiplication operator Sy, in £*° given by

fr=Su(f)=nf

maps £ into ¢ and is compact, since the unit ball of £°° (which coincides with the
order interval [—1, 1]) is mapped into the order interval [—h, k], which is known
to be compact. Here 1l denotes the constant function n — 1.

Proof of Theorem 2.3.1. (i) = (ii): By the first remark before the proof, T" is power
bounded. Let « € E be arbitrary. Then there exists v > 0 such that 7" z € [—u, u]
for all n. Since the order interval [—u, u] is weakly compact, the assertion follows
from Theorem 1.1.7.

(ii) = (i): (I) Assume that the norm on E is not order continuous. Then
by [85, Thm.2.4.2], there exists a disjoint order bounded sequence (e,)2, of E4
which does not converge to 0 in norm. So without lost of generality we may assume
that |le,|| = 1 and e, < u for some w and all n. By [110, Exer. 18.b, p. 147], there
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exists a disjoint normalized sequence ()52, in E} such that 1, (e,) = 0 for
m # n and ¥, (e,) > 1/2. We set

R

Then ||opn| < 2 and vp(em) = On,m.
(IT) Since Y ;_, ex =sup(er,...,e,) < u, the map U : ¢y — E, given by

U(f) = Z f(n)ena

is a well-defined topological lattice isomorphism into E (see [85, Lm.2.3.10]). Its
range will be denoted by Ey. Define V : E — £ by V(z)(n) := ¢,(x). Then
IVl < 2and VoU = Id on ¢y. Moreover, V(u) > V(e,) for every n, hence
V(u) > T, in particular, V(u) ¢ co.

(IIT) Let h be as in the remark before the proof. Then A = U o Sy oV is
well defined since Sy, (€°°) C ¢p. Moreover, A is compact and positive as Sy, is. Set
T=1I1p— A
Claim:

r

T"=1Ig-Uo» (1:) (—1)F 18k oV (2.24)

k=1
Proof: Since Sp,(£>°) C ¢y and V o U = Id on ¢y, we obtain by the induction
UoShoV) =UoStoV (Vr>1).
This in turn yields
T = (Ig—A)"
= I+ Z <;) (—1)F(U o Sy o V)E
k=1
= Ip-— Uozr: <;)(_1)k155 oV
k=1

(IV) Now define R, in £ by

Then
Rr == I@oo — (I@oo - Sh)r 2 O,
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since 0 < h < T implies 0 < Iys — Sy, < Iy. This implies U o R,. oV > 0. For a
function f € £, denote its truncation at n by f(™ defined by

0 else

Claim: T is power order bounded. More precisely: for |y| < z and all r, we have
T7y| <z + 2[|z[| u.

Proof: Equation (2.24) and the positivity of U o R, o V together imply

Tyl < |yl+Uc R0V (ly])
< z4+UoR,oV (z).
Now
RooV(@) = (e — (I —S1)7) oV (2)
< Vi(x)
< 2z 1.
Set f = R, oV (x). Then
U™ <2lz e < 2]l - u.
k=1

Now f is in ¢g, and this implies f = lim,, . f(™, hence
UoR,oV(x)=U(f) <2|z| - u.

The claim is proved.
(V) Claim: T is not mean ergodic.
Proof: Assume that T is mean ergodic. Then, by Theorem 1.1.9,

E =ker(A)® A(E).

Since U and S}, are injective, we obtain F = ker(V) @ FEy. So, in particular,
u = v+ w, where V(v) =0 and V(u) = V(w) € ¢, a contradiction. O

2.3.2 We show that a Banach space, in which every power bounded operator
is mean ergodic, does not contain ¢y (see [34]).

Theorem 2.3.2 (Emel’yanov—Wolff). Let E be a Banach space in which every power
bounded operator is mean ergodic. Then E does not contain a lattice isomorphic

copy of cg.
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Proof. (I) Assume that there exists a topological isomorphism of ¢y into E. Since
co and c¢ are topologically isomorphic, there exists a topological isomorphism U of
cinto E. Its dual U* maps E* topologically onto c¢* = ¢1(Ny), where Ng = NU{0}.
Let e, € £*(Np) be the sequence defined by

_f f) n>1
en(f) = { limg— oo f (k) n=0

for all f € c. Since the operator U* is open, there exists M > 0 and, to eachn > 1,
a linear functional i, € E* satisfying ||¢|| < M and U*¢ = e,,.
(IT) Define V : E — £ by V() = (¢n(x))n>1 and let h be as in the proof
of Theorem 2.3.1. Set
A=UoS,oV.

Then T' = I — A is again well defined, and calculations similar to those in the
proof of Theorem 2.3.1 show that T is power bounded.

(III) Assume that T is mean ergodic. Then we have E = ker(A) ® A(E).
Since U and S}, are injective, we obtain

E =ker(V)® Ul(c) .
So, in particular, U () =: v = v + w, where V' (v) = 0, hence
V(u) =V (w) € co,
a contradiction to V' (u) = 1. O

The proof of the existence of a power bounded operator which is not mean
ergodic in a separable Banach space X containing c( is an easy consequence of the
Sobczik theorem (see [23], p.71), that provides a bounded projection of X onto ¢g.

2.3.3 Now we give a proof of the following result [132]. Actually, Zaharopol
has proved the stronger assertion, that for reflexivity of a o-Dedekind complete
Banach lattice FE it is necessary and sufficient that every positive power bounded
operator in F is mean ergodic. We refer for this result to [132] and [98].

Theorem 2.3.3 (Zaharopol). Let E be a o-Dedekind complete Banach lattice. If
every positive power bounded operator T : E — E is mean ergodic, then E is
reflexive.

Proof. By Theorem 2.3.1, the norm on E is order continuous. It is known that
any Banach lattice which norm is order continuous is reflexive if and only if it
contains neither a lattice isomorphic copy of £, nor of ¢q (see [85, Thm.2.4.15]).
By Theorem 2.3.2, E' does not contain a copy of c¢g.

Assume that there is a Banach sublattice Ey of E which is lattice isomorphic
to ¢1, with an ¢!-basis (,,)3%; and the basis constant -,

lel <7 Janl (V= w2, € By),
n=1

n=1
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and that (z],)%2; C E* is a dual basis

(Tp, 2y =06 (Vn, m € N).

n

We define the operator T : E — E as follows:

oo

T(x) =Y (2,2} )nt1. (2.25)

n=1

Let u be a positive element of E. Since

o0 o0
§xwm=<wszsW-u,
n=1 n=1

it follows that Tuw € Ey. Hence, for every x € E, Tx € Ey, T is well-defined and
positive. Let £ and p be two real numbers, &, p > 0, such that for every x € Ep,

oo oo (o)
x:Zanxn, (an)py €01, f'Z‘an‘ < || Sp'2|an|~
n=1 n=1 n=1

It follows that for every n € N and =z € E,

0o
“an“ = Z<xv x;n>xm+n
n=1
e}
< p<%§:xg>
n=1
< ol

oo
Therefore, T is power bounded. For every € Eo, © = Y. anZn, (a,)3%, € £,
n=1

o0

Tz = > anTny1. Therefore, in order to prove that T is not mean ergodic, it is
n=1

enough to prove that the positive contraction @ : £* — ¢!,

Q((an)zozl = (Oa ai, a2,as, .. ) (v(an);?:l € 61),

is not mean ergodic. We leave this as an exercise to the reader. This contradicts our
condition that every power bounded operator T' € L(E) is mean ergodic. Thus, F
does not contain a lattice isomorphic copy of ¢! and, therefore, E is reflexive. [

2.34 Now we generalize Theorem 2.3.3, as in [27], where the assumption that
a Banach lattice is o-Dedekind complete was canceled. We need the following two
simple lemmas on the geometry of Banach lattices.
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Lemma 2.3.4. Let E be a Banach lattice that fails to be o-Dedekind complete. Then
there exists an order bounded countable set X C E of pairwise disjoint positive
elements which has no supremum, and ||e|| > 1 for every e € X.

Proof. By the result of Veksler and Geiler [128], there exist an element v € E*
and countable set {x,}52,; C [0,v] of pairwise disjoint positive elements which
n

has no supremum. The sequence s, = Y z; does not converge in norm. Indeed,
k=1

if s, — x, then the element x is the supremum of {x,,}° ;. Thus, the sequence
()22, is not Cauchy. Therefore, there exist ¢ > 0 and a strictly increasing
sequence (n)72, of natural numbers such that ||s,, ., — s, || > €.

We put A = {e}32,, where e, = e '(sn,,, — Sn,). The countable set A is
bounded from above by e~'v and consists of positive pairwise disjoint elements ey,
satisfying ||ex|| > 1. The set A has no supremum in F. Indeed, if

y=sup{er:k=1,2,... }
exists, then we would have
y = sup{sup{e 'z, in=np+1,... g bik=1,2,... }
= e lsup{z,:in=n1+1,... L.
But the last supremum does not exist by the choice of the set {z,}72 ;. O

Lemma 2.3.5. Let E be a Banach lattice. Then, for every order bounded sequence
()21 of pairwise disjoint positive elements in E and for every real sequence
[e.e]
(an)224, an, — 0, the series Y apey converges in norm.
n=1
Proof. Let 0 < e, < u for some u and let {a,}32; C R, a, — 0. Then, for every
g > 0, there exists a number n(e) such that |a,| - ||u|| < e for all n > n(e). So we
have

n(e)+m
Z anen|| = |lsup{|an| en : n=n(e)+1,...,n(e) +m}|
n=n(e)+1
< lu|l - max{|an| : n=n(e)+1,... ,n(e) + m}
< ¢
(o]
for all m € N. Consequently, the series > ay, - €, converges in norm in FE. O
n=1
2.3.5 Now, from Theorem 2.3.3, the affirmative answer to Sucheston’s question

for arbitrary Banach lattices follows due to the following result [27].

Theorem 2.3.6 (Emel’yanov). Let E be a Banach lattice that fails to be o-Dedekind
complete. Then there exists a positive compact operator A : E — E such that the
operator T'= Ig — A is power bounded and not mean ergodic.
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Proof. According to Lemma 2.3.4, in the Banach lattice E, there exists an order
bounded family {e,}52, of positive pairwise disjoint elements without supremum
and such that ||e,|| > 1 for all n. Take an element u € F, satisfying {e,}>2, C
[0, u].

For every n = 0,1,..., take a functional f,, defined in the one-dimensional
subspace {Ae, : A € R} of the Banach lattice E by f,(Aen) := A. We extend f,
to a functional f, in F preserving the norm of f,. Define the functional £, in F
as follows:

gn(x) = Sl;p fn-i—(x A ken)

for x > 0 and &, (z) = &u(xy) — & (x_) for an arbitrary « € E. Next, put

[[ull = &n(w)
() (= &nlx) + x
on(@) = Ea(a) + 1 Y o)
forallz € Fand n=1,2,... . We observe that
on 20, n(u) = lul, enlen) =1, feonll < 14 [ull (2.26)

for all natural n, and ¢, (e,,) = 0, whenever n,m € N;n # m. We explain

llonll < 1+ [ull
only. Note that
1Enll < 1fnrll < 1fnll = [1fnl
= lenll™" <1
and
1= gn(en) < £n<u)
< &l full
<l
for every n =0,1,... . Consequently,
[[ull = &n(w)
l[eon [1€n o) 1ol
[l
< +
[1€n gO(u)HéoH
< [lgnll+ lullliol
< 1]

for all n € N.
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Let (a,) be an arbitrary sequence of reals satisfying 0 < a,, < 1 and «,, — 0.
Define the operator A: F — FE as

Az = Z anen(T) en (x € E).

The operator A is well defined, due to Lemma 2.3.5, since a,p,(x) — 0 for all
x € E. 1t is clear that A is a positive compact operator.
Next, consider the operator T' = I — A. An easy computation shows that

Z [ = (1= o) lenly) en (2.27)

for all k € N and y € E. From (2.26) and (2.27), it ensues that

0o
Ty <yl + lyll (sup [ln ) Yo-(-anten
n=1
0o
<yl gl A4 Jul) D =0 —an)*] e
n=1
=yl +llyll (14 ul) sup [1—(1—an)*] e,
n
<yl + llyll (4 flulhw

Thus,
: 2
IT*y[l < (14 lull + [lull®) - [yl

for all k € N and y € E. Hence, T is a power bounded operator.

We now show that the operator T is not mean ergodic. Assume the contrary.
Let T' be mean ergodic. Then ALz — z € E for all z € E. In particular, the norm
limit v = lim Alu exists. From (2.27), it follows that T*u | . Furthermore,

n—00
v = inf Aju = inf T"u. (2.28)
In virtue of (2.26) and (2.27), we have for every k,n € N,
v < Thu <u—[1—(1—an)*] onlu) en. (2.29)
Passing to the limit in (2.29) as k& — oo, we obtain
v<u—@p(u) e, =u—|ul e, (2.30)

for all n € N. We show that v = inf{u — |ju|| e, : n € N}. Let an element x € FE
satisfy the condition x < u — ||u|| e, for all n. Then, by (2.26), we have

x<u-—[1-(1- an)k} on(u) e,
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for all n, k € N. From this, in accordance with (2.27), we obtain

inf (u—[1—(1— )k @n(u) en)

n

= wu—sup [1—(1- an)k] on(u) e,

n

T

IN

= u-— Z [1 — (1 — Oén)k] @n(u) €En

n=1

= Tru
for all k € N. Then, by (2.28),
r <inf T"u = inf AT u = v.
n n
Due to (2.30) and the fact that x is an arbitrary lower bound of the set

{u—llull en}iZss
we obtain v = inf{u — ||u|| e, : n € N}. Consequently, there exists an element

|lu|| sup{e, : n € N} = sup{||ulle,: n € N}
= wu—inf{u— ||ulle, : n € N}

= uUu—"v.

Hence the set {e,}52; has a supremum in E. So the set {e,}32, has a supremum
too. This contradicts the choice of this set, which shows that the operator T" =
Ig — A is not mean ergodic. The proof is completed. O

2.3.6 Now we discuss asymptotic properties of power bounded operators whose
peripheral spectrum is {1}. From Proposition 1.1.23, it follows directly, that:

Proposition 2.3.7. On a reflexive Banach space, every power bounded operator T
with the peripheral spectrum o.(T) = {1} is strongly stable. O

We do not know any example of a non-reflexive Banach space in which every
power bounded operator T with o, (T) = {1} is strongly stable. According to [33],
this cannot occur in Banach lattices.

Theorem 2.3.8 (Emel’yanov-Rébiger-Wolff). Let E be a Banach lattice. Then the
following conditions are equivalent:

(i) every power bounded operator T with peripheral spectrum o, (T) = {1} in E
is strongly stable;

(ii) F is reflexive.
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Proof. (i) = (ii): (I) Assume that the Banach lattice E is not o-Dedekind com-
plete. Consider the operator T constructed in the proof of Theorem 2.3.6. The
operator T is power bounded and not mean ergodic (thus T is not strongly sta-
ble), and it is easy to see, that the peripheral spectrum of 7" is {1}. Note that the
operator T is regular, but is not positive.

(IT) Assume that F is o-Dedekind complete, but the norm on E is not order
continuous. Then, by the Rébiger’s result [98], there exists an operator T in FE
satisfying 0 < T' < Ig which is not mean ergodic. Obviously, the operator T is
power bounded and not strongly stable, and o, (T") = {1}.

(IIT) So we can assume that the norm on E is order continuous. To prove
reflexivity of F it is sufficient to show that neither ¢y nor ¢! is lattice embeddable
into E (see [85, Thm. 2.4.15]).

Assume that there exist a sublattice F' of E and lattice isomorphism V from
F onto ¢p. Since E is countably order complete, by [85, Cor.2.4.3], F' is the range
of a positive projection P. Set

G=V1oTioVP,

where T is the operator constructed in Example 1.3.8. Then G is a power bounded
positive operator which is not mean ergodic, and the peripheral spectrum of G is
{1}.

Now suppose that ¢! is lattice embeddable into E. In this case, we argue as
in the proof of Theorem 2.3.3. We only have to replace the operator @ : ¢ — ¢!
given by

P((an)n) = (0,a1,a2,as,...)
by the operator
Q=alg+(1—-a)P

for some 0 < a < 1. Then the operator T given by (2.25) is well defined, power
bounded, positive, and not mean ergodic. Moreover, o (1) = {1}. Altogether this
shows that E is reflexive.

(ii) = (i): This follows from Proposition 2.3.7. O

2.3.7 The natural question arises in connection with Theorem 2.2.5:
Does the condition (2.18) characterize K B-spaces among Banach lattices?

In general, the answer is unknown. Even if we know that any positive power
bounded operator T in a Banach lattice E is mean ergodic, we can not conclude
that F is a K B-space. However, such a characterization is possible, whenever we
consider o-Dedekind complete Banach lattices (see [34], [50], and [8]).

Theorem 2.3.9. Let E be a o-Dedekind complete Banach lattice. Then the following
conditions are equivalent:

a) E is a KB-space;
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b) Any positive power bounded operator T in E, which satisfies
lim dist(A 2, [~g,9] +nBr) =0 (Vx € Bg)

n—oo
for some g € E4 and 0 <n < 1, is mean ergodic;

¢) Any positive operator T in E, which satisfies

lim dist(T"z,[—g,9] +n7Br) =0 (Va € Bg)

n—oo
for some g € E4 and 0 <n < 1, is mean ergodic.

Proof. a) = b): It follows from Theorem 2.2.5.

b) = c¢): It is obvious.

¢) = a): Assume that E is not a KB-space. If the norm on F is not order
continuous, then there exists a disjoint order bounded sequence (e,)52; of E
which does not converge to 0 in norm [85, Thm.2.4.2.]. Without loss of generality
we may assume that |le,|| = 1 and e,, < u for some u € E and all n. By [110,

Exer.I1.18.b], there exists a disjoint normalized sequence (¢, )52, in £ such that
Yn(em) =0 for m # n and i, (e,) > 1/2. We set

. wn
Pn

B 1pn(‘?n) .
Then ||on| < 2 and vp(em) = Opm. The map U : £>° — E given by

Uf = sup{fnen : n € N}

is a well-defined topological lattice isomorphism [85, Lemma 2.3.10(ii)]. Define
V:E — (> by

(Va)y = pn(z).
Then ||[V] < 2 and Vo U = Id on £*°. Consider the left shift L in ¢>°. L is not
mean ergodic and satisfies

lim dist(L"z,[-I,T]) =0 (¥ z € By),

n—oo

where T is the sequence in £°° identically equals 1. Then
T=UoLoV
is a positive power bounded operator in E which is not mean ergodic and satisfies

lim dist(T", [~U(L),U(D)]) =0 (Y z € Bg).

n—oo

Thus the norm on FE is order continuous. By [85, Thm.2.4.12], there exists a
sublattice F' of F and a lattice isomorphism Vj from F onto ¢, and, by [85,
Cor.2.4.3], F is the range of a positive projection P. Set

S=V;'oT,0VyoP,
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where T;, is the operator in cg constructed in Example 1.3.8 and 7 satisfies
-1
0 <nlVe Vol Pl < 1.
Then S is a positive power bounded operator, and

lim_dist(S" @, [-V5 " er, Vg tea] +nll Vo IVOllI PIl - Be) =0 (Y = € Bp).

n—oo

The operator T}, is not mean ergodic in cy. Hence the operator S in E is also not
mean ergodic. O

Related Results and Notes

2.3.8 In the following exercise, we consider examples of positive operators in
¢4, 0>, and cp, which are not mean ergodic.

Ezercise 2.3.10. Let operators Q : ¢ — ¢1, S : 4 — ¢>* and R : ¢g — ¢y be
defined as

Q((an)%ozl = (0’ ai, az,asg, .. ) (v(an);)zozl S gl) 5
S((an)pzy = (az,as,...) (V(an)pzq € £7°);
R((an)?zl = (a1,0a1,az,as,...) (V(an)fle € o).

Show that @, S, and R are not mean ergodic.

By using these operators, Zaharopol [132] had proved Theorem 2.3.3. In
connection with Theorem 2.3.3 and Theorem 2.3.8, the following question arises.

Open Problem 2.3.11. Let E be a Banach lattice E. Are the following conditions
equivalent:

(i) E is reflexive;
(i) every positive power bounded operator in E is mean ergodic;

(iil) every power bounded operator T such that o.(T) = {1} in E is strongly
stable?

2.3.9 Rébiger has characterized in [98] the order continuity of the norm on a
Banach lattice F by the mean ergodicity of all operators T satisfying 0 < T < I,
whenever E possesses a topological orthogonal system (g, )ac 4. Namely, he proved
the following:

Theorem 2.3.12 (Rébiger). Let E be a Banach lattice containing a t.o.s. If the
norm on E is not order continuous then there exists an operator T in E satisfying
0 < T < Idg which is not ergodic. O
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This guarantees that the center Z(FE) of E, which is the linear span of
{T:0<T<Ig},

is large enough. There are, however, Banach lattices with dim(Z(E)) =1 (for an
example of an AM-space with this property, see [51]). Theorem 2.3.1 characterizes
the order continuity of the norm on a Banach lattice in full generality.

From Theorems 2.3.3 and 2.3.6, and the fact that every power bounded oper-
ator in a reflexive Banach space is mean ergodic, we obtain directly the following:

Theorem 2.3.13 (Emel’yanov). For every Banach lattice E, the following condi-
tions are equivalent:

(i) every power bounded operator T : E — E is mean ergodic;
(ii) every power bounded regular operator T : E — E is mean ergodic;
(iil) E is reflexive. O

Let E be a (not necessary normed) vector lattice and let T : E — E be a
linear operator. We call the operator T' mean order ergodic if for every x € E
the sequence (AL )2, order converges in E. As it is easy to see, the operator T
constructed in the proof of Theorem 2.3.6 is power order bounded and not mean
order ergodic. Therefore a Banach lattice in which every power order bounded
operator is mean order ergodic is necessarily o-Dedekind complete.

2.3.10 Fonf, Lin, and Wojtaszczyk [45] proved the following result, which is
closely related to the Sacheston question.

Theorem 2.3.14 (Fonf-Lin-Wojtaszczyk). Let E be a Banach space. Then X is
reflexive if and only if each power bounded operator defined in a closed subspace
of X is mean ergodic. O

Also, they gave the following partial answer to Sacheston’s question.

Theorem 2.3.15 (Fonf-Lin-Wojtaszczyk). Let E be a Banach space with basis.
Then X is reflexive if and only if each power bounded operator in X is mean
ergodic. O

2.3.11 Results of this section should have considerable analogues for Cy-semi-
groups. It is easy to formulate those analogues, and we leave this to the reader.



Chapter 3

Positive semigroups in L!-spaces

In this chapter, we investigate asymptotic properties of one-parameter positive
semigroups in L'(Q, ¥, i), where (Q, X, 1) is a measure space with a o-finite mea-
sure . In the last section, we shall also consider the theory of Markov semigroups
in so-called non-commutative L'-spaces. For one-parameter positive semigroups
in L'-spaces, there is a rich theory, which includes many results on the existence
of invariant densities, criteria for asymptotic stability, decomposition theorems,
etc. (cf. [71]).

The choice of results presented in this chapter is motivated mainly by the
author’s research interests, and it does not reflect the present state of the very
broad asymptotic theory of positive semigroups in L'-spaces. We send the reader
for many other important aspects of this theory and for their applications to books
of Foguel [43], Krengel [67], Lasota and Mackey [71], and Schaefer [110].

3.1 Mean ergodicity of positive semigroups in !-spaces

In this section, we recall some background facts about L'-spaces and Markov
operators in them. We discuss criteria for existence of an invariant density for
a Markov semigroup, study interactions between the mean ergodicity and the
weakly almost periodicity for positive semigroups in L*(£2, %, 1), and present sev-
eral results about conditions under which one-parameter positive semigroups in
L'-spaces are mean ergodic. Then we investigate conditions for mean ergodicity
of Markov and Frobenius—Perron semigroups.

3.1.1 Let (£2,%, 1) be a measure space equipped with a o-finite measure p,
and let L(Q, X, ) be the set (we call it, in short, an L!-space) of all real-valued
Lebesgue-integrable functions on . We use the term “L!-space” in this and the
next section only for spaces L1(£2, %, 1). As usual, the measurable functions which
coincide almost everywhere (a.e. for short) are identified.
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By L we denote the positive cone of L', and by L{ the set of all functions
from L' possessing a zero integral. A function f € Li is said to be strictly positive
if f > 0 a.e. The term support of a measurable function f will be used for the
set {f > 0}. Given an A € %, we denote its indicator function (or characteristic
function ) by 4.

Positive norm 1 elements of L'(£2, %, i) are called densities. We denote the
set of all densities on (2,3, 1) by D = D(Q, %, ). The set D is obviously convex
and closed. Moreover, this set is weakly compact if and only if dim(L'(Q)) < cc.

We shall use a simple inequality that holds due to additivity of the norm on
L% (). Given a non-empty = C L1 (), then

inf{[|¢]| : £ € E} <[] (3.1)

for all z € co(E).

3.1.2 The following lemma (cf. [63]) will be applied below for obtaining integral
versions of Theorems 3.1.14 and 3.2.4.

Lemma 3.1.1. Let (f,)3%, be a sequence of densities in L*(Q, 3, ). Then the
following conditions are equivalent:

(i) there exists y € LY such that lim sup dist(fn, [—y,y]) < n for some n € R,
which satisfies 0 < n < 1;
ii) there existsy € L1 such that lim sup ||(fn—v)+|| < n for somen € R, which
+
satisfies 0 < n < 1;
iii) there exist § >0, A< 1, and A € &, u(A) < oo, such that there is an integer
I
ng = no(0,n, A), for which
fndp < A
(Q—A)UB
for n > ng and pu(B) < 4.

Proof. The equivalence (i) < (ii) is obvious.
(iii) = (ii): Take 6 > 0, A < 1, and A € ¥ as in condition (iii). Denote by X
the set {f, : n > ng}. Then
/ gdu <n

(Q—A)UD

for all g € X, whenever p(D) < §. Suppose that (ii) does not hold. Then, for each
k € N, there is an element g, € X such that

(g — kTa)4 | >1—1/k.
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Henceforth,

1 < lim sup H(gk—kllA)+H

k—o0
= lim sup [ / gkdﬂﬂL/(gk*kﬂA)er,“}
k—oo o4 o
< limsup[/gkdu +
k—o0
Q—A Dy:={ze€Q:gi(x) >k}
= lim sup / gk dp
k—o0
(Q—A)UD;,
< A
< 1,
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Gk dﬂ}

since pu(Dy) < 1/k < § for large enough k. The contradiction shows that (ii) holds.
(i) = (iii): Let (i) be satisfied with an element y € L and < 1. Take a set

A € X of finite measure and § > 0 such that

/ ydu < (1—n)/4

(Q—A)UD

for all D € &, u(D) < §. The inequality ||(|f] — v)+| < n holds for all

f€l-y,yl+nBp1.

y dp

By (i),
then
[(fo =)+l <n+(1—n)/4 (Vn > np),
and
fadp < /(fn —y)+dp +
(Q—A)UD Q (Q—A)UD)
S H(f7z_y)+H+<1_77)/4
< n+(1-n)/2
(L+mn)/2:
= A

1

<
for all n > ng, whenever p(D) < 4.
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3.1.3 A linear operator T in an L'-space is called a Markov operator if
T(D) CD.

A semigroup 7 in an L'-space is called a Markov semigroup if it consists of Markov
operators. It is clear that a linear operator T' is a Markov operator if and only if
it satisfies the following conditions:

Tf>0 and ||Tf|=|f| for all feLl.

For any Markov operator 7" there holds T'(L}) C L.

A density u is called T-invariant for a Markov operator T' if Tu = u. Given
a Markov semigroup 7, then a density w is called 7-invariant if Tyu = u for
all T; € 7. We denote the set of all 7-invariant densities by D7. The notion of
invariant density plays the important role in the asymptotic theory of Markov
semigroups. The structure of the set Dy can be very different. Of course, it is
possible that Dy = () or D7 = D. Below we use the following simple and well-
known fact.

Proposition 3.1.2. Let r = dim(Dr) < oo, then there exist r extreme points {d; }7_,
of the set Dy such that Dy = co{d;}I_,. Moreover, the densities d; are pairwise
disjoint, i.e., dx N d; = 0, whenever k # 1. g

In general, when dim(D7) is not necessarily finite, it is known that the set
Fix(7) of all fixed vectors of 7 is a Banach sublattice in L'(Q, 3, i) (see [110]).
Moreover, Fix(7) is itself a space L'(€,X1,u), where X1 is an appropriate o-
subalgebra of X.

Any mean ergodic Markov semigroup 7 possesses at least one invariant den-
sity, that can be obtained if we start from arbitrary density f and consider an
element u = tlirgo A7 f. Obviously, Tu = u. On the other hand, we have the

following well-known criterion for weak pre-compactness in L*:

Theorem 3.1.3 (Danford-Schwartz). A subset of L'-space is weakly pre-compact
if and only if it is almost order bounded. O

This theorem and Theorem 1.1.7 imply directly:

Proposition 3.1.4. Any one-parameter Markov semigroup T in an L'-space pos-
sessing a strictly positive invariant density is mean ergodic. (|

3.14 Let 7 be a one-parameter Markov semigroup in L'(, 3, ) such that
the set D7 of its invariant densities is non-empty. Take a finite measure p1, which
is equivalent to the initial o-finite measure p on €2, and define

a :=sup{p1(F) : E = {d > 0} for some d € Dr}.

Take a subset {d, }>2 ; in Dy satisfying p; ({d, > 0}) - candput a = > 27"d,.
n=1
Then a € D7 and pi({a > 0}) = «, i.e, a is a T-invariant density of maximal

support. Thus we obtain the following proposition.
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Proposition 3.1.5. Any one-parameter Markov semigroup possessing at least one
invariant density possesses an invariant density of maximal support. (]

3.1.5 The following lemma gives an important property of Cesaro convergence
for Markov semigroups.

Lemma 3.1.6. Let 7 =(T}):c be a one-parameter Markov semigroup in L*(Q, X, 11)
and let x € LY (Q), z # 0, be such that the norm limit y = tlim A? z exists. Denote
— 00

by P the projection Pf := f-1g,_oy. Then
tli)rgc |PoT;x| =0.
Proof. Applying the inequality (3.1) to the subset
E:={PoTiz:teJ}
of L% (€2), we obtain that
inf{|PoT,z| :t e J} < irtlf |PoAfz|| (V7€)

Hence tlim | Po A7 z|| = 0 implies that tlim |PoT; x| = 0, which is required. O
— 00 — 00

Mean ergodic Markov semigroups have the following important property,
which goes back to Helmberg [55]. The proof of it follows directly from Lemma
3.1.6.

Theorem 3.1.7 (Helmberg). Let 7 be a one-parameter mean ergodic Markov semi-
group in L', and let w € D be a T -invariant density of mazimal support. Denote
by P the projection Pf := f - Wg,—oy. Then

tlim |PoT: f|l=0 (VfelLh. O
3.1.6 The problem of existence of invariant densities is one of the central prob-

lems in the theory of Markov operators. There are many results which give various
conditions for existence of invariant densities. We refer for them to Krengel’s book
(67, Sec.3.4], and to the references therein.

In the next subsection, we give a criterion for existence of an invariant density
which was obtained in [28, Thm.1]. It will be applied for proving Theorem 3.1.17
on mean ergodicity of a Frobenius—Perron semigroup.

The proof of the criterion is based on an important result of Krengel. Let
us recall a definition. Given a positive contraction T in L'(Q, 3, u). A weakly
wandering function h for T is an element of LS°(, X, i) for which there exists a
strictly increasing sequence 0 = kg < k1 < --- of integers with

1> T bl < oo

v=0

The following result is due to Krengel (cf. [67, Thm. 3.4.6]).
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Theorem 3.1.8 (Krengel). If T is a positive contraction in L*(Q, X, 1), there exists
a decomposition of Q into two disjoint sets C' and D, uniquely determined up to
the null-set by the properties:

(i) there ezists a p € LY (Q, 3, p) with Tp = p; and {p > 0} = C;

(ii) there exists a weakly wandering h € LS (2,3, u) with {h > 0} = D. O

3.1.7 Let 7 = (T})tes be a one-parameter Markov semigroup in L*(Q, 3, u1).
The next theorem was obtained in [28].

Theorem 3.1.9 (Emel’yanov). The following conditions are equivalent:

(i) 7 has an invariant density;

(i) lim sup || f — T f|| < 2 for some density f;
t—o0

(iii) lim sup ||d — Tyg|| < 2 for some pair of densities d, g.
t—o0

Proof. (i) = (ii) = (iii) is trivial and, for the proof of (iii) = (ii) it is enough to
pick f=(d+g)/2.

(i) = (i): Remark that from the equality || f — g|| = ||If]| + llgll = 2[|.f A gll,
which holds for all f, g € L1 (2), it follows that (i7) is equivalent to

(3f € D) lim inf ||f ATLf]| > 0. (3.2)

Thus one may assume that condition (3.2) holds for a density f.

(I) First, we consider the discrete case 7 = (T™)32,;. Without loss of gen-
erality one may assume that f € L*°(f2). Applying Theorem 3.1.8 to T, obtain
a decomposition of  into two disjoint sets C' and D that satisfy the following
properties:

(*) there exists p € LY () with Tp = p and C = {p > 0}, and

(**) there exists a weakly wandering h € L3°(2) with D = {h > 0}.

It is enough to show that p # 0. Let < oo for some strictly

Z T*kuh
v=1

increasing sequence k, of naturals (such a sequence exists in view of weakly wan-

‘ oo
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dering of h). Given € > 0, set A := {h > €}, then

Dola - (FATHHI < Y [ Ta, - T |
v=1 v=1

_ /iTkufdﬂ

Ae
< 5_1/h~iTk"fd,u
Q v=1
— E—l(iT*kuh)(f)
v=1
< et ST
< 00 =

and consequently, lim ||T4_-(fAT* f)|| = 0 for all e > 0. Now, in view of A. T D
(e | 0), we obtain lim ||Tp - (f AT* f)| =0, and
V—00

V—00 V—00

lim sup /f/\Tk"f dp > lim sup/f/\Tk"f dp — lim ||[Ip - (f AT f)||
c Q

Y

lim inf ||fAT™f||
n—oo
> 0.

In particular, the set C has a positive measure. Thus p # 0 and w = ||p||~!p is an
invariant density of T

(IT) Now let 7 = (T})¢>0 be a Co-semigroup of Markov operators. Set T = T7,
then condition (3.2) implies

lim inf |[f AT™f]| >0,
n—oo

and, from part (I) of the proof, it follows that there exists a density u; such that
1

Tu; = uy. Clearly u := f Tiuq dt is a 7T -invariant density, since
0

1 1+s
U= /Ttul dt = / Tiuy dt = Tu (Vs > 0). |
0 s
3.1.8 Let us recall the following simple proposition which is a direct conse-

quence of Proposition 1.1.3 and Theorem 1.1.13.
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Proposition 3.1.10. Let 7 = (T})ics be a one-parameter bounded positive semi-
group in an L'-space, such that an operator T is mean ergodic or (weakly) almost
periodic for some £ > 0. Then the semigroup 7 possesses the same property. [

By Proposition 1.1.19, every weakly almost periodic operator and every
weakly almost periodic Cy-semigroup is mean ergodic. The converse is not true
in general. However, it is still true in the case of bounded positive semigroups in
L'(€2). This result was obtained by Komornik [63, Prop. 1.4(i)] and independently
by Kornfeld, Lin [65, Thm. 1.2]. The proof below follows the paper [28].

Theorem 3.1.11 (Komornik—Kornfeld-Lin). Let 7 = (T}):cs be a one-parameter
positive bounded mean ergodic semigroup in L*(, %, n). Then T is weakly almost
periodic.

Proof. 1t is enough to show that the orbit {T}f}:c is conditionally weakly com-
pact for each f € L ().
Fix f € L1 (Q) and let u = tlim AT f Tfu=0,set Q = I := Id|piqy. If
— 00

u # 0, take the u-support projection P = P,:
Pug =109  (Vge LY(Q).
It is clear that P satisfies 0 < P < I, and Ty 0o P = PoT; o P since L'({u > 0})
is 7-invariant. Set @@ = I — P and notice that Qo Ty = Qo Ty o Q for all t € J.
Since tlim |u— A7 f|| = 0 and Qu = 0, we have
— 00
Jlim [|Q o A7 f|| = 0.

Applying the inequality (3.1) to the subset Z := {Q o T} f}+cs, we obtain that

Qe Tn, fll =0 (i — o0)
for some increasing sequence (n;)72, and, consequently,

lim sup |Qo T, /| = lim sup Q0T o T, f]
t—o00 t—oo
= limsup [|[QoTioQoT,, fl
t—o0
< SUPHTtH : HQOTM fH
teJ

Thus tlim |Q o T, f|| = 0. In the case v = 0, the proof is finished already, since
— 00

e}

Q = I. Let u # 0. The set |J [~lu,lu] is norm-dense in L'({u > 0}) = P(L}(Q)).
=1

By invariance of u,

Ty ([~lu, lu]) C [—lu, lu] (Vt e J),
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and since 7 is bounded, for each € > 0 there exists I such that

lim sup dist(T} f, [—lu,lu]) = lim sup dist(P o T} f, [—lu, lu]) < e
t—o0 t—o0

for all I > I.. Hence {T}f}ics is conditionally weakly compact since [—lu,lu] is
weakly compact and € > 0 was chosen arbitrarily. g

The following result is due to Derriennic and Krengel [24] and it follows
directly from Proposition 1.1.3 and Theorem 3.1.11. Remark that this corollary
can be obtained independently from Theorem 2.1.14.

Corollary 3.1.12 (Derriennic—Krengel). Let T be a power bounded positive operator
in an L'-space. Given m € N, then T is mean ergodic if and only if T™ is mean
ergodic. O

3.1.9 It is important in many cases to find conditions under which a positive
operator T is mean ergodic and the space Fix(T') of all T-fixed vectors has finite
dimension. For this aim, the following theorem is useful. Indeed, this theorem is a
partial case of Theorem 2.2.5, if we additionally assume that the semigroup 7 is
bounded (since every L!-space is a K B-space). Here we prove it directly.

Theorem 3.1.13 (Emel’yanov—Wolff). Let T be a one-parameter positive semigroup
in L'-space such that there exist an element y € L}|r and real n with 0 < n < 1
satisfying

lim sup H(AtTf — y)+H <n

t—o0
for every density f. Then the semigroup T is mean ergodic.

Proof. We prove this theorem only in the case when 7 = (T7)22 . The continuous
case can be easily reduced to the discrete case (we leave this as an exercise to the
reader).

Denote our L'-space by E. Due to Theorem 1.1.11, it is enough to check
that, for every T*-fixed point 0 # ¢ € E* = L*°(Q, X, u), there exists a T-fixed
point w € E which satisfies (¢, w) # 0.

Let E* 5 ¢ # 0, T* = 9. We may assume that [[¢4] = [[¢] = 1.

:= (1 —1n)/3 and take some f € F which satisfies ||f|| =1 and (¢4, f) > 1 —
We have [|[f|| = [[f[l = 1 and

L2 ([0 1) = @ 1 f) 2 (g, f) 21 —e

Consequently,

(1) 24, [ = I 111

21—-¢)—1
1—2e¢.

V
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Let " € E** be a w*-cluster point of (AL]f])>;. Then f” obviously satisfies
T** f" = f". Since
lim sup dist(A, |f],[0,]) <n

n—oo

and [0, y] is weakly compact in E, we obtain
f// € [O,y} + ’I]BE** g E + ’I]BE**,

where Bg«+ denotes as usual the unit ball of E**. Take the canonical projection
P:E** — E. Then (I — P)f" € nBg+-, and

(W, Pf") = Wy, Pf") = (-, Pf")

= (") = (T = P)f" py) = (-, Pf")

> (f" ) —n

= Wl —n

> 1—-2¢—n

= £>0.

Moreover,

ToPf" = ToPoT* f"
> ToPoT*™oPf"
= ToPoToPf"
= T?oPf"
> 0.

Thus the sequence (T™ o P f"),, is decreasing in E = L'(Q, X, 1), and henceforth,

w:= lim T™o P f"

m— 00

exists. Clearly Tw = w and

(Y, w) = (, Pf") > 0.
Thus T is mean ergodic. O

Remark that this proof uses the additivity of the norm in an L!-space, and
it cannot be generalized to K B-spaces.

3.1.10 The result of Theorem 3.1.13 can be specified for Markov operators in
the following form.

Theorem 3.1.14. Let T be a Markov operator in L'(Q, X, 1). Then the following
assertions are equivalent:
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i) there exist an elementy € L' and realn, 0 < n < 1, such that
+ n n

lim sup {|(A%f = y)+ | <n

n—oo

for every density f;

m

(ii) there are an integer m, decomposition Q = |J Q into pairwise disjoint
k=0

subsets Qi € X, and two sequences of nonnegative functions uy = Tug €

m
D) and ¢ € L>®(Q), k = 1,...,m, such that > ¢ = Lo, and for
k=1
every g € LY(Q) the norm limit lim ALg exists and can be written in the
n—oo

form

m

lim AL g = Z [/Q(cbk + Io,)g du} Uk,

n—oo
k=1

and, moreover, lim fQo Trgdp = 0.

Proof. (i) = (ii): The operator T is mean ergodic by Theorem 3.1.13. The space
Fix(T) of all T-fixed vectors is an L'-space as the range of a Markov projection
(cf. the remark after Proposition 3.1.2). Since

I(z=y)sll<n<1 (Y2 € DNFix(T)),
which implies
Iyl > lzAyl>1-n>0 (V2 € DNFix(T)),

we obtain dimFix(T") < co. Take a maximal pairwise disjoint family {uz}}’, of
T-invariant densities (it is clear that m = dim Fix(T")), and put

Qp ={z € Q:up(x) >0}, Q:=0- UQk.
k=0

Let P be the strong limit of (AL)°°,, then P may be written in the form

n=1»
m
Pg=> Xlgux (Yge L),
k=1

where )\ are positive linear functionals in L' which one may consider as elements
of L*°. Since Puy = ug, we obtain

up = [/Q)\k ~ukdu}uk.
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Hence Ay - I, = Lq,. Put ¢ = A\ — Lq,, then the assertion (ii) is true for m,
Qk, uk, and @y

Given g € L1, the sequence (”]IQO ~T”g||> is obviously decreasing and

[e.¢]
n=

satisfies lim [|1g, - AL g|| = 0. Hence the inequality
n—oo

n—1

: n 1
inf || Lo, - T"gll < Y I, - THg| = |tg, - ATl
k=0

implies nl;n;o fQo T"gdu = 0.
(ii) = (i): It is an easy exercise. O
There is an integral version of Theorem 3.1.14, namely:

Theorem 3.1.15. Under the same conditions as in Theorem 3.1.14, the assertions
(i) and (ii) are equivalent to:

(iii) there exist 6 > 0,7 <1, and A € ¥, u(A) < oo, such that for every density
f there is an integer n(f) for which

[ Ardusy
(R—A)UB
forn>n(f) and p(B) < 6.
Proof. Tt is enough to apply Lemma 3.1.1 to the sequence (AL f)2° ;. O
3.1.11 We give a variant of Theorem 3.1.14 for a strongly continuous Markov

semigroup. The proof of it is similar to the proof of Theorem 3.1.14, and we leave
it to the reader. Notice that Theorem 3.1.16 can be also easily reduced to Theorem
3.1.14.

Theorem 3.1.16. Let T = (T})i>0 be a Co-semigroup of Markov operators in
LY(Q, %, 1). Then the following assertions are equivalent:

(i) there exist y € LY and n <1 such that

t

g | (; [ 750 -0), | <

0

for every density f;

m

(ii) there are an integer m, decomposition @ = |J Qi onto pairwise disjoint
k=0

subsets Qi € X, and two sequences of nonnegative functions up = Tuy €
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D), ¢r € L>®(Q), k =1,...,m, such that > ¢ = Lq,, and for every
k=1

g € LY(Q) the norm limit tlim b fot T,gdr exists and can be written in the
— 00

form

t
) 1 m
Jim ; /ngdT; [/{2(¢k+ﬂm)gdu Uk,
J Z

moreover, tlgIolo Jo, Trgdp =0

(iii) there exist 6 > 0,7 <1, and A € ¥, u(A) < oo, such that for every density
f there is r(f) > 0 for which

r

[ 1) [rerar]du<n

(Q-AWUB 0
forr > r(f) and pu(B) < 6. O
3.1.12 One of the most important classes of Markov operators is the Frobenius—

Perron operators. Recall that a transformation S : Q — € is called measurable if
S71(A) € T for all A € . A measurable transformation S : Q — € is called non-
singular if p(S71(A)) = 0 for all A € ¥ such that u(A) = 0. It follows from the
Radon—-Nikodym theorem that for any non-singular transformation S the equality

/APfduz/Sl(A) A (Aex)

defines the unique operator P : L'(2) — L(9). The operator P is called the
Frobenius—Perron operator corresponding to S. It is easy to see that any Frobenius—
Perron operator is a Markov operator.

When a semigroup (St):es of non-singular transformations on (Q,%, p) is
given, then (Ps, )ty is called the Frobenius—Perron semigroup.

We apply Theorem 3.1.9 for obtaining the following criterion [28, Thm.3] of
mean ergodicity of a Frobenius—Perron semigroup. Let P = (P;, ):cs be a discrete
or strongly continuous Frobenius—Perron semigroup associated with a semigroup
(7¢)tcs of non-singular transformations 7 : Q@ — Q.

Theorem 3.1.17 (Emel’yanov). For a one-parameter Frobenius—Perron semigroup
P, the following conditions are equivalent:

(i) P is weakly almost periodic;

(ii) P is mean ergodic;
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(iii) there ewxists a density w such that lim sup ||Pr, f — w| < 2 for every density
t—o0
I
Proof. The equivalence (i) < (ii) follows from Theorem 3.1.11.

(ii) = (iii): Take a density d such that d(z) > 0 a.e. on 2, then the density
w= tlim AT d satisfies (iii). Indeed, let f € D, then

inf | AP~ w]| < Jim [AP(f ~ d)]
< Nf—df
< 2.

Since AT f € co{P,, f : t € J}, the inequality above shows that there exists an
element a € co{Pr, f : t € J} with [la — w|| < 2, and hence ||P;, — w| < 2 for
some tg € J. But then

lim sup [|Pr,f —w| = limsup ||y, (Pr, f — w)]
t—o0o §—00
< P, —wll
< 2

which is required.

(iii) = (ii): The set Dp of all P-invariant densities is not empty by Theo-
rem 3.1.9. Consequently, by Proposition 3.1.5, there is a P-invariant density with
maximal support, say a. Denote its support by A = {a > 0}. Let

A=),

teJ

Obviously, 74(A41) C A; for any t € J. But
B:=Q-A={z:nz g AVt e J}

is also obviously invariant. Hence L!(B) is invariant for all P,,. By (i), g # 0,
so Theorem 3.1.9 yields a density supported in B invariant for all P,,, which

contradicts maximality of A. Hence Q = |J 7, *(A).
teJ
Since, obviously, 7:(A) C A for all ¢t € J, we obtain

Jim /Pﬂfdu:tlim /fdu:O (¥f € D). (3.3)
Q-4 Q*Ttil(A)

On the other hand, the restriction P|p1(ay of P in L'(A) is mean ergodic since
the semigroup P| L1(A) has the almost everywhere positive (on the set A) invariant
density a. Consequently, (3.3) implies that P is mean ergodic. O
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Related Results and Notes

3.1.13 Not only are Markov operators a subject of intensive study in oper-
ator theory in Ll-spaces. Positive (not necessarily linear) operators which map
the positive cone L1 (Q) of L'(2) into itself, and semigroups consisting of such
operators (positive semigroups ) are also very popular and important. There is a
rich and illuminating theory of positive contractive operators in L'-spaces (see,
for instance, [67] and [110]).

However, let us say that the asymptotic theory of linear contractive posi-
tive semigroups is very similar with the asymptotic theory of Markov semigroups.
Indeed, let T be a positive contractive semigroup in X = L*(Q, 3, 1). The appli-
cation of Proposition 1.1.17 to Y = C and R = I € X* = L* gives the Markov
semigroup in the Ll-space X x C with the norm ||z x A|| := ||z|| + ||A|]. Then
Proposition 1.1.18 shows that from the asymptotic point of view the considera-
tion of positive contractive semigroups in an L!'-space does not lead to essential
generalizations.

3.1.14 According to Theorem 3.1.11, any mean ergodic Markov operator in
an L'-space is weakly almost periodic. In general, this result is not true even for
contractive positive operators in Banach lattices. To show this, we can take the
operator T on C'(K) constructed in [119]. This operator is mean ergodic, but it is
not weakly almost periodic, since T2 is not mean ergodic.

Open Problem 3.1.18. Let T be a mean ergodic positive power bounded operator
on a Banach lattice with order continuous norm. Is T weakly almost periodic?

Even for the Banach lattice ¢, the answer seems to be unknown. In the case
when the answer for ¢y is negative, the following question arises.

Open Problem 3.1.19. Let T be a mean ergodic positive power bounded operator
on a KB-space. Is T weakly almost periodic? Does this property of positive power
bounded operators characterize K B-spaces among (o-Dedekind complete) Banach
lattices?

3.1.15 It was shown by Socala [121] that existence of invariant density for a
Markov operator T'in L(€, 3, 11) is equivalent to the following integral condition:

There exist 6 >0 and A € 3, p(A) < oo, such that
lim sup / T"fdu >0 (3.4)
T a-aus
for some density f and any B € 3, u(B) < 4.

The condition (3.4) can be considered as the integral form of the condition
(ii) of Theorem 3.1.9. This theorem has the following generalization for abelian
semigroups of Markov operators. The proof of it is left as an exercise for the reader.
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Theorem 3.1.20. Let 7 be an abelian semigroup of Markov operators. Then the
following conditions are equivalent:

(i) T has an invariant density;

(ii) lim sup || f — Tif|| < 2 for some density f;
t—o0o

(iii) lim sup ||d — Tig|| < 2 for some pair of densities d, g. a
t—o0o

The following question motivated by Theorem 3.1.9 is open.

Open Problem 3.1.21. Let T be a one-parameter Markov semigroup in an L'-space
for which there exists a density f such that

lim sup || f — A7 f|| < 2.
t—o0
Does T have an invariant density?

3.1.16 We point out that Theorems 3.1.14 and 3.1.16 hold also for an arbitrary
positive semigroup in L'(Q, 3, 1), and that it is enough to consider only a dense
subset of D instead of D.

One of the first asymptotic conditions for existence of an invariant density
is due to Calderon [18] and, independently, to Dowker [25]. We formulate their
result in both discrete and continuous parameter cases and apply Theorem 3.1.9
in its proof.

Theorem 3.1.22 (Calderon—Dowker). Let (0, %, pu) be a probability space. Let
(Tt)tcs be a one-parameter semigroup of non-singular transformations 1 : Q — Q.
Then the following conditions are equivalent:

(i) there exists an equivalent finite invariant measure;
(i) for every A € %, u(A) > 0 implies lim tinf u(t7tA) > 0.
— 00
Proof. (i) = (ii) is trivial.
(ii) = (i): Recall that existence of an equivalent finite invariant measure for
(1¢)tes is equivalent to existence of an almost everywhere positive invariant density

for the corresponding Frobenius—Perron semigroup P = (Pr, )i -
Take a density f := lg. Then

t—oo t—oo

lim in /Pnfdu = lim inf/ fdu
A TTtA
= limtinf u(r—tA)
> 0

for any A € X, u(A) > 0. This is possible only if

limtinf /(f/\ P, f)du >0,
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which, due to Theorem 3.1.9, provides existence of a P-invariant density, say u, and
according to Proposition 3.1.5, one may assume that the density u is of maximal
support, say B = {u > 0}. The set

U= UTﬁtB

teJ

is obviously T-invariant, which means 77U C U for all t € J. Then the set Q \U
is T-invariant as well.

If u(2\U) > 0, then the same argument as above applying to the restriction
of the semigroup P in LY(2\ U) gives a density supporting on Q \ U, which is
impossible. Consequently, #(U) = 1 and, therefore,

lim pur ' (Q\ B) =0.

t—o0
Applying condition (ii) again, show that u(Q\B) = 0, and the proof is finished. O

We mention also the following (in some sense dual) characterization of exis-
tence of an invariant density, which is due to Straube [125]. It seems to be that it
is also possible to prove it by using Theorem 3.1.9.

Theorem 3.1.23 (Straube). Let (Q, %, u) be a probability space, T a non-singular
transformation 7 : 0 — Q. Then the following conditions are equivalent:

(i) there exists an equivalent probabilistic invariant u-continuous measure on ;

(ii) there exist 6 > 0, and a,, 0 < aw < 1, such that

wA) <6 =supu(r "(A) <a (VAcX). O
k>0
3.1.17 Some interesting results on Frobenius—Perron operators are contained

in [125]. The following natural question is open.

Open Problem 3.1.24. Let P be a one-parameter Frobenius—Perron semigroup such
that there exists a density u satisfying

lim sup |u— AT f|| <2 (Vf € D).
t—o0

Is P mean ergodic?

The integral version of Theorem 3.1.17 can be obtained in the obvious way.
Moreover, Theorem 3.1.17 has the following generalization for abelian Frobenius—
Perron semigroups. We leave the proof of it as an exercise for the reader.

Theorem 3.1.25. Let P = (Py,)ics be an abelian Frobenius—Perron semigroup.
Then the following conditions are equivalent:

(i) P is weakly almost periodic;
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(ii) P is mean ergodic;
(iil) there exists a density w such that lim sup || Py, f—w| < 2 for every density f.
t—o0
]

For other results about transformations of measure spaces and Frobenius—
Perron operators we refer to Lasota and Mackey [71].

3.1.18 Theorems 3.1.11 and 3.1.13 can be also formulated for a representation
of an abelian semigroup in the following way.

Theorem 3.1.26. Let T = (T)icp be a bounded mean ergodic positive representa-
tion of an abelian semigroup P in L(LY). Then T is weakly almost periodic. [

Theorem 3.1.27. Let T = (13)iep be a bounded positive representation of an abelian
semigroup P in L(L') such that there exist an element y € Li and realn, 0 < n <
1, satisfying

lim sup H(.At(T)f - y)+“ <.

t—oo

Then the semigroup T is mean ergodic. O

3.1.19 Remark that the implications (i) < (ii) = (iii) of Theorem 3.1.17 are
true for any Markov semigroup. The following example of Komornik [63, Ex.4.1]
shows that the implication (iii) = (ii) does not hold in general.

Ezample 3.1.28. Let 2 = N, let ¥ be the algebra of all subsets of N, and let 1 be
the counting measure. Thus L (2) = ¢*. Define an operator T in ¢! as follows:

Tepir =2 e+ (1-27%) - epy0  (VE>0).

So the defined Markov semigroup 7 = (T™)22; obviously satisfies the condition
(iii) of Theorem 3.1.17 with w = e;. But it is easy to see that for any density d
the sequence (ALd)2 , converges if and only if d is equal to e;. In particular, T
is not mean ergodic.

FExercise 3.1.29. Prove the assertion above.

3.1.20 We finish this section with the following problem. It is easy to see that
any power bounded positive operator T on an L'-space X such that 0 belongs to
the weak-closure of {T™x}22 ; for all z € X satisfies a formally stronger condition:

w— lim T"z=0 (VxeX).
n—oo
In general, this is not true for power bounded operators in Banach spaces. However,
it is an interesting question to extend this property on positive operators in Banach
lattices, namely:
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Open Problem 3.1.30. Let T be a positive power bounded operator in a Banach
lattice which satisfies 0 € w-cl{T"x}52, for each x € X. Does w — lim T"z =0

hold for all x € X7 e

The similar question is for positive bounded semigroups.

3.2 Stability and lower-bounds for positive semigroups
in L'-spaces

In this section, we give several theorems about asymptotic stability in terms of
lower bounds. The first of them being well known as Lasota’s lower-bound crite-
rion [69] of asymptotic stability, the others are taken from [39]. Then we discuss a
theorem of Komornik and Lasota [64], which is known as the spectral decomposi-
tion theorem for Markov semigroups. This theorem plays an important role in the
investigation of asymptotic behavior of many classes of Markov operators.

3.2.1 A one-parameter Markov semigroup 7 = (T})es in L! is called asymp-
totically stable, whenever there exists an (always 7-invariant) density u such that

tlim |Tef —ul|=0 (3.5)

for every density f € L'. A function h € L1 (Q,%, ) is called a lower-bound
function for a Markov semigroup 7 if

Jim (b= Tif)+ ] =0

for every density f € L'. We say that a lower-bound function h is non-trivial if
h # 0. Now we give a proof of the following theorem of Lasota [71, Thm. 5.6.2
and Thm. 7.4.1].

Theorem 3.2.1 (Lasota). Let 7 = (T})ics be a (not necessarily continuous if J =
R.) one-parameter Markov semigroup in L' = L'(Q,%, u). Then the following
assertions are equivalent:

(i) T is asymptotically stable;

(ii) there is 0 # h € LY such that, for any density f € L* and for any t € J,
there exists f; € L1 with tlim Ifell =0 and Ty f + fe > h for allt € J,;

(iii) there exists a nontrivial lower-bound function for T .

Proof. (i) = (iii): Let a density u € L! satisfy tlim IT:f — u|| = 0 for any density
—00

f, then u is a non-trivial lower-bound function for 7.

(iii) < (ii): Let 0 # h € LY be a nontrivial lower-bound function for 7. Then
for any density f, the condition (%) is satisfied with f; := (T} f —h)_ for all t € J.
The converse is also easy.
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(ii) = (i): (I) Assume 7 = (T™)22, to be discrete. Let 0 # h € L} be a
non-trivial lower-bound function for T'. Denote, as usual,
Loy:={fe L | fsll = I7/-]}-
Since h is a non-trivial lower-bound function, we obtain

lim sup [[(ALf—h)4]| < 1—|h|

< 1 (VfeD),

and henceforth, due to Theorem 3.1.13, T is mean ergodic. Then there exists a
T-invariant density, say u. Since L' = L} & R-u, it is enough to show that

lim |T"f|=0  (Vf € Lj). (3.6)
Notice that (|77 f]])22, is a monotone sequence since T is a contraction. Hence
LA = dim |77 f]]
n—oo
— it (vf e 1Y),

Now suppose that there exists f € L} with 2 := lim ||[T"f|| > 0. Then

2 = lim ||[T"f||
n—0o0

= dim [T~ £

= Jim || = ah)s = (77— an)y

< dim (@ fy = ah)y | + (T — ah).]))

= 2a(1—[[Al]),
which is impossible. Notice that the inequality above is true, because h is a lower-
bound function and ||f4| = ||f=]| > « holds. Consequently, the condition (3.6)
holds.

(IT) Now assume that 7 = (1});>0 is a semigroup of Markov operators, which
is not necessarily continuous. We shall prove the implication (ii) = (i) in this
case. In this way, we reproduce the elegant arguments from [71, Proof of Theorem
7.4.1]. Take any to > 0 and define T' = T},. Then h is a non-trivial lower-bound
function for (T™)52 ;. The first part of the proof implies that there exists a unique
T-invariant density u such that

lim T"f=u (Vf e€D). (3.7)
n—oo
Having shown that Tiu = u for t € {kto}72,, we now demonstrate that Tyu = u
for all t € Ry. Pick ¢ > 0, set f’ = Ty u, and note that

u=T"u="Th,u.
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Therefore,

ITou—ul| = lim |[|[Tyu— ull
n—oo
— lim [T (Tuyw) —
—  lim_ [T, (Tou) - u]
= lim ||T™(Tyu) — ul|
= lim [T — ]
= 0
by (3.7). Since ¢’ is arbitrary, we have that v is 7-invariant.
Finally, to show (3.5), pick a density f. Then

t = I Tef —ull = |Tef — Tyull

is a non-increasing function. Pick a subsequence t,, := ntg. We know from before
that lim ||T%, f — u|| = 0, hence tlim IT:f — ul|| = 0. O
n—oo — 00

For various applications of Theorem 3.2.1, we refer the reader to Lasota-
Mackey’s book [71].

3.2.2 We call h € L}|r a mean lower-bound function for a Markov operator T if

lim H(thffLH =0 (VfeD).

n—oo
Obviously, any lower-bound function is a mean lower-bound function.

Theorem 3.2.2 (Emel’yanov—Wolff). Let T' be a Markov operator in L*. Then the
following assertions are equivalent:

(1) there exists a density u such that

Tim [ATf —u| =0 (¢ €D);

(i) there exists a non-trivial mean lower-bound function for T.
Proof. (i) = (ii): Let u satisfy lim ||ALf —u|| = 0 for all f € D, then u is a
n—oo
non-trivial mean lower-bound function for 7.

(ii) = (i): Let 0 # h € L} be a non-trivial mean lower-bound function for
T. Then
lim sup [(ALf = h)i||<n (v eD) (3.8)
n—0o0
with 7 := 1 — ||h||. By Theorem 3.1.13, T' is mean ergodic, so we obtain a decom-
position
L'=Fix(T)® (I -T)L'.
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All that we need is that dimFix(T") = 1, but this follows obviously from (3.8),
since Fix(T) is a sublattice in L!. O

A strongly continuous variant of Theorem 3.2.2 can be obtained similarly by
using Theorem 3.1.13, or it can be derived from Theorem 3.2.2. It should be read
as follows.

Theorem 3.2.3. Let 7 = (T})1>0 be a strongly continuous one-parameter Markov
semigroup in L'. Then the following assertions are equivalent:

(i) there exists a density u such that

t

tlirilc(‘io/Tder—u(‘ —0 (Vfe D)

(ii) there exists 0 # h € LY satisfying

t

1
Jim H(hf t/TdeT) H —0 (VfeD). O
— 00 —+
0
3.2.3 Now, we give a direct proof of the Komornik—Lasota theorem for a one-

parameter semigroup of Markov operators. This theorem can be derived also from
Theorem 2.2.5.

Theorem 3.2.4 (Komornik—Lasota). Let 7 be a one-parameter Markov semigroup
in an L'-space. Then the following conditions are equivalent:

(1) the semigroup T is constrictive;

(ii) the semigroup T possesses a constrictor of the kind [—y,y] + nBr1 for some
neR 0<n<1;

(iii) there exist a positive y € L' andn € R, 0 < n < 1, such that

hmtsup (Tef =)+l <n (Vf € D).

Proof. Let us remark that it is enough to prove the theorem for a discrete semi-
group only. So, let T be a Markov operator in an L'-space X.

(i) = (ii): Let A be a compact constrictor for T'. As any compact set, K can
be included in the set [—z,2] + 27! Bx.

(i) < (iii): It is trivial.
(iii) = (i): T is mean ergodic due to Theorem 3.1.13. Thus we may apply
Theorem 2.1.8. This theorem allows us to assume

[—w,w] € Constr(T)
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with some w € X, Tw = w. Thus T is weakly almost periodic, since any order
interval in an L'-space is weakly compact. Applying Theorem 1.1.4 to T, we obtain
the Markov projection P, onto the space X, of all reversible vectors of T'. By the
remark after Proposition 3.1.2, the space

Y :=P.(T)
is an L'-space as a range of a Markov projection. Since the unit ball
By = PT(Bx) g [710,10}

of the L'-space Y is weakly compact, we obtain dimY < oo, and hence the set
P.(Bx) is compact.

We shall prove that P.(Bx) € Constr(T'). It is enough to show that if 0 is in
the weak closure of {1z}, then tlggo | Tez|| = 0.

Now, we apply the ultra-filter technique from 1.3.16 and 1.3.17. Let U be a
free ultra-filter on N and let X;; be the ultra-power of X with respect to . Define

S:X - Xy, v (T"x)y =: S(x).

Since [—w,w] is a constrictor of T, S maps Bx into [—w,w] (where we have
identified X with its canonical image in Xz,). Thus

S(X)Cy:= G{xeXu szl < nwl.

n=1

We consider ) as a space equipped with the supremum-norm induced by [—w, w].
By the Krein—Kakutani representation theorem, ) is isomorphic to a C'(K)-space
and, in particular, ) possesses the Dunford—Pettis property. It is well known that
Xy is an L'-space as an ultra-power of the L'-space X . Therefore, order intervals
in Xy, are weakly compact and the embedding 7 : Y — Xj, is weakly compact, and
hence i maps weakly convergent sequences into norm convergent ones (cf. [110,
I1.9.7]).

Let 0 € w-cl{T"x}52, then, by the Eberlein-Smulian theorem (cf. [23,
p.18]), there exists a subsequence (T*»x)2° ; converging weakly to 0. Notice that
S =1io0S1, where S; : X — Y is nothing else than S now viewed as a mapping to
Y. S; is continuous and hence weakly continuous. So, we obtain

0= lim [|i(S1(T* )| = lim ||S(T*"z)]
n—oo n—oo

= lim lim|[|T™ oTkn x|
n—oo U

= lim |7 g
n—oo

for an appropriate sequence (m;)S2 ;. Consequently, lim ||[7"z| = 0, since T is
n—oo

contractive. O
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We leave the easy proof of the following corollary to the reader.

Corollary 3.2.5. Any strongly continuous one-parameter Markov semigroup in an
L'-space possessing a constrictor [—y,y| + nBx for somen € R, 0 < n < 1, is
strongly stable and has a finite rank limit-projection. O

Related Results and Notes

3.24 Studying asymptotic behavior of Markov semigroups in this section, we
have mostly avoided using integral type conditions like (11.5) or (11.10). Such type
of conditions are visually more complicated and they cannot be used in Sections
15 and 16, where we shall investigate Markov semigroups in non-commutative
L'-spaces. However, conditions of integral type are more appropriate sometimes
for concrete applications. Moreover, historically a lot of results on asymptotic
behavior were obtained in integral form [62], [63], [64], [72], [121], etc. Here we
briefly discuss integral conditions and refer for the more detailed explanation to
[62] and [71].

The spectral decomposition theorem of Komornik and Lasota, that we have
discussed above, was originally formulated in [64] in the integral form. It consists of
two parts. The first part proves that the Markov semigroup, satisfying an integral
condition which is equivalent to condition (iii) of Theorem 3.2.4, is constrictive
and, henceforth, can be reduced asymptotically to the semigroup of permutation
matrices. The second part is easy; it gives a concrete form of the semigroup of
permutation matrices that was well known before [64] (see, for example, [110]).
The non-trivial first part was proved above by use of a rather general and delicate
Theorem 2.1.8. Here we shall do the rest of the work in proving Komornik-Lasota’s
theorem. We give the theorem for discrete Markov semigroups only. The strongly
continuous case can be investigated in the same manner, and it is slightly easier
due to Corollary 3.2.5.

Theorem 3.2.6 (Komornik—Lasota). Let T be a Markov operator in X = L' (Q, X, 1)
satisfying the condition:

There exist C € X, u(C) < oo, and constants k < 1 and 6 > 0 with the
property: for every 0 < f € LY, ||f|| = 1, there exists no(f) € N such
that

() T" fdu < &
oo
for all t > no(f), n(D) <4.

Then there are an integer r, two sequences of densities g; € L' and k; € L™, i =
1,...,7, and operator Q : L* — L' such that, for every f € L', T f may be written
in the form

Tf(z) = Z Xi(f)gi(z) + Qf (x),
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N(f) = / F(@)ki() ().

The functions g; and operator @ have the following properties:

where

(1) gi(x)gj(x) =0 for all i # j so that functions g; have disjoint supports;

(ii) for each integer i, there exists the unique integer o(i) such that T'g; = gy (-
Further, o(i) # o(i) for i # j, and thus operator T just serves to permute
the functions g;;

(iii) lim [|[T"oQ f|| =0 for every f € L'.

Proof. Applying Lemma 3.1.1 to the sequence (T™ )52 ; of densities, one may use
Theorem 3.2.4, which implies that T is constrictive. So we have the decomposition
X = Xo(T) @Y into two T-invariant subspaces such that

Xo(T)={x€ X : lim | T"z| = 0}
n—oo
and Y is an L!-space generated by the finite basis {ek}zzzl’ of pairwise disjoint

densities. Operator T permutes {%}Zj{ , while they are extreme points of the unit
ball of Y, and the theorem follows. O

Let us remark that Theorem 3.2.6 easily follows from the more general result
of Theorem 2.2.6.

3.2.5 Let us give an application of Theorem 3.2.2. As usual, let (2,3, u) be
a o-finite measure space and let K : Q x & — R be a Markov kernel. Define

T:LY Q% p) — LY, %, 1) by
/K z,y) f(y)dy,

Ki(z,y) = K(z,y),
Knloy) = [ K (0.2, 0)ds,

Then T" f(z) = [ Kn(z,y)f(y)dy holds. Finally, we set

and by induction

1
K = . .
n(l",y) nZKk(‘ray)
k=1
Then

(ToA)f(x) = Z T"f(x)
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We obtain the following proposition.
Proposition 3.2.7. Assume that

/lim inf (iann(x,y)>dac > 0.
y

n—oo
Then T is mean ergodic and the space of its fixed vectors is one-dimensional.

Proof. Set

n—oo

Y

then h # 0 by hypothesis. Moreover, an easy computation shows that h is a mean
lower-bound function. Now it is enough to apply Theorem 3.2.2. g

Let (2,%,u), K(x,y), T, and K, (z,y) be as before. Let V :  — R be an
arbitrary measurable function which is not a null-function with respect to u, and

set
Go =V H[0,a]) ={z €Q:V(z) <a}.

Proposition 3.2.8. Assume that there exist a constant M > 0 and a subset Dy of
the set D of all densities which is dense in D such that

lim sup //V(J;)Kn(x,y)f(y)dyda: <M forallf € Dy.

n—0o0

Moreover, assume that for every a > 0 with G, # 0,

inf K de = ¢
/ inf K(wy)de = d(a) > 0

holds. Then T is mean ergodic and the space of fixed vectors of T is one-dimen-
sional.

Proof. Let f € Dg. Then there exists ng such that

for all n > mng. Choose a > 3M such that G, # (). Then, by Chebyshev’s inequality,
we obtain for

1 n
Cli= > TF=ToAl
" k=1
that

1
/Cgfdx > 1—a/Vngfd:U

a

1 M+1
3M
> 1/2
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for n > ng. Moreover,
T n T
CTL-‘,—l Z n + 1 T [¢] On

holds. Hence

n
n+1

n
K r .
W [ K@ et s

CTy (@) > / K (z,9)CT f(y)dy

Therefore, we obtain for h(x) = inf,cq, K(z,y)

CTof@) > " inf K(xy) / T f(y)dy

n+ 1 yeG, .
n 1

> - -h

Z i1 @)

> h<x).

- 4

Thus
lim [[(CFf—h/4)-| =0

for all f € Dy. But since Dy is dense in D, and h # 0 by hypothesis, h/4 is a mean
lower-bound and the assertion follows from Theorem 3.2.2. O

Remark that if V is bounded, then the hypotheses on T implies that T
dominates an operator 1o ® h from which it follows easily that A is a lower-bound
function for 7. Hence, by Theorem 3.2.1, T is not only mean ergodic but even

asymptotically stable. So, Proposition 3.2.8 is only interesting in the case of an
unbounded V' (cf. also [71, Theorem 5.7.2]).

3.2.6 Let (X,X%, 1) be a o-finite measure space, ¢ : X — X a non-singular
transformation, and P the corresponding Frobenius—Perron operator. Operator P
is said to overlap supports of functions if for every f,g € L*(X, 3, ), f >0, f # 0,
g >0, g # 0, there exists a natural n (which depends on f and g) such that

P"f AP"g#0.

Bartoszek and Brown [15] proved that if P overlaps supports of functions and if
there exists an a.e.-positive P-invariant density, then P is asymptotically stable.
Then Zaharopol [133] showed that it is enough to assume that there exists P-
invariant density and that under this assumption P is asymptotically stable if
and only if P overlaps supports of functions. It is interesting that if we drop
the assumption that P is a Frobenius—Perron operator and consider the Markov
operators, then this result is not true, as is easy to see from Example 3.1.28. For
another proof of this theorem as well as for related comments, we refer to Lin [77].



144 Chapter 3. Positive semigroups in L!-spaces

3.3 Positive semigroups in non-commutative L'-spaces

The main objects in this section are Markov operators in the predual of a von
Neumann algebra. Let M be a von Neumann algebra with its unique predual M.
A Markov operator in M, is a linear operator that maps the set S(M) C M., of
all normal states in M into itself. This notion correlates with the classical notion
of a Markov operator in a von Neumann algebra M, which is a linear normal
positive unital preserving mapping on M. Namely, a Markov operator in M, is
the predual operator for a Markov operator in the von Neumann algebra M. We
do not use this duality and deal only with Markov operators in the predual of a von
Neumann algebra. For terminology and notation concerning operator algebras, as
well as for the basic results about them, we refer the reader to [93], [106], [107],
and [127].

During the last two decades, several important results about the asymptotic
behavior of semigroups of Markov operators in L'(£2, ¥, ) with o-finite measure
w were established (see, for instance, the book of Lasota and Mackey [71] and the
paper of Komornik [63] for a survey and applications). Some of these results are
presented in Sections 7 and 8. However, the technique which is used for obtaining
these results does not work in a non-commutative setting. Our main goal in the
present section is to investigate non-commutative variants of these results as well
as satisfactory methods for proving them.

We prove that any predual of a von Neumann algebra has a strongly normal
positive cone. This allows us to apply theorems from Sections 4 and 5 to Markov
semigroups in M,. We establish Theorem 3.3.5, which says that under a certain
condition a semigroup of Markov operators is mean ergodic. This theorem will
be used to obtain the lower-bounds criterion of statistical stability and ergodicity
of semigroups of Markov operators and it will be used to prove Theorem 3.3.10.
Then we prove Theorem 3.3.10 on compression of constrictors and investigate
inheritance of mean ergodicity of Markov operators under taking a power and
under asymptotic domination.

Given a faithful semi-finite trace 7 on a von Neumann algebra M, one
may be interested in the asymptotic behavior of Markov semigroups in the non-
commutative L'-space L'(M, 7). For any f € L'(M,7), there is the uniquely
defined normal linear functional

M3 aw ps(a) =1(fa)

on M, and the mapping f — ¢y is a linear bi-positive isometric surjection onto
the predual M, of M (see [114, Thm.14]). Therefore, the results below can be
easily applied to Markov semigroups in L'(M, 7).

To avoid a duplication, we formulate all these results which hold in both
discrete and strongly continuous cases in one way. All results of this section are
taken from papers [32], [36], [37], [38], and [108]. Let us point out that some results
below hold also for semigroups of positive operators in rather general classes of
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ordered Banach spaces, including preduals of von Neumann algebras as well as
Banach lattices with order continuous norm. We refer for such generalizations to
Chapter 2.

3.3.1 We begin with a geometric property of the predual of a von Neumann
algebra, namely, we shall show that the self-adjoint part of the predual of a von
Neumann algebra is ordered by a strongly normal cone. We need the following
technical lemma.

Lemma 3.3.1. Let H be a Hilbert space and M be a von Neumann algebra in L(H).
Let S, T, U € M satisfy
0<S<T+U =1

Then, for every n € H, the inequality
|(Sn]n) = (T2 ST 2y  p)[ <2-|n] - (Un| n)'/?
holds.

Proof. Consider the equality

[(Sn|n)— (T2 SoT"?y| )|

[ISY/2]2 = |1/ 0 T2y |
(1525 + 1182 o T2
[18¥/2g] = 1812 0 T2 |

and the inequality

1S 2]l — 115772 o T2 ]| |2

IN

1SY/% 0 (I —T"2)n|?
= (I-T"*)oSo(I-T"?)n|n)
< (I=T2n|n).

Since 0 < T < I implies 0 < I — TY/2 < [+ T2 it follows that
(I-TY*)?<I1-T=U.
So, we obtain

[(Sn|n)— (T2 SoT 2| n)| <2-|n| - (Un|n)*/2 O

3.3.2 Now we are in a position to show that the self-adjoint part of the predual
of a von Neumann algebra is ordered by a strongly normal cone.

Theorem 3.3.2 (Emel’yanov—Wolff). Let M be a von Neumann algebra and let
Msq be the self-adjoint part of the predual M, of M. Then the cone M. of all
normal positive linear functionals in M is strongly normal in M.
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Proof. Let 0 < u,v € M, be arbitrary, and set p = |p — v|. Let 0 < x < u be
given. Then 0 < x < v + p. We set

y=llv ol and xa=ax. mi=qv e =10
Then |lv1 + p1|| = 1. Apply the GNS-representation of M
™M — B(H)

induced by A, and let £ € B(H) be a normalized cyclic vector for my. Then there
exist S,T,U in the positive cone WA(M); of the commutant (M)’ of m)(M)
satisfying

0<S<TH+U=1

as well as

xi(a) = (£ Som(a)é), vi(a)
= (| Tom(a)§), pi(a)
(€] Uomx(a)g)

for all a € M. We set
Y(a) = (€| TY?0 S oTY2 0 my(a)€).
Then 0 < ¢ < vy. Denote
V=8-T"Y2080T"2
By Lemma 3.3.1, we obtain for a € M

(@) = xi(a)] = [(Vem(a)€] &)

[(Voma(a)/?€&] ma(a)/? €

2+ |ma(a)2¢]| - (U o ma(a)' /%€ | ma(a)/2€)"?
2+ |ma(a)'/2¢]| - pr(a)'/?.

Since 1) — x1 is self-adjoint, and since the norm is determined on the unit ball of
the self-adjoint part M, of M, we obtain

[¥(a) = x1(a)] 2((p1(as))'? + (pr(a-)"?)
A2 (Ya e M).

(a
(a

a)
a)

IAIA

[VARVAN

Dividing this inequality by v, we get

Iy l(a) — x(a)] < jv ol
< 4v2- v+l -l (Va € M).
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Now 0 < v~ < v by construction. So we obtain

dist(x, [0,]) < 4v/2 ||y + pll - [l —

and, by straightforward calculation, it follows that

dist([0, ], [0, 1) < 4v/2 [l + pll - || = |

which yields the strong normality of M, . O

3.3.3 We shall use often the following result of Akemann [3, Thm. I1.2(2)] (see
also [127, Thm. 5.4, p. 149)]).

Theorem 3.3.3 (Akemann). Any order interval in the predual of a Neumann alge-
bra is weakly compact. O

This result and Theorem 3.3.2 imply the following theorem.

Theorem 3.3.4 (Emel’yanov—Wolff). Let M be a von Neumann algebra and let
Msq be the self-adjoint part of the predual My of M. Then Mg, is an ideally
ordered Banach space. ([l

3.34 Let us fix some necessary notions, which are not fixed above. Let M be
a von Neumann algebra with predual M, and dual M*. For x < y in M,,, we
denote by [z,y] the order interval {z € Myy : ¢ < z < y}, and by Buy,,, =
{z € Mig : ||zl £ 1} the closed unit ball of M,,. The algebra M is called
atomic if every nonzero projection dominates a nonzero minimal projection. For
example, the algebra M = B(H) of all linear bounded operators in a Hilbert space
‘H is atomic. An operator T" in M, is called completely positive if its adjoint T is
completely positive in M (cf. [127, p.200]). A positive operator T in M, is called
a Markov operator whenever the unit I of M is a fixed point of its adjoint T*.
Notice that, for a Markov operator T, the relations ||T'|| = 1 and || Tf|| = || f]| for

Below let 7 = (T})tcs be a one-parameter discrete or strongly continuous
semigroup of Markov operators in M. The following theorem gives the conditions
which ensure that a Markov semigroup in M, is mean ergodic. For this result in
the commutative case, we refer to Section 3.1.

Theorem 3.3.5 (Emel’yanov—Wolff). Let M be a von Neumann algebra, let T be
a one-parameter Markov semigroup in My, g € M.y, andletn e R, 0 <n <1,
such that
lim sup dist(A7 f,[—g,9]) <n
t—o0

for any normal state f € M,. Then T is mean ergodic.

If, moreover, M is atomic and T consists of completely positive operators,
then the space Fix(T) of all fized vectors of T is finite-dimensional.



148 Chapter 3. Positive semigroups in L!-spaces

Proof. First of all, we show that 7 is mean ergodic. By Theorem 1.1.11 and simple
linearity arguments, it is enough to check that for every nonzero 7*-fixed point
1 € M, there exists a T-fixed point w € M., satisfying (¢, w) # 0.

Let Myq 3 ¢ # 0 be a fixed point of 7*. We may assume that ||[¢4| =
l|| = 1. Set € := (1 — n)/3 and take some xz € M., which satisfies ||z| = 1 and
(4, ) > 1 —e. We have |||z]]| = ||z]| = 1 and

1> (9] [z]) > (e, [z]) > (g, 2) > 1 -2
Thus

(¥, |=[) 204, =) = ([l [=])

> 2(1-¢)—-1
= 1-—2¢.

Let 2 € M* be a w*-cluster point of { A7 |z|}scs. Then T;*2"” = x". Since

lim sup dist(A7 |z|,[~g,9]) <7

t—oo

and [—g, g] is weakly compact in M, by Theorem 3.3.3, we obtain
2" € [~g,9] + 1Bp+ © Ms + 0B+
Take the positive projection R : M* — M, according to [106, Prop.1.17.7]. Then

(Idp~ — R)x" € nBags

and
(¥, Ra") = (s, Ra”) — (Y, Ra”)
= (2", ¥4) — <(IdM* — R)a" ¢y) — (-, Ra”)
2 <x// >
= (¥, ]z]) -
> 1—-2¢—n
>
Moreover,
TsoR(z") = TsoRoT;*(z")
> TsoRoT/*oR(z")
= TsoRoTioR(z")
= TeroR(2")
> 0.
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Thus the net (T3 o R2” )iy is decreasing in M., and hence

w:= lim T o Ra"”

t—o0

exists. Clearly Tyw = w for all t € J, and

(Y, w) = (1, Rz") > 0.

Thus 7 is mean ergodic.
Now let M be atomic and let 7 be completely positive. The mean ergodic
projection Pr = tlim A7 is a completely positive Markov operator. By the theo-
— 00

rem of Choi and Effros [20], the range of its adjoint P% is a von Neumann algebra,
say N. Hence the range
Pr(M,) =Fix(T)

is itself the predual of . Then the real part of the unit ball By

*sa

of N, satisfies

BN*su. g [79’9] + WBN*S(”

and hence

1
By, C —g.9].
e lfn[ 9,9

Since order intervals of M., are compact, the last inclusion shows that the unit
ball of N, is compact, and hence dim Fix(7) < oco. O

3.3.5 A Markov semigroup 7 in M, is called asymptotically stable if there
exists a normal state u € S(M) such that

Jim [T,/ —ul =0 (Vf € S(M)).

Such a normal state u is obviously unique and 7 -invariant.
An element h € M, is called a lower-bound element for T if

Jim (b= Tif)sl =0 (V] € S(M),

The following result is well known and due to Lasota (cf. Theorem 3.2.1) for
Markov semigroups in a commutative L'-space. Its generalization to the predual
of a non-commutative von Neumann algebra is due to Sarymsakov and Grabarnik
and it was announced without proof by Ayupov and Sarymsakov [14] and by
Sarymsakov and Grabarnik in [108]. Indeed, it is a simple corollary of Theorem
3.3.5 above.

Theorem 3.3.6 (Ayupov—Sarymsakov—Grabarnik). Let M be a von Neumann al-
gebra. Then, for any one-parameter Markov semigroup T in M., the following
assertions are equivalent:
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(i) 7T is asymptotically stable;
(ii) there exists a non-trivial lower-bound element for T .
Proof. (i) = (ii): Let a normal state u € S(M) satisfy
Jm [T —ul =0 (Yf € S(M)).

Then u is a non-trivial lower-bound element for 7.

(ii) = (i): Let 0 # h € M, be a non-trivial lower-bound element for 7.
Denote

Mo :={f € Muso = IS+ = [I/-1I}-

Since
J ([(h=Tif)+ [ =0 (Vf € S(M)),

then
ti sup (47 £ — )| < 1 Ja]
< 1 (vfeSWM)).
Theorem 3.3.5 applied to the interval
(9,91 = [=h, }]

and
n=1—|h|

implies that 7 is mean ergodic, and hence there exists a 7-invariant normal state,
say u. Obviously,
M*sa :M*(]@R'u

since M. has co-dimension 1 in M,,.
Show the following:

fim T —ul =0 (¥F € S(M)).
It is enough to prove that
i [T =0 (Y] € Ma). (39)
Note that | T3 f|| > ||Ts++f] since 7 is contractive. Hence
711> Jim T = inf | 7.7
holds for every f. If (3.9) fails, then there exists f € M, with

2c:= lim || T:f| > 0.
t—o0
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Then

2 = lim |[Tf]
Jo ([T (fy = f-)l
Jm ([(Tefy = ah)y = (Tof- — ah)4
Jim ([(T2 £y = ah) 4[| + [(Tef - = ah)+[])
= 2a(1—|[n]]),

IN

that is impossible. Here we use that
Jn ([ Tefy = ah = (Tofy = ah) || =0,

and
Jim (| Tif - — ah = (Tif - — ah)4 ]| =0,

since h is a lower-bound element for 7. The contradiction shows that (3.9) holds.
O

3.3.6 We call h € M, a mean lower-bound element for a Markov semigroup
T if

Jim [|(h = AT )4l =0 (¥f € SM)).
Obviously, any lower-bound element is a mean lower-bound element. Our next

result is another application of Theorem 3.3.5, which is an analogue of Theorem
3.2.2.

Theorem 3.3.7 (Emel’yanov—-Wolff). Let M be a von Neumann algebra and let
T be a one-parameter semigroup of completely positive Markov operators in M.,.
Then the following assertions are equivalent:

(1) there exists a T -invariant normal state u such that
lim [lA7 f —uf =0
t—o00

for any normal state f € M.;
(i) there exists a non-trivial mean lower-bound element for T .
Proof. (i) = (ii): Let u € M.y be such that tlir(r)lo | AZ f —ul| = 0 for every normal
state f, then u is a non-trivial mean lower-bound element for 7.

(ii) = (i): Let 0 # h € M,.; be a non-trivial mean lower-bound element for
7. Then

lim sup (A7 f = h)l <n  (VF € S(M)
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with

n=1—|h|.
By Theorem 3.3.5, 7 is mean ergodic. Thus, we only have to prove that the space
Fix(7) is one-dimensional. Let P be the projection onto Fix(7) given by

Pf=lim A(7)f.
t—oo
Since h is a mean lower-bound element, we obtain
f=Pf>h

for all normal states f € Fix(7) N S(M). But this implies f > Ph =: hg for all
these normal states, and hg # 0 since

lholl = 1Pl
= | Jim A(T)A]
= |
> 0.

Now P is a completely positive Markov operator. Hence, by Choi-Effros’s theo-
rem used above in the proof of Theorem 3.3.5, P(M.,) is isometrically and order
isomorphic to the predual N, of a von Neumann algebra A/. Then every positive
element f € N, of norm 1 dominates the nonzero element hg, which obviously
implies dim(N,) = 1. 0O

3.3.7 Now we discuss the notion of constrictor for a one-parameter positive
semigroup in the predual of a von Neumann algebra. Then we apply the results of
Section 2.1 to positive semigroups in preduals of von Neumann algebras.

Let M be a von Neumann algebra with the predual M., and let T = (T})iec
be a semigroup in M,. Given a non-empty subset A C M,,, and a real a > 0,
we call A an a-constrictor for the semigroup 7 if

lim sup dist(Tyz, A) < « (Vo € Mg, |lz]| < 1).
t—oo

This means exactly that the set A + Baq, is a constrictor for 7 in the sense of
Section 1.3. We denote the set of all a-constrictors for 7 by Constr, (7). We call
T constrictive, whenever 7 possesses a compact 0-constrictor. Theorem 1.3.3 can
be given in our setting in the following form:

Theorem 3.3.8. An operator semigroup T in M, is constrictive if and only if there
exists a decomposition
M, = M2 M

into T -invariant subspaces M%, M" such that

Ml ={zeM,: lim |Tw|=0} and  dim(MI) < oo.
— 00
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The problem arises to find other, weaker, conditions under which 7 is con-
strictive. In the commutative setting, this problem was investigated in Chapters
1 and 2.

3.3.8 We begin with the following lemma which is an easy consequence of
Theorem 3.3.5.

Lemma 3.3.9. Let 7 be a one-parameter positive semigroup in M, which possesses
an n-constrictor [—g, g] for some real n, 0 < n < 1. Then T is mean ergodic.

Proof. It can be easily and directly checked that the semigroup 7 satisfies all
conditions in Theorem 3.3.5 and, henceforth, is mean ergodic. ]

Theorem 3.3.10 (Emel’yanov—-Wolff). Let M be a von Neumann algebra and T =
(Ti)tes be a one-parameter positive semigroup in M. Assume that T possesses
an n-constrictor [—y,y] for some 0 < n <1 and some y € M. Then there exists
a limit
w:= lim Ay,
T—00

and the set 1in [—w,w] is a 0-constrictor for T. In particular, T is weakly almost
periodic.

Proof. By Lemma 3.3.9, the semigroup 7 is mean ergodic. This fact and Theorem
3.3.4 allow us to apply Theorem 2.1.8, which says that 1in [—w, w] is a 0-constrictor
for 7. |

Theorem 3.3.11 (Emel’yanov—Wolff). Let M be an atomic von Neumann algebra
and let T be a one-parameter Markov semigroup in M. Then T is constrictive
if and only if T possess an n-constrictor [—y,y] for some 0 < n < 1 and some
y Z M*+.

Proof. The sufficiency follows directly from Theorem 3.3.10, since every order in-
terval in the predual of an atomic von Neumann algebra is compact [127, Cor.5.11,
p.156]. The necessity holds obviously for Markov semigroups in the predual of any
(not necessarily atomic) von Neumann algebra. O

3.3.9 Recall that a Markov operator T in M, is called irreducible if its adjoint
T’ in M does not possess o(M, M,)-closed invariant hereditary sub-cones other
than {0} or M4 (see [53, p.388]).

Theorem 3.3.12. Let T be a completely positive Markov operator in the predual
M. of an atomic von Neumann algebra M. Assume that T is irreducible and
there exists a positive y € M, such that

[y, y] € Constr, (T')

for some realn, 0 <n < 1.
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Then there exists a Markov operator Q of finite rank such that QP = Q for
some p € N, and the sequence (T™ — Q™)22, converges to 0 in the strong operator

topology.

Proof. Theorem 3.3.11 implies that 7 is constrictive, so dim(M?%) < co, where we
use the notation of Theorem 3.3.8. By [52], the peripheral point spectrum

o(T)N{AeC: |\ =1}

of T is a finite group. Hence T is periodic in M, and it is enough to set Q) := ToP,,
where P, is the Jacobs—Deleeuw—Glicksberg projection onto M. O

3.3.10 Let T be a bounded linear operator in M. If a power T™ of T' is mean
ergodic, then by Proposition 1.1.3, T itself is mean ergodic. The following result
follows directly from Theorems 2.1.14 and 3.3.2.

Theorem 3.3.13 (Emel’yanov-Wolff). Let M be a von Neumann algebra and let
T be a mean ergodic Markov operator in M,. Then T™ is mean ergodic for any
m € N. |

Before we give the next result, let us recall a definition from Section 2.1. Let
S, T be operators in M,. We say that S is asymptotically dominated by T if for

oo

any f € M, there exists a sequence (¢/)>2, C M. such that

n

nh_)ngc lgZl =0 and T"f+ql >S"f (VneN).

Theorem 3.3.14 (Emel’yanov—Wolff). Let M be a von Neumann algebra and let S
be a Markov operator in M, which is asymptotically dominated by a (not neces-
sarily linear) positive mean ergodic operator T'. Then S is mean ergodic.

Proof. By Theorem 3.3.2, M satisfies the conditions of Theorem 2.1.11. Applying
of Theorem 2.1.11 finishes the proof. O

Every ordered Banach space E whose norm is additive on E is uniformly
order convex. In particular, this is the case for non-commutative L!'-spaces, and
for the self-adjoint part of the dual of a C*-algebra and self-adjoint part of the
predual of a von Neumann algebra. For these spaces, we can apply directly the
result of Theorem 2.1.17.

Related Results and Notes

3.3.11 In Theorems 3.3.11 and 3.3.12, we assumed M to be atomic. It is an
open problem, whether these results hold for arbitrary von Neumann algebras. In
this general setting, Theorem 3.3.10 shows immediately that 7 is weakly almost
periodic. If, moreover, 7 consists of completely positive operators, then the space
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M of reversible vectors is finite-dimensional, as follows easily from the Choi-
Effros theorem mentioned above. The problem is whether the space M of all
flight vectors coincides with

M ={z: lim T,z =0}.
t—o0
Up to now, it is possible to show the equality of these two spaces only in the case
above (whenever M is atomic) and in the case

./\/l* :Ml* ®M2*7

where M is commutative and My is finite-dimensional (see [37]).

3.3.12 We prove that the self-adjoint part of any C*-algebra is also ordered by
a strongly normal cone. Before we do this, we need the following lemma.

Lemma 3.3.15 (Emel’yanov—Wolff). Let A be a C*-subalgebra of L(H), where H
is a Hilbert space. Let 0 < S, T € A satisfy S < T + I. Then there exists V € A
satisfying 0 <V < T and ||S — V| < 2+/||S||. In particular, there holds

dist (S, [0, ] N A) < 2V/||S]|.
Proof. 0 < S <T + I implies
(T+ 1) Y20So(T+I1)"1V2<T, (3.10)
which in turn gives
TV20(T+ 1) V20So(T+I1) V20T =V <T.
Obviously, V' € A whether or not I belongs to A. Set
U=TY20(T+1)"2.

‘We show
IS=VII=[S=UoSoU| <2V|IS]| (3.11)

Since the operator
S—UoSoU

is self-adjoint, we obtain

IS~ UeSoU| = sup{|(Salz) — (So UalUa)] s 2] = 1}.
For ||z|| = 1, we have

|(Sz|z) = (S o Ux|Ux)| |118Y22]* — |52 e U x|
(IS*2 2| + [[5*/2 o U )
x| (152 | = |82 0 Ul |
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Now | [|SY2z| — |20 U x| | < ||SY?0 (I —U)z|, and
|SY20(I-U)z|? = (So(I-U)zx|(I-U)zx)
= (I-U)oSo(I-0U)z|x).
Finally,
(I-U)oSo(I-0)
=((I4+T)'? =T o (I+T)20So(I+T) Y20 ((I+T)*-T"?)

holds. Since the square root is monotone, we have 0 < (I + T)'/2 — T'/2. Using
the inequality (3.10), we obtain

0<(I-U)oSo(I-0) ((I+T)1/2—T1/2)2

<
< I.

Thus we have
1S 22| = |V 2U=|| | < 1.

Using equality (3.11), we obtain

IS—=UoSoU|l < [ISV2|+[S"?oU|
< JSYEIa+ U
< 2|82
= 2||s)'?,
and the lemma is proved. ([l

Theorem 3.3.16 (Emel’yanov—Wolff). Let A be a C*-algebra, and let As, be the
self-adjoint part of A. Then Ay is strongly normal in As,.

Proof. Without loss of generality one may assume that A is a C*-subalgebra of
the algebra £(H) of all bounded linear operators in the Hilbert space H.

Let 0 < S,T € A, and let U = |S — T|. We may assume that U # 0. Let
Re A, 0< R<S, be arbitrary. Then 0 < R < T + U, hence

0<R<T+|U|I.
Set v = ||U||7!. Then Lemma 3.3.15 yields
dist(R,[0,T]NA) = ~ dist(vR,[0,77] N .A)

2y VIR
2V/|UI11S])-

IAIA

This in turn implies

dist([0, 5] N A, [0, 71N A) < 2V/|IS|| + | TIIVIIS - T
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which gives
dist ([0, 5] N A, [0, 7] N A) < 2/|[S| + IT[V/IIS = T,
and the assertion follows. O

Theorem 3.3.16 was used in 4.14 in the proof of Theorem 2.1.21.

3.3.13 There is another way to prove Theorem 3.3.6. We show how to do this
now and give a little supplement to Theorem 3.3.6.

Theorem 3.3.17. Let T = (T})ies be a discrete or strongly one-parameter con-
tinuous semigroup of Markov operators in the predual M, of the von Neumann
algebra M. Then the following assertions are equivalent:

(i) 7T is asymptotically stable;

(ii) there is 0 # h € (My)y such that for any f € (M)4, ||fll =1, and for any
t € J there exists fi € (M.)4 with tlim lfell =0, and Tyf + fi > h for all

teJ,
(iil) 7 has a non-trivial lower-bound element.

Proof. (i) = (iii): Let 0 # u € (M) satisfy Jim T.f = f(Du for each f € M,.
Obviously, u is a non-trivial lower-bound element for 7.

(iii) = (ii): Let 0 < h € M, be a non-trivial lower-bound element for 7.
Then, for any f € (M.)4, ||f|l =1, the condition (i7) is satisfied with

ft = (th — h),

for all t € J.
(ii) = (i): An easy computation shows that

lim sup dist(T:f, [—h, h]) <1 —|A]

t—o0

for all f € (My)sa, ||f|| <1. Thus
[=h, B+ (1 = |7} Baa. € Constry_yny (7).
Applying Theorem 3.3.10 to y = h and n = 1 — ||h]|, we obtain that

w= lim AZh

T—00

exists and

[—w,w] = [|h]| 7 [~w, w]
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is a constrictor for 7. Moreover, ||w|| = ||k||, since 7 consists of Markov operators.
Put u = [|h]|7'w, then u € (M), ||u]| = 1 and Tyu = u for all ¢. It follows
directly from [—u,u] € Constrg(7) that

lim T3 f =u
t—o0
for all f € (M.,)4, ||f]| =1 which is obviously equivalent to (i). O

3.3.14 The following result on operators in von Neumann algebras is a more
or less direct consequence of results of Section 2.1 and Theorem 3.3.2.

Theorem 3.3.18. Let M be a von Neumann algebra, 0 < S <T € L(M), and T
a compact dual operator, then S is weakly compact. Moreover, if the algebra M is
atomic, S is compact.

Proof. Since M., is an order ideal in M™;,, the operator S itself is a dual
operator, say S = S;’. Denote also the predual for T by T;.

It is enough to show that for every bounded sequence (z,)52; € M*, there
exists a subsequence (zp,, )%_; such that (Sizp,, )2_; is weakly convergent in

M.
Fix a sequence (z,)52; € M*,. Since T is compact, there exists a conver-
gent subsequence (T12y, )72 ;. Then

(o)
{Slxnk}zil g U [OaTlxnk}?
k=1

and, henceforth, by Theorem 2.1.5, the set {Siz,, }72, is conditionally weakly
compact. Then there exists a weakly convergent subsequence (Slxnki )22, which
implies that S7 is weakly compact. It is known that, in this case, its dual S is
weakly compact as well.

Whenever the von Neumann algebra M is atomic, each order interval in M.,
is compact, and the same arguments with the use of Theorem 2.1.5 show that the
sequence (S12y,,)5%°_; has a norm convergent subsequence, and hence S; and S
are both compact. O
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