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Preface

The concept of one-parameter operator semigroups is one of the oldest and most
well studied parts of the theory of operators in Banach spaces. It was developed
in the middle of the last century as a natural approach to investigation of PDEs
and has proved to have many useful and important applications. It is difficult
to observe this concept in its entirety, in the sense that there are dozens of text-
books and thousands of research papers directly related to one-parameter operator
semigroups. We do not attempt such an overview in this book but devote our at-
tention to some relatively new topics from this theory. Namely, we present and
discuss some non-spectral methods that have been developed over the last two
decades for the investigation of asymptotic behavior of operator semigroups.

The book has three chapters. The first chapter (with the exception of Section
1.3) contains standard background on operator semigroups. It is addressed to
graduate level students. In Section 1.1 we present several basic ergodic theorems for
one-parameter semigroups. We discuss here almost periodicity and mean ergodicity
of operator semigroups and present such important results as the Jacobs–Deleeuw–
Glicksberg splitting theorem and the Eberlein mean ergodic theorem. In Section
1.2 we discuss briefly the spectral theory of C0-semigroups. We have only one, but
quite difficult problem, which is to find a way to make our explanation short enough
for a first introduction. All results presented in Sections 1.1 and 1.2 (as well as
many others related to C0-semigroups) can be found in standard textbooks on C0-
semigroups. Then, in Section 1.3 (the content of which is not quite standard), we
deal with a very interesting class of one-parameter semigroups — asymptotically
finite dimensional semigroups.

Main tools in the investigation of C0-semigroups are the notions of a genera-
tor and analysis of its spectral properties. Such a “spectral” approach to the study
of C0-semigroups is well known and it can be found in standard textbooks and re-
search monographs [13], [41], [48], [57], [80], [89], [104], [130], etc. (see also Section
1.2). However, in many important cases, this approach does not work satisfacto-
rily, particularly in the investigation of asymptotic properties of C0-semigroups of
Markov operators. Recently, essential progress was made in the developing of non-
spectral methods in analysis of one-parameter Markov semigroups in L1-spaces,
motivated by applications to probability theory and dynamical systems. These
methods and their applications are reflected in the excellent book of Lasota and
Mackey [71].



viii Preface

The subject of the second and the third chapters is completely new and
not covered in other books, with the exception, that some theorems on Markov
operators in commutative L1-spaces are explained in the above mentioned book
[71]. In this part of our book, we give very recent results on non-spectral analy-
sis of asymptotic behavior of positive semigroups and discuss open problems on
semigroups of positive operators in ordered Banach spaces.

In the second chapter, we develop some non-spectral methods for the asymp-
totic analysis of positive one-parameter operator semigroups in ordered Banach
spaces. We introduce two classes of ordered Banach spaces which include classical
Lp spaces for 1 ≤ p < ∞ as well as preduals of von Neumann algebras. Most results
of Section 2.1 are about the asymptotic behavior of positive one-parameter oper-
ator semigroups in these spaces. Section 2.2 is devoted to positive semigroups in
Banach lattices. In this section we present some theorems on inheritance of asymp-
totic properties of positive semigroups under the domination, and some theorems
concerning the mean ergodicity of positive semigroups. Then in Section 2.3 we dis-
cuss several problems on the geometry of Banach spaces, related to one-parameter
operator semigroups.

In the third chapter, we investigate positive semigroups in L1-spaces and in
preduals of von Neumann algebras. We study mainly the following two asymptotic
problems. The first one is: under what conditions is a one-parameter operator
semigroup mean ergodic, almost periodic, or asymptotically stable? The second
problem concerns preserving under domination of various asymptotic properties
of positive semigroups.

The important aim of the second and the third chapter of the book is an
attempt to unify recent results, proofs, and terminology from various sources. We
try to present them in a reasonable manner for the potential reader. The author
hopes that the bibliography is considerably complete.

The major theorems are usually given with proofs. Only in the case of the
proof being too long or involving special methods, the author prefers to send the
reader to standard textbooks. At the end of each section we put a supplement,
which includes related results, historical notes, exercises, and open problems. In
these supplements we usually omit proofs or leave them as exercises for the reader.
We assume that the reader is familiar with the basic functional analysis and op-
erator theory, and refer for the more advanced technique to special monographs.

I am indebted to many. I thank Manfred Wolff for many fruitful discussions on
this book, my wife Svetlana Gorokhova for helping in preparing of the manuscript,
Safak Alpay, Ali Binhadjah, Zafer Ercan, Konstantin Storozhuk, Vladimir Troit-
sky, and many others for careful reading of the early versions of this book and
suggesting of many improvements. I thank the Alexander von Humboldt Foun-
dation for generous support during my stay in 2000–2002 at the University of
Tübingen, where the significant part of the work on the second and the third
chapters of the book was done.

Ankara, October 2006 Eduard Yu. Emel’yanov



Chapter 1

Elementary theory of
one-parameter semigroups

In the first chapter of the book, we give an introduction to the theory of one-
parameter operator semigroups. We begin with the splitting theorem of Jacobs–
Deleeuw–Glicksberg and the Eberlein mean ergodic theorem for a one-parameter
operator semigroup. Then we present the elementary theory of C0-semigroups
and discuss some relations between spectral properties of the generator of a C0-
semigroup and its asymptotic behavior. We follow the standard textbooks [13],
[48], [57], [67], [74], [80], [130], and send the reader for other deep and delicious
topics of this theory to those books and to [17], [67], [87], [41], [89]. In the last
section, we discuss the asymptotically finite-dimensional semigroups. We use fre-
quently well-known results from operator theory and functional analysis, and send
the reader to standard textbooks [2], [74], [105], and [130] for them.

1.1 Mean ergodic theorems

In this section we give the main definitions concerning operator semigroups and
prove in the one-parameter case the important and rich on applications Jacobs–
Deleeuw–Glicksberg’s theorem, and we discuss some elementary applications of
this theorem. Then we give several basic mean ergodic theorems adapted to one-
parameter semigroups. We consider mainly the discrete case and refer the reader
for its various generalizations to Krengel’s book [67].

1.1.1 Given a real or complex Banach space X , we denote by L(X) the set of
all bounded linear operators in X equipped with the operator norm

‖T ‖ := sup
‖x‖≤1

‖Tx‖.
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It is well known that L(X) = (L(X), ‖ · ‖) is a Banach algebra. In addition to
the norm topology, we also consider the strong and the weak operator topology on
L(X). We shall frequently use the complexification of a real vector space and of
operators acting on it (see [2] and Exercises 1.1.41, 1.1.42, 1.1.43, and 1.1.44 at
the end of this section).

The subject of this book is one-parameter semigroups in L(X). A non-empty
subset A ⊆ L(X) is called a semigroup if

T, S ∈ A ⇒ T ◦ S ∈ A (∀ T, S ∈ A).

A semigroup A is called abelian if

T ◦ S = S ◦ T (∀ T, S ∈ A).

The definitions of an idempotent, unit, nilpotent, and inverse element are standard.
Whenever a semigroup has a unit, and every element is invertible, the semigroup
becomes a group. A subset B of a semigroup A is called an ideal if A◦B ◦A ⊆ B.

We shall study mainly operator semigroups indexed by non-negative integers
or non-negative reals (we call them one-parameter semigroups). Obviously, any
one-parameter semigroup is abelian. If a semigroup is indexed by R+, we always
assume that it is strongly continuous, that is

lim
t→0

‖Ts+tx − Tsx‖ = 0 (∀ s ≥ 0, x ∈ X).

Let us use the notation (Tt)t≥0 for a one-parameter semigroup in the continuous-
parameter case, and (T n)∞n=1 for the discrete semigroup, generated by a single
operator T . In the following, we also use the notation T = (Tt)t∈J (where J = R+

or J = N ∪ {0}) for any one-parameter semigroup.
We shall assume that any continuously parametered semigroup T = (Tt)t≥0

satisfies T0 = I (where I = IX denotes the identity operator in X). Such a semi-
group is called a C0-semigroup. The theory of C0-semigroups is a very old and rich
part of the theory of operators, which possesses many important applications. We
give an introduction to this theory in Section 1.2.

A semigroup T is called bounded if

MT := sup{‖T ‖ : T ∈ T } < ∞ .

An operator T is called power bounded if the semigroup (T n)∞n=0 is bounded. T is
called doubly power bounded if T is invertible and sup{‖T n‖ : n ∈ Z} < ∞.

Throughout the book, we mainly deal with bounded semigroups. Given a
bounded semigroup T , we define an equivalent norm ‖ · ‖T :

‖x‖T := sup{‖Tx‖ : T ∈ T } (x ∈ X).

Our semigroup is contractive with respect to this new norm, i.e.,

‖Tx‖T ≤ ‖x‖T (∀ T ∈ T , x ∈ X).
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1.1.2 The following class of operators is a starting point for the important
notion of almost periodicity. An operator T is called periodic if T p+1 = T for some
p ∈ N. If T is a periodic operator, then

perT := inf{m ≥ 1 : T = T m+1}

is called the period of T . In this case, T perT is a projection. Any periodic operator
T , obviously, has the property that any orbit {T nx}∞n=0 is a finite and therefore
compact subset of X . This observation leads to the following definition.

Definition 1.1.1. A one-parameter operator semigroup T in a Banach space X
is called (weakly) almost periodic whenever the orbit T x = {Ttx}t∈J is (weakly)
precompact for any x ∈ X . An operator T ∈ L(X) is called (weakly) almost
periodic if the semigroup (T n)∞n=0 is (weakly) almost periodic.

It is an easy exercise to show that T is (weakly) almost periodic iff, for every
x ∈ X and every sequence (tn)∞n=1 in J converging to ∞, there is a subsequence
(tnk

)∞k=1 of (tn)∞n=1 such that the limit(
w − lim

k→∞
Ttnk

x
)

‖ · ‖− lim
k→∞

Ttnk
x

exists. By the uniform boundedness principle, any weakly almost periodic semi-
group is bounded. In many cases, the converse is also true. For example, since the
closed unit ball of a reflexive Banach space is weakly compact, we have (due to
the Eberlein–Smulian theorem) the following result.

Theorem 1.1.2. Any bounded one-parameter semigroup T in a reflexive Banach
space is weakly almost periodic. �

A one-parameter semigroup T = (Tt)t∈J in X is called strongly stable if
‖ · ‖- lim

t→∞
Ttx exists for all x ∈ X . An operator T ∈ L(X) is called strongly

stable whenever the semigroup T = (T n)∞n=0 is strongly stable. Of course, any
strongly stable semigroup is almost periodic. Remark that some authors use the
term “(strongly) stable semigroup” if lim

t→∞
‖Ttx‖ = 0 for all x ∈ X .

We say that an operator T ∈ L(X) has finite rank if dimT (X) < ∞. In
this case we denote dim T (X) by rank(T ). An operator T is called asymptotically
periodic whenever there exists a periodic operator Q of finite rank such that the
sequence (T n−Qn)∞n=0 converges to 0 in the strong operator topology. In this case,
aperT := perQ is called the asymptotic period of T . Any asymptotically periodic
operator is almost periodic.

In Chapters 2 and 3, we shall study in detail strongly stable and asymptoti-
cally periodic semigroups of positive operators.

1.1.3 The next proposition reduces the notion of almost periodicity of a one-
parameter semigroup to its special case, namely, almost periodicity of a single
operator.
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Proposition 1.1.3. Given a bounded one-parameter semigroup T = (Tt)t∈J such
that the operator Tτ is (weakly) almost periodic for some τ ∈ J , then the set

{Tnτx : n ∈ N, x ∈ K}

is (weakly) conditionally compact for any compact K ⊆ X. In particular, the
semigroup T is (weakly) almost periodic.

Proof. By the uniform boundedness principle, MT = supt∈J ‖Tt‖ < ∞. Take an
ε > 0 and let {xi}k

i=1 be a finite ε-net for K. The set

Lε := {Tnτxi : n ∈ N, i = 1, . . . , k}

is conditionally (weakly) compact due to (weakly) almost periodicity of (T n
τ )∞n=1

and satisfies
{Tnτx : n ∈ N, x ∈ K} ⊆ Lε + MT · ε · BX .

Thus we have obtained that the set

{Tnτx : n ∈ N, x ∈ K}

can be arbitrarily well approximated in norm by conditionally (weakly) compact
sets. Hence the set {Tnτx : n ∈ N, x ∈ K} is also conditionally (weakly) compact.

Take an arbitrary x ∈ X . Then the set

K = {Ttx : 0 ≤ t ≤ τ}

is compact (it follows from the strong continuity if T = (Tt)t≥0, and it is trivial if
T is discrete), and

{Ttx : t ∈ J} = {Tnτx : n ∈ N, x ∈ K}

is conditionally (weakly) compact, as it has been shown. Hence T is (weakly)
almost periodic. �

1.1.4 Now we state one of the most powerful results of operator theory: the
splitting theorem of Jacobs–Deleeuw–Glicksberg [75]. This theorem is very useful
in the investigation of asymptotic behavior of one-parameter semigroups. Though
it is about general abelian semigroups, we shall use it in our book for one-parameter
semigroups only.

Let us recall that, for a given semigroup J , a multiplicative homomorphism
α : J → Γ, where Γ := {λ ∈ C : |λ| = 1} is the unit circle in C, is called a
character.

Theorem 1.1.4 (Jacobs–Deleeuw–Glicksberg). Given a weakly almost periodic se-
migroup T = (Tτ )τ∈J in a Banach space X, then X can be decomposed into the
direct sum X = Xfl(T ) ⊕ Xr(T ), where

Xfl(T ) = {x ∈ X : 0 ∈ w-cl{Ttx}t∈J}, and
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Xr(T ) = {x ∈ X : y ∈ w-cl{Ttx}t∈J ⇒ x ∈ w-cl{Tty}t∈J}.

Moreover, the restriction of the closure of T in the weak operator topology to Xr(T )
is a group, and

Xr(T ) = span{x ∈ X : ∃ a character α : J → Γ s.t. ∀t ∈ J Ttx = α(t)x}. (1.1)

If we assume additionally that T is almost periodic, then

Xfl(T ) = {x ∈ X : lim
t→∞

‖Ttx‖ = 0}. (1.2)

This theorem possesses many important applications in operator theory and
PDEs. Some of them will be discussed in Sections 1.2, 2.2, and 3.3, and we refer
for many others to [13], [41], [67], and [80]. Below we give the proof of this theorem
with one exception. We do not give the proof of the inclusion “⊆” of (1.1), since
this part of the proof involves some technique that we shall not explain in the
book.

Before we prove Theorem 1.1.4, we need two lemmas. The first lemma is about
the weak operator topology in L(X). Recall that the weak operator topology is
defined by the convergence “Tα → T ” iff

lim
α→∞

〈(Tα − T )x, x′〉 = 0 (∀ x ∈ X, x′ ∈ X∗).

For short, we prefer to use the term wo-topology. We denote by Ā = wo-cl(A) the
closure of a set A ⊆ L(X) in the wo-topology.

Lemma 1.1.5. A subset A ⊆ L(X) is relatively compact in the wo-topology iff its
orbit Ax := {Tx : T ∈ A} is relatively weakly compact for any x ∈ X. Moreover,

Āx = w-cl(Ax) (∀x ∈ X). (1.3)

Proof. If A is relatively wo-compact then Ā is wo-compact, and Āx is weakly
compact for any x as the continuous image of a compact set.

Conversely, assume that Ax is relatively weakly compact for all x. For each
x, let Ax = w-cl(Ax) and let A =

∏
x∈X Ax with the product topology. As each

Ax is compact, A is compact by the Tychonoff product theorem. Now let (Tα)α be
an arbitrary net in A. Then ((Tαx)x∈X)α is a net in A and, by the compactness
of A, there exists a subnet ((Tβx)x∈X)β converging in A. This means that the
weak limit w- limβ Tβx exists for all x. Define an operator T by Tx = w- limβ Tβx.
Clearly, T is linear, and T = wo- limβ Tβ ∈ Ā. As (Tα)α is an arbitrary net, we
have proved that A is relatively wo-compact.

In the last assertion, the inclusion Āx ⊇ w-cl(Ax) follows from the weak
compactness of Āx, and the inclusion Āx ⊆ w-cl(Ax) follows from the definition
of the wo-topology. �
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Lemma 1.1.6 (Kernel lemma). Let J be a compact abelian semigroup in which the
multiplication is separately continuous (i.e., Tα → T implies S ◦ Tα → S ◦ T for
all S ∈ J and (Tα)α ⊆ J ). Then J contains a unique minimal ideal K which is
called the kernel of J , and

K =
⋂

S∈J
S ◦ J . (1.4)

Moreover, K is a group, and if P is its unit, then K = P ◦ J .

Proof. If J1, . . . , Jk are ideals in J (i.e., A ◦ B ∈ Ji for all A ∈ J , B ∈ Ji), their
product J1 ◦ J2 ◦ · · · ◦ Jk is an ideal which is not empty and is contained in their
intersection, since J is abelian. Consequently, the family of closed ideals of J has
the finite intersection property. As J is compact, the intersection K of all closed
ideals is non-empty.

If J is any ideal and S ∈ J , then S ◦ J is a closed ideal contained in J due
to compactness of J and to the separate continuity of the multiplication. Hence
K is the intersection of all ideals. As each S ◦J is an ideal and each ideal contains
an ideal of the form S ◦ J , (1.4) follows. Since K is the intersection of a family of
ideals, K is an ideal. Clearly K is minimal and unique.

For any T ∈ K, the set T ◦ K is an ideal contained in K and, therefore, is
equal to K by the minimality of K. So there exists P ∈ K such that T ◦ P = T .
By K ◦ T = T ◦ K = K, for any S ∈ K there exists R ∈ K with R ◦ T = S. Hence

S ◦ P = R ◦ T ◦ P = R ◦ T = S,

which shows that S ◦ P = S holds for all S ∈ K. Then P is a unit. Finally,
T ◦ K = K and P ∈ K implies existence of the inverse of T in K.

The last assertion follows from P ◦ T ⊆ K ◦ J ⊆ K and (1.4). �
It is an easy exercise to show that the multiplication in L(X) is separately

continuous in the wo-topology, i.e.,

Tα → T in wo-topology ⇒ Tα ◦ S → T ◦ S & S ◦ Tα → S ◦ T in wo-topology

for any net (Tα)α ⊆ L(X) and for any S ∈ L(X). However, the multiplication in
L(X) is not jointly continuous in general.

1.1.5 Now we are able to prove Theorem 1.1.4. As well as in the proofs of
Lemmas 1.1.5 and 1.1.6 above, we shall follow Krengel [67].

We call elements of Xfl(T ) flight vectors, and elements of Xr(T ) reversible
vectors. An element x �= 0 of X is said to be a unimodular eigenvector of a
semigroup T = (Tt)t∈J if there is a character α : J → Γ such that Ttx = α(t)x
for all t ∈ J . Denote by Xue(T ) the closure of the subspace of X spanned by all
unimodular eigenvectors.

If A is a semigroup in L(X), then A ◦ A ⊆ A, and hence A ◦ Ā ⊆ Ā by the
separate continuity. Applying the separate continuity again, we obtain Ā◦ Ā ⊆ Ā,
i.e., Ā is a semigroup. Moreover, if A is abelian then Ā is, obviously, abelian.
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Proof of Theorem 1.1.4. The wo-closure T̄ of T is a wo-compact abelian semi-
topological semigroup in L(X) (i.e., the multiplication in T̄ is separately contin-
uous) accordingly to Lemma 1.1.5. Denote by P the unit of the kernel K of T̄ ,
existence of which is provided by Lemma 1.1.6.

For any T ∈ T̄ , there exists S ∈ K with S ◦ T ◦P = P , because K is a group
and T ◦ P ∈ K. If x = Py for some y, then

x = S ◦ T ◦ Py = S ◦ Tx. (1.5)

By (1.3), T̄ x = w-cl(T x). So (1.5) implies that x is reversible. If x ∈ Xr(T ) then,
again by Lemma 1.1.5, there exists R ∈ T̄ with x = R ◦ Px. Since T is abelian,
x = P ◦ Rx, and so x ∈ P (X). This shows that P (X) = Xr(T ).

By (1.3), all elements of kerP = {x : Px = 0} are flight vectors. On the other
hand, if x is a flight vector, there exists R ∈ T̄ with Rx = 0. Hence P ◦Rx = 0. As
P ◦R belongs to K, there exists S with S ◦P ◦R = P . Thus, Px = S ◦P ◦Rx = 0.
This shows that kerP = Xfl(T ).

Obviously, kerP = (I − P )X . As any x can be written in the form

x = Px + (I − P )x,

we find x = x1 + x2 with x1 ∈ Xr(T ), x2 ∈ Xfl(T ). Conversely, if x is of the form

x = x1 + x2 (x1 ∈ Xr(T ), x2 ∈ Xfl(T )),

we have Px = Px1 and x1 = Py1 for some y1 ∈ X , and hence

x1 = Py1 = P 2y1 = Px.

Therefore, the splitting is unique.
The group property of T̄ |Xr follows from the group property of K.
Now, to finish the proof, we have to show equalities (1.1) and (1.2). The

equality (1.1) says that Xr(T ) = Xue(T ). The inclusion

Xue(T ) ⊆ Xr(T )

is easy: For x ∈ Xue(T ) and T ∈ T̄ , the identity T nx = α(T )nx shows the existence
of a sequence (ni)∞i=1 with T nix → x. It follows that, for any h1, . . . , hm ∈ X∗ and
ε > 0, the set

{S ∈ T̄ : |〈S ◦ Tx − x, hi〉| ≤ ε, i = 1, . . . , m}
is non-empty, and any finite intersection of such sets is non-empty. By the compact-
ness of T̄ in the wo-topology, the intersection of all sets of this type is non-empty.
Therefore there is S ∈ T̄ such that |〈S ◦ Tx− x, h〉| ≤ ε holds for all ε > 0 and all
h ∈ X∗. But then S ◦ Tx = x. As T ∈ T̄ was arbitrary, x is reversible.

The proof of the inclusion Xr(T ) ⊆ Xue(T ) is more technical and depends
on some results of abstract harmonic analysis and semi-topological groups. We
omit this part of the proof and send the reader to [67, pp. 106–107] for it.
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To show (1.1), it is obviously enough to check that if the semigroup T
is almost periodic and 0 ∈ w-cl{Ttx}t∈J , then lim

t→∞
‖Ttx‖ = 0. Indeed, 0 ∈

w-cl{Ttx}t∈J implies existence of a net (tα)α such that Ttαx → 0 weakly. By
the relatively norm compactness of {Ttαx}α, there is a subnet (tαβ

)β such that
Ttαβ

x → x0 in norm for some x0 ∈ X as β → ∞. Since Ttαβ
x → 0 weakly, we

obtain x0 = 0. Then lim
β→∞

‖Ttαβ
x‖ = 0, and hence

inf{‖Ttx‖ : t ∈ J} = 0 . (1.6)

The boundedness of T and (1.6) imply lim
t→∞

‖Ttx‖ = 0, which is required. �

1.1.6 Given a one-parameter semigroup T in L(X), denote the Cesàro averages
(means) of T by

AT
τ = AT

τ :=
1
τ

τ−1∑
k=0

T k (whenever T = (T n)∞n=0),

AT
τ :=

1
τ

τ∫
0

Ttdt (whenever T = (Tt)t≥0).

The integral above is taken with respect to the strong topology on L(X). A one-
parameter semigroup T in L(X) is called Cesàro bounded if

sup
τ

‖AT
τ ‖ < ∞.

The following theorem gives some important conditions for the norm convergence
of AT

τ x as τ → ∞. For interesting historical remarks on this and other mean
ergodic theorems, we refer to the survey of Shaw [116].

Theorem 1.1.7 (Eberlein). Let T be a one-parameter Cesàro bounded semigroup
in a Banach space X. Then, for any x ∈ X satisfying

lim
t→∞

‖t−1Ttx‖ = 0 (1.7)

and for any y ∈ X, the following conditions are equivalent:

(i) T y = y and y ∈ co{Ttx : t ∈ J};

(ii) y = lim
t→∞

AT
t x;

(iii) y is a weak cluster point of the net (AT
t x)t∈J .

Proof. We consider only the discrete case T = (T n)∞n=0 and follow Krengel [67,
2.2.1] in the proof.
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(i) ⇒ (ii): Set M := supn ‖AT
n‖. For ε > 0, (i) implies ‖y − Sx‖ ≤ ε for an

appropriate S ∈ co{T 0, T 1, T 2, . . .}. For any k and n, we have

T k ◦ AT
n −AT

n = n−1
n−1∑
i=0

T k+i − n−1
n−1∑
i=0

T i.

By using (1.7), we see that

‖T k ◦ AT
n x −AT

nx‖ ≤ n−1
k−1∑
j=0

‖T jx‖ + n−1‖T nx‖
k−1∑
j=0

‖T j‖ ≤ ε

holds for large enough n ≥ k. Since S is a convex combination of finitely many
T k, we may find n(ε) such that ‖S ◦ AT

n x −AT
nx‖ ≤ ε holds for n ≥ n(ε). As y is

a fixed point of T , we have AT
n y = y for all n. For n ≥ n(ε), we therefore obtain

‖y −AT
n x‖ ≤ ‖AT

n (y − Sx)‖ + ‖S ◦ AT
nx −AT

n x‖
≤ Mε + ε ,

which means that lim
n→∞

‖y −AT
n x‖ = 0.

The implication (ii) ⇒ (iii) is trivial.
(iii) ⇒ (i): By the Mazur theorem, any closed convex subset of X is weakly

closed. Thus the weak cluster point y of the set {AT
nx}∞n=0 ⊆ co{T nx}∞n=0 belongs

to co {T nx}∞n=0.
To prove y = Ty, take any h ∈ X∗ and ε > 0. By the argument used above,

we know that ‖T ◦ AT
n x −AT

nx‖ → 0. For a large enough n,

|〈AT
nx, h〉 − 〈T ◦ AT

n x, h〉| = |〈T ◦ AT
nx −AT

n x, h〉| ≤ ε .

As y is a weak cluster point of {AT
nx}∞n=0, there exists an arbitrarily large n with

|〈y, h〉 − 〈AT
n x, h〉| ≤ ε

and

|〈T ◦ AT
n x, h〉 − 〈Ty, h〉| = |〈y, T ∗h〉 − 〈AT

n x, T ∗h〉| ≤ ε .

Combining these three estimates, we arrive at |〈y, h〉 − 〈Ty, h〉| ≤ 3ε. The arbi-
trariness of ε and h implies Ty = y. �
Definition 1.1.8. A one-parameter semigroup T is called mean ergodic if the norm
limit lim

τ→∞
AT

τ x exists for all x ∈ X .

We call an operator T mean ergodic whenever the semigroup T = (T n)∞n=1 is
mean ergodic. Remark that any one-parameter semigroup which is mean ergodic
is Cesàro bounded and satisfies (1.7). This assertion is left to the reader as an
exercise. Theorem 1.1.7 says that for proving mean ergodicity of T it is enough
to check that the set {AT

t x : t ∈ J} has a weak cluster point for each x ∈ X . In
particular, this means that we can reply the norm limit in Definition 1.1.8 by the
weak one.
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1.1.7 In the case T = (T n)∞n=1, we use the following notation:

Xme(T ) := {x ∈ X : ∃ lim
n→∞

AT
n x}, N(T ) := (I − T )X,

Fix(T ) := {x ∈ X : Tx = x}, Fix(T ∗) := {y ∈ X∗ : T ∗y = y}.
Clearly, all these sets are linear subspaces of X and X∗. The next theorem gives
the relations between them.

Theorem 1.1.9 (Yosida). Let T be a Cesàro bounded operator in a Banach space
X which satisfies (1.7) for all x ∈ X. Then Xme(T ) = Fix(T ) ⊕ N(T ), and the
operator P : Xme(T ) → X, which is defined as

Px := lim
n→∞

AT
n x (x ∈ Xme(T )),

is a projection of Xme(T ) onto Fix(T ) satisfying P = T ◦ P = P ◦ T . Moreover,
for any x ∈ X, the assertions:

(i) lim
n→∞

AT
nx = 0,

(ii) 〈x, h〉 = 0 for all h ∈ Fix(T ∗),

(iii) x ∈ N(T ),

are equivalent.

Proof. Clearly Fix(T ) and N(T ) are closed subspaces in X . Let us verify

Fix(T ) ∩ N(T ) = {0}.

For ε > 0 and z ∈ Fix(T ) ∩ N(T ), there exists u with ‖z − (u − Tu)‖ ≤ ε. Hence

‖AT
n (z − (u − Tu))‖ ≤ Mε .

Using AT
nz = z and AT

n (u − Tu) → 0, we find ‖z‖ ≤ Mε + ε, where M =
supn≥0 ‖AT

n‖. Therefore z = 0. A similar argument can be used to show that
Fix(T ∗) ∩ N(T ∗) = {0}.

(i) ⇒ (ii): The condition h ∈ Fix(T ∗) implies h = AT∗
n h for all n, and hence

〈x, h〉 = 〈x,AT∗
n h〉 = 〈AT

n x, h〉 → 0.

(ii) ⇒ (iii): If x �∈ N(T ), there exists, by the Hahn–Banach theorem, h ∈ X∗
with 〈x, h〉 �= 0 and 〈y, h〉 = 0 for all y ∈ N(T ). In particular, 〈u − Tu, h〉 = 0 for
all u ∈ X . Hence 〈u, h − T ∗h〉 = 0 for all u ∈ X . This implies h ∈ Fix(T ∗) and,
therefore, by (ii), 〈x, h〉 = 0 which is a contradiction.

(iii) ⇒ (i): Let x ∈ N(T ). For any u ∈ X , we have

AT
n (u − Tu) = n−1(u − T nu) → 0.
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Thus, all z ∈ N(T ) satisfy ‖AT
nz‖ → 0. The set of all z ∈ X with the property

‖AT
nz‖ → 0 is closed because T is Cesàro bounded. Thus lim

n→∞
AT

n x = 0.

For x ∈ Xme, Theorem 1.1.7 implies Px ∈ Fix(T ). Thus z = x−Px satisfies
(i). We have proved Xme ⊆ Fix(T ) ⊕ N(T ). As Fix(T ) ⊆ Xme is trivial, the
opposite inclusion follows from (iii) ⇒ (i).

As P is the projection of Fix(T ) ⊕ N(T ) on Fix(T ) and the elements of
Fix(T ) are fixed under T , the identity P = T ◦ P is clear. P = P ◦ T follows from
AT

n (x − Tx) → 0. �
Corollary 1.1.10. Let T be a Cesàro bounded operator in X which satisfies (1.7).
Then T is mean ergodic if and only if X = Fix(T ) ⊕ N(T ). �

1.1.8 The following criterion of Sine [117] for mean ergodicity is very useful,
despite its simplicity, and we apply it often below.

Theorem 1.1.11 (Sine). Let T be a Cesàro bounded operator in X which satisfies
(1.7). Then T is mean ergodic if and only if Fix(T ) separates Fix(T ∗).

Proof. Let T be mean ergodic, and let P : X → Fix(T ) be the correspondent
mean ergodic projection. If 0 �= h ∈ Fix(T ∗), there exists x ∈ X with 〈x, h〉 �= 0.
Now Px belongs to Fix(T ) and separates h and 0, because of

〈Px, h〉 = lim
n→∞

〈AT
n x, h〉 = lim

n→∞
〈x, AT∗

n h〉

= 〈x, h〉 �= 0.

Assume that Fix(T ) separates Fix(T ∗). If Fix(T ) ⊕ N(T ) �= X , there exists

0 �= h ∈ X∗

with 〈y, h〉 = 0 for all y ∈ Fix(T ) ⊕ N(T ). In particular, 〈x − Tx, h〉 = 0 for all
x ∈ X shows h ∈ Fix(T ∗). As Fix(T ) separates h and 0, there exists y ∈ Fix(T )
with 〈y, h〉 �= 0, a contradiction. �

1.1.9 Let us give some further conditions for the mean ergodicity. We begin
with the discrete case.

Theorem 1.1.12. Let T m be mean ergodic for some m, then T is mean ergodic.

Proof. The assertion follows immediately from the equality

AT
nm =

1
m

m−1∑
k=0

T kAT m

n (∀n, m ∈ N)

and from the Eberlein theorem. �
Theorem 1.1.13. Given a bounded C0-semigroup T = (Tt)t≥0 such that an operator
Tξ is mean ergodic for some ξ ∈ J , then T is mean ergodic.
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Proof. Let Tξ be mean ergodic for some ξ ∈ J . Then Tξ/k is mean ergodic for all
k ∈ N, as it has been shown above in Theorem 1.1.12. Given x ∈ X and ε > 0,
then

‖AT
nξ/mx −ATξ/m

n x‖ ≤ ε/2 (∀n ∈ N)

for any m ≥ m1. On the other hand, there exists a large enough m2 ≥ m1 such
that for any t ∈ R+ there exists n satisfying

‖AT
t x −AT

nξ/m2
x‖ ≤ ε/2.

Combining these two inequalities, we obtain

{AT
t x}t∈J ⊆ {ATξ/m2

n x : n ∈ N} + ε · BX .

Hence the set {AT
t x}t≥0 can be arbitrarily well approximated by relatively weakly

compact sets and, due to Theorem 1.1.7, the semigroup T is mean ergodic. �

Related Results and Notes

1.1.10 The origin of Lemma 1.1.6 goes back to the 1920s to Suschkewitsch.
The reader can find more about this in Lyubich’s book [80].

The following theorem describes the structure of the space Xfl(T ) of flight
vectors for a one-parameter weakly almost periodic semigroup (see [67]).

Theorem 1.1.14. Let T = (Tt)t∈J be a one-parameter weakly almost periodic semi-
group in a Banach space X and let x ∈ X. Then the following conditions are
equivalent:

(i) x ∈ Xfl(T );

(ii) there exists a subsequence (tn)∞n=1 of J such that Ttnx → 0 weakly.
Moreover, if T is a group then these conditions are equivalent to:

(iii) 〈x, y〉 = 0 for all eigenvectors of the adjoint semigroup T ∗ having unimodular
eigenvalues. �

1.1.11 To illustrate the power of Jacobs–Deleeuw–Glicksberg’s theorem, we
prove one well-known, but quite non-trivial, result.

Theorem 1.1.15. Let T be a doubly power bounded positive operator in a finite-
dimensional Banach lattice E. Then the operator T−1 is positive.

Proof. The operator T is almost periodic since

dim(E) < ∞ and sup
n∈N

‖T n‖ < ∞ .

By Jacobs–Deleeuw–Glicksberg’s theorem,

E = Er(T ) ⊕ Efl(T )
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and
Efl(T ) = {x ∈ X : lim

n→∞
‖T nx‖ = 0}.

The last condition together with the doubly power boundedness of T imply

Efl(T ) = {0},

and hence E = Er. Then T−1 belongs to the closure (in the wo-topology) of the
set {T n}∞n=1 of positive operators. Then T−1 is positive as well. �

It is interesting that this proposition cannot be generalized to the infinite-
dimensional case [29] (see also the end of Section 2.2).

1.1.12 Another interesting application of the Jacobs–Deleeuw–Glicksberg the-
orem is the following result which is due to Lyubich and Phòng [83].

Theorem 1.1.16. Let T be a power bounded operator in a Banach space X. Then
the following conditions are equivalent:

(i) lim
n→∞

‖T n x‖ = 0 for all x ∈ X ;

(ii) T is almost periodic and lim
n→∞

‖A(λ−1·T )
n x‖ = 0 for all x ∈ X and λ ∈ σ(T ),

|λ| = 1.

Proof. The implication (i) ⇒ (ii) is trivial. For proving (ii) ⇒ (i), we apply The-
orem 1.1.4 to the almost periodic operator T , and get the decomposition

X = X0(T ) ⊕ Xr(T ),

where
X0(T ) = {x ∈ X : lim

t→∞
‖Ttx‖ = 0}

according to (1.1), and Xr(T ) is the closure of the linear span of all eigenvec-
tors of T by (1.1). The condition (ii) says that there are no eigenvectors of T
correspondent to eigenvalues λ, |λ| = 1, consequently, X = X0. In other words,
lim

n→∞
‖T n x‖ = 0 for all x ∈ X . �

1.1.13 Let X and Y be Banach spaces and let R : X → Y be a bounded linear
operator. For each T ∈ L(X), we define the operator πR(T ) ∈ L(X × Y ) by

πR(T )(x, y) := (Tx, (R − R ◦ T )x + y)
(
(x, y) ∈ X × Y

)
.

Proposition 1.1.17. The mapping πR : L(X) → L(X × Y ) (always nonlinear when-
ever R �= 0) possesses the following properties:

(i) πR is injective and πR(S ◦ T ) = πR(S) ◦ πR(T ) for all S, T ∈ L(X);
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(ii) πR(αS + βT ) = απR(S) + βπR(T ) for any S, T ∈ L(X) and α, β ∈ C,
α + β = 1.

In particular, (πR(Tt))t∈J is a bounded one-parameter semigroup or C0-semigroup,
whenever (Tt)t∈J is.

Proof. (i) The mapping πR is, obviously, injective. Let S, T ∈ L(X), then for any
x̃ := (x, y) ∈ X × Y we obtain directly:

πR(S) ◦ πR(T )x̃ = πR(S)
(
Tx, (R − R ◦ T )x + y

)
=

(
S ◦ T (x), (R − R ◦ S)Tx + [(R − R ◦ T )x + y]

)
=

(
S ◦ T (x), (R − R ◦ S ◦ T )x + y

)
= πR(S ◦ T )x̃.

(ii) Given additionally α, β ∈ C, α + β = 1, then

πR(αS + βT )x̃ =
(
(αS + βT )x, ((α + β)R − R ◦ (αS + βT ))x + (α + β)y

)
=

(
αSx, α(R − R ◦ S)x + αy

)
+

(
βTx, β(R − R ◦ T )x + βy

)
= (απR(S) + βπR(T ))x̃.

�

Proposition 1.1.17 is related to conservation laws. The dilation of semigroups
given by πR is useful in the investigation of their asymptotic behavior since it pre-
serves asymptotic properties. For example, the following property can be obtained
directly from Proposition 1.1.17.

Proposition 1.1.18. A semigroup T is (weakly) almost periodic, strongly stable,
asymptotically periodic, periodic, or mean ergodic if and only if the semigroup
πR(T ) possesses the same property. �

1.1.14 There are some relations between weak almost periodicity and mean
ergodicity. For instance, the following two assertions are direct corollaries of The-
orem 1.1.7.

Proposition 1.1.19. Any weakly almost periodic one-parameter semigroup T is
mean ergodic. �

Theorem 1.1.20. Any bounded one-parameter semigroup T in a reflexive Banach
space is mean ergodic. �
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1.1.15 An operator T ∈ L(X) is called an isometry if ‖Tx‖ = ‖x‖ for all
x ∈ X . It is easy to see that any doubly power bounded T ∈ L(X) becomes an
invertible isometry with respect to the norm

‖x‖T = sup
k∈Z

‖T kx‖.

As usual, denote by σ(T ) the spectrum of T ∈ L(X), and by

r(T ) = sup{|λ| : λ ∈ σ(T )} = lim
n→∞

‖T n‖1/n

its spectral radius. We shall use the notation

σπ(T ) := {λ ∈ σ(T ) : |λ| = r(T )}

for the peripheral spectrum of T . The next result is due to Gelfand. We follow [6]
in its proof.

Theorem 1.1.21 (Gelfand’s lemma). Let T ∈ L(X) be doubly power bounded with
σ(T ) = {1}, then T = I.

Proof. Denote M = sup
n∈Z

‖T n‖ < ∞. Let

S = ln(T ) =
∞∑

k=1

(I − T )k

k
,

then σ(S) = {0} and T = exp (S). Thus, given any integer m, we have

σ(sin(m S)) = sin(σ(mS)) = {0}

and

‖(sin(m S))k‖ =

∥∥∥∥∥
(

T m − T−m

2 i

)k
∥∥∥∥∥ ≤ M (∀k ≥ 0).

If
∞∑

k=0

ck zk is the Taylor expansion of the principal value of arcsin(z) about z = 0,

then ck ≥ 0 for all k and
∞∑

k=0

ck = arcsin(1) = π/2 .

Hence

‖m S‖ = ‖ arcsin(sin(m S))‖

≤
∞∑

k=0

|ck| · ‖(sin(m S))k‖

≤ (π/2) · M.

As this holds for any integer m, it follows that S = 0. So, T = I. �
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The following important generalization of Gelfand’s lemma was obtained by
Esterle [42], and by Katznelson and Tzafriri [61]. We use Phòng’s elegant idea [95]
in its proof.

Theorem 1.1.22 (Esterle–Katznelson–Tzafriri). Let T be a power bounded operator
in a Banach space X. Then

lim
n→∞

‖T n+1 − T n‖ = 0

if and only if the peripheral spectrum σπ(T ) of T satisfies σπ(T ) ⊆ {1}.
Proof. The “only if” part of this theorem is an easy exercise for the reader. We
prove the “if” part. First we remark that it is enough to prove the following
formerly weaker statement:

σπ(T ) ⊆ {1} ⇒ lim
n→∞

‖T n+1x − T nx‖ = 0 (∀x ∈ X). (1.8)

Indeed, suppose that (1.8) is proved. Let T be a power bounded operator in X
such that σπ(T ) ⊆ {1}. Consider the operator T in L(X) defined by T (S) = T ◦S.
Then T is power-bounded and σ(T ) = σ(T ). Therefore,

lim
n→∞

‖Tn+1
(S) − T

n
(S)‖ = 0 (∀S ∈ L(X)).

Taking S = IX , we get the desired conclusion.
Now, let T be a power bounded operator in X such that σπ(T ) ⊆ {1}.

By using an equivalent norm in X , we can assume ‖T ‖ ≤ 1. Then the limit
l(x) = lim

n→∞
‖T nx‖ exists and it is a semi-norm in X . If ker(l) = X , then the

conclusion is obvious, and we may assume ker(l) �= X . It is clear that ker(l) is a
closed invariant subspace of T , so T induces in a natural way an operator T̂ on the
quotient space X̂ = X/ ker(l). The semi-norm l induces a norm l̂ on X̂ and, since
T is isometric in the semi-norm l, the operator T̂ is an isometry in the normed
space (X̂, l̂). From the obvious inequality

l(Rλ(T )x) ≤ ‖Rλ(T )‖ · l(x) ,

where Rλ(T ) = (λ IX − T )−1 is the resolvent of T at λ �∈ σ(T ), it follows that
σ(T̂ ) ⊆ σ(T ). Therefore T̂ is an isometry with a single peripheral spectrum at 1.
From this, it is easily seen that T̂ is an invertible isometry with σ(T̂ ) = 1. By
Theorem 1.1.21, T̂ = IX̂ . This means lim

n→∞
‖T n ◦ (T − I)x‖ = 0 for all x ∈ X . The

proof is completed. �
In contrast to Theorem 1.1.22, not any strongly stable T satisfies

σπ(T ) ⊆ {1} .

It is an easy exercise to construct T ∈ L(X) with lim
n→∞

T nx = 0 for all x, while

σπ(T ) = Γ. For various generalizations of the Gelfand lemma and Theorem 1.1.22,
as well as for various results connected with them, we refer to the comprehensive
survey of Zemanek [135]. We give here only one application of Theorem 1.1.22.
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Proposition 1.1.23. Let T be a power bounded mean ergodic operator such that
σπ(T ) ⊆ {1}. Then T is strongly stable.

Proof. By Theorem 1.1.9, X = Fix(T ) ⊕ N(T ). Thus the strong stability of T
follows immediately from Theorem 1.1.22. �

We finish consideration of isometries with the following famous result of
Godement [47].

Theorem 1.1.24 (Godement). Let X be a complex Banach space and let T be an
isometry in X. Suppose dim(X) > 1, then T has a non-trivial invariant subspace.

�

Exercise 1.1.25. Let T be an isometry in a complex Banach space X , dim(X) = ∞.
Show that for any n ∈ N there is a family {Xk}n

k=1 of T -invariant subspaces of X
such that

{0} � X1 � · · · � Xn � X .

1.1.16 Let X be a complex Banach space. An operator semigroup T ⊆ L(X)
is called supercyclic if for some x ∈ X (such an x is called a supercyclic vector for
T ), the set

{λ · Tx : T ∈ T , λ ∈ C}

is dense in X . An operator T ∈ L(X) is called supercyclic if the semigroup (T n)∞n=1

is supercyclic. The following interesting result about the asymptotic behavior of
supercyclic operators was obtained in [10].

Theorem 1.1.26 (Ansari–Bourdon). Let X be a complex Banach space such that
dim(X) > 1, and let T ∈ L(X) be a supercyclic power bounded operator. Then

lim
n→∞

‖T nx‖ = 0

for all x ∈ X.

Proof. By passing to an equivalent norm, suppose ‖T ‖ ≤ 1. Assume ‖T nx‖ �→ 0
for some x ∈ X , ‖x‖ = 1. Without loss of generality, we may assume x to be
supercyclic. Then ‖T nx‖ ↓ α > 0. Since x is supercyclic, there exist an increasing
sequence (nk)∞k=1 and λ ∈ C such that

‖T n ◦ T nkx − T n(λx)‖ = ‖T n(T nkx − λx)‖ → 0 (k → ∞) (1.9)
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for all n ≥ 0. It follows from (1.9) that

|λ| = ‖λx‖ = lim
k→∞

‖T nkx‖ = α

= lim
n→∞

‖T nx‖

= lim
n→∞

lim
k→∞

‖T n+nkx‖

= lim
n→∞

‖T n(λx)‖

= lim
k→∞

‖T nk(λx)‖

= |λ|2,

which implies α = |λ| = 1. Using (1.9) again, we obtain

λmx ∈ cl {T nx : n ≥ 0}

for all m ∈ N and, since 1 ∈ cl {ζm : m ∈ N} for any ζ ∈ C, |ζ| = 1, we have

lim inf
n→∞

‖T nx − x‖ = 0 . (1.10)

Any vector satisfying (1.10) we call a coming back vector for T . Denote

Y = span{x, Tx, T 2x, . . . , } .

Take an arbitrary y ∈ Y :

y =
k∑

i=0

αiT
ix (α0, . . . , αk ∈ C)

and ε > 0. Since x is a coming back vector, there exists nε such that

‖T nεy − y‖ ≤
k∑

i=0

|αi| · ‖T i(T nεx − x)‖

≤ ‖T nεx − x‖
k∑

i=0

|αi|

≤ ε .

Thus Y consists of coming back vectors. Since ‖T ‖ ≤ 1, then every y ∈ cl (Y )
is a coming back vector. It is obvious that cl (Y ) is a T -invariant subspace of X .
Applying supercyclicity again, we have cl (Y ) = X and, therefore, every z ∈ X is
a coming back vector for T , which implies that T is an isometry.

Since dim(X) > 1, Theorem 1.1.24 provides existence of a non-trivial T -
invariant subspace which contradicts the supercyclicity of T . This shows that

lim
n→∞

‖T nx‖ = 0

for all x ∈ X . �
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In Section 1.3, we give another approach to Theorem 1.1.26 based on the
deep result of Storozhuk [124] (see Theorem 1.3.29).

1.1.17 Every power bounded operator is, obviously, Cesàro bounded and sat-
isfies (1.7). However, there exist operators which are Cesàro bounded but do not
satisfy (1.7). The following example of such an operator on R2 given by a matrix
is due to Assani:

T =
[

−1 2
0 −1

]
.

Exercise 1.1.27. Prove the above assertion about the operator T .
Exercise 1.1.28. Prove Theorem 1.1.7 in the strongly continuous case.
Exercise 1.1.29. Show that in the proof of Theorem 1.1.12 the use of the Eberlein
theorem is not necessary.

1.1.18 The following result is due to Kakutani.

Theorem 1.1.30 (Kakutani). The identity operator is an extreme point of the con-
vex set of all contractions in any Banach space.

Proof. Denote the set of all contractions in a Banach space X by CX . If IX is not
an extreme point of CX , then

IX = 2−1T1 + 2−1T2

for some T1 �= T2 in CX . Denote T = T1 − IX .
If h ∈ X∗ is an extreme point of the closed unit ball BX∗ of X∗, then the

identity
h = h ◦ IX = 2−1h ◦ T1 + 2−1h ◦ T2

shows h = h ◦ T1 = h ◦ T2. Then T ∗(h) = 0 holds for all extreme point of BX∗ ,
and hence, by the Krein–Milman theorem, T ∗(x′) = 0 for all x′ ∈ BX∗ . This
contradicts our assumption that T �= 0. �
Exercise 1.1.31. Let (αn)∞n=1 be a sequence of strictly positive reals satisfying∑∞

n=1 αn = 1, and let (Tn)∞n=1 be a sequence of pairwise-commuting power
bounded operators in a Banach space X . Show that

Fix(T ) =
∞⋂

n=1

Fix(Tn),

where T =
∑∞

n=1 αnTn.
Hint: By using an appropriate equivalent norm, reduce this assertion to contractions and apply

the previous proposition.

Exercise 1.1.32. Show that a convex combination of finitely many commuting
power bounded mean ergodic operators in a Banach space is mean ergodic.
Hint: Use the previous exercise and Theorem 1.1.11.



20 Chapter 1. Elementary theory of one-parameter semigroups

1.1.19 We say that an operator T ∈ L(X) is uniformly mean ergodic if the
sequence (AT

n )∞n=1 converges in the operator norm. The following result of Lin
[76] is the main theorem about uniform mean ergodicity. We follow Krengel [67,
Thm.2.2.1] in its proof.

Theorem 1.1.33 (Lin). Let an operator T ∈ L(X) satisfy lim
n→∞

‖n−1T n‖ = 0. Then

T is uniformly mean ergodic iff (I − T )(X) is a closed subspace of X.

Proof. Let T be uniformly ergodic, then N(T ) is invariant under T , and the re-
striction S of T to N(T ) satisfies ‖AS

n‖ → 0. For any n with ‖AS
n‖ < 1, I −AS

n is
invertible. The invertibility of I − S, therefore, follows from the identity

(I − S)
(

n − 1
n

I +
n − 2

n
S + · · · + 1

n
Sn−2

)
= I −AS

n .

Hence

N(T ) = (I − S)(N(T ))
= (I − T )(N(T ))
⊆ (I − T )X
= N(T ) .

Conversely, if N(T ) = N(T ), the open mapping theorem asserts that (I−T )U
is open in N(T ) for any open U ⊆ X . Hence there exists K > 0 such that, for any
y ∈ N(T ), there is z ∈ X with (I − T )z = y and ‖z‖ ≤ K‖y‖ (otherwise, there is
a sequence (yn)∞n=1 converging to 0 and disjoint to (I − T ){z : ‖z‖ < 1}). From

‖AT
ny‖ = ‖AT

n (I − T )z‖
≤ n−1‖I − T n‖‖z‖
≤ Kn−1‖I − T n‖‖y‖,

we see that the restriction S of T to N(T ) is uniformly ergodic. It follows as above
that I − S is invertible on N(T ), and

(I − T )X = N(T )
= (I − S)(N(T ))
= (I − T )(N(T )).

Therefore, for any x ∈ X , there exists an element y ∈ N(T ) with

(I − T )x = (I − T )y

and, by the invertibility of (I −S), we may assume ‖y‖ ≤ K ′‖(I−T )x‖ with some
K ′ < ∞ independent on x. We now write

x = (x − y) + y .
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As (x − y) is fixed under T , we find

‖AT
n x − (x − y)‖ = ‖AT

ny‖
≤ n−1KK ′‖I − T n‖‖I − T ‖‖x‖,

i.e., the convergence of AT
n to the projection P with Px = x − y is uniform. �

There is an interesting spectral characterization of the uniform mean ergod-
icity; for the proof of it we send the reader to Krengel [67].

Theorem 1.1.34. Let T be a power bounded operator in a Banach space X, then
the following conditions are equivalent:

(i) T is uniformly mean ergodic;

(ii) either IX −T is invertible or 1 is a pole of first order of the resolvent Rθ(T )
of T .

Moreover, under these conditions, there are only finitely many poles of Rθ(T ) in
unit circle Γ of C and there no other singularities in σ(T ) ∩ Γ. �

Every mean ergodic operator in a finite-dimensional Banach space is, obvi-
ously, uniformly mean ergodic.

The dilation of semigroups given in 1.1.13 preserves the uniform ergodicity.
The proof of this fact can be obtained directly from Proposition 1.1.17, and we
leave it as an exercise. Another exercise follows.
Exercise 1.1.35. Show that if T m is uniformly mean ergodic for some m, then T
is uniformly mean ergodic.
Hint: Use the formula in the proof of Theorem 1.1.12.

The following definition is closely related to the uniform mean ergodicity.

Definition 1.1.36. A one-parameter semigroup T in a Banach space X is called
uniformly stable if there exists a projection P ∈ L(X) such that lim

t→∞
‖Tt−P‖ = 0.

An operator T ∈ L(X) is called uniformly stable if the semigroup (T n)∞n=1 is
uniformly stable.

Exercise 1.1.37. Show that an operator T ∈ L(X) is uniformly stable iff T is
uniformly mean ergodic and σπ(T ) ⊆ {1}.
Hint: See [99, Lemma 2.5].

1.1.20 An important class of uniformly mean ergodic operators which was in-
troduced by Kryloff and Bogoliouboff is the class of so-called quasi-compact opera-
tors. An operator T ∈ L(X) is called quasi-compact if there is a sequence (Qn)∞n=1

of compact operators satisfying lim
n→∞

‖T n − Qn‖ = 0.

Exercise 1.1.38. Show that T ∈ L(X) is quasi-compact iff there exists a sequence
(Tn)∞n=1 of compact operators such that lim

n→∞
‖T n − Tn‖ = 0.

Hint: See the proof of Lemma 2.4 in [67, p.88].
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Exercise 1.1.39. Show that any power bounded quasi-compact operator is uni-
formly mean ergodic.

The following theorem gives a full description of power bounded quasi-com-
pact operators. For its proof we send the reader to Krengel [67].

Theorem 1.1.40 (Yosida–Kakutani). Let T be a power bounded quasi-compact op-
erator in a Banach space X, then λT is quasi-compact and therefore uniformly
mean ergodic for each λ ∈ Γ (by Exercise 1.1.39) and, accordingly to Theorem
1.1.34, σ(T ) ∩ Γ = {λk}m

k=1. Then

T n =
m∑

k=1

λkPk + Sn (∀n ∈ N) ,

where Pk = lim
n→∞

Aλ−1
k T

n in the operator norm, and S = T −
∑m

k=1 λkPk. Moreover,

there exist constants η, M with 0 < η < 1, ‖Sn‖ ≤ Mηn for all n ∈ N. �

1.1.21 We finish this section with a short discussion on complexifications. Re-
call that the complexification of a real vector space X is a complex vector space

XC := X ⊕ iX = {x + iy : x, y ∈ X}

under the natural addition and under the following multiplication:

(a + ib) · (x + iy) := ax − by + i(bx + ay) .

We consider X as a real vector subspace of XC , by identifying x ∈ X with x+i0 ∈
XC . Sometimes, an element x + iy of XC is denoted as a column vector[

x
y

]
.

Obviously any complex vector space can be considered as a complexification of
some real vector space. If X is a normed space, then XC is also a normed space
with the norm given by

‖x + iy‖ := sup
λ∈[0,2π]

‖(cosλ)x + (sinλ)y‖. (1.11)

Exercise 1.1.41. Show that XC is a complex normed space under the norm given
by (1.11). Show that XC is a Banach space iff X is a Banach space.

Let T : X → X be a linear operator. Then its complexification TC : XC → XC

is defined by
TC(x + iy) := Tx + iT y.

Obviously TC is a linear operator in XC .
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Exercise 1.1.42. Show that a vector subspace Y ⊆ X is T -invariant iff the vector
subspace Y ⊕ iY is TC-invariant.
Exercise 1.1.43. Let X be a normed space and let T ∈ L(X). Show that
TC ∈ L(XC) with ‖TC‖ = ‖T ‖. Show that T is invertible iff TC is invertible and
T−1

C
= (T−1)C . Thus T is an isometry in X iff TC is an isometry in XC .

Exercise 1.1.44. Let Q : XC → XC be a mapping. Show that Q is a linear operator
in XC iff there exist two uniquely determined linear operators S, T : X → X such
that

Q

[
x
y

]
=

[
T −S
S T

] [
x
y

]
=

[
Tx − Sy
Sx + Ty

]
.

1.2 Elementary theory of C0-semigroups

Here we present the notion of a generator of a C0-semigroup, which is a bridge be-
tween the abstract theory of C0-semigroups and the important part of the theory
of PDEs related to the so-called abstract Cauchy problem. We study elementary
properties of generators and present one of the oldest classical results of the the-
ory of C0-semigroups, the Hille–Yosida theorem, that gives the conditions under
which an (unbounded, in general) operator in a Banach space is a generator for
some C0-semigroup. We give its proof in the special case, for the C0-semigroup
of contractions. We discuss what would happen if we perturbed a generator of
a C0-semigroup by a bounded operator. We give (without a proof) the Dyson–
Phillips formula for the perturbed semigroups. Then we touch the spectral theory
of C0-semigroups. We shall briefly discuss only a few results: the spectral map-
ping theorem and some extensions of the Liapunov stability theorem for ODEs on
C0-semigroups.

1.2.1 The starting point of the theory of C0-semigroups is the abstract Cauchy
problem (ACP):

du

dt
= Au (t ∈ R+), u(0) = f, (1.12)

where u : R+ → X , X is a Banach space, A is a densely defined linear operator
from D(A) ⊆ X to X , and f ∈ X is an initial value.

The ACP given by (1.12) is well-posed if a solution exists for all f ∈ D(A), is
unique, and depends continuously on A and f . We shall consider only well-posed
ACPs.

Let u( . , f) be a unique solution of the ACP (1.12) which corresponds to
f ∈ D(A). Thus, we have the linear mappings

Tt : D(A) → X (∀t ≥ 0)

defined by

Tt(f) := u(t, f) ∈ X (∀t ≥ 0).
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For any t, the mapping Tt is continuous and, therefore, possesses a unique contin-
uous linear extension on X , which we denote also by Tt. Since

u(t + s, f) = u(t, u(s, f))

for all t, s ≥ 0, we obtain the semigroup property of the family {Tt : t ∈ R+} of
operators:

Tt ◦ Ts = Tt+s (∀t, s ≥ 0).

For every f ∈ D(A), the mapping Ttf = u(t, f) : R+ → X is differentiable and,
therefore, continuous. The density of D(A) and continuity of every Tt imply that
the semigroup (Tt)t≥0 is strongly continuous; and, since it satisfies

T0f = u(0, f) = f

for all f ∈ D(A), (Tt)t≥0 is a C0-semigroup.

1.2.2 Let T = (Tt)t≥0 be a C0-semigroup in a Banach space X .

Definition 1.2.1. The generator G = GT of T is defined by

Gx = ‖ · ‖ − lim
h→0

Thx − x

h
; (1.13)

the domain of G, denoted as D(G), consists of all x ∈ X for which the limit (1.13)
exists.

Obviously, D(G) is a linear submanifold of X and G is a linear map from
D(G) to X . The set of all θ ∈ C such that there exists a bounded operator
Qθ : X → X satisfying

Qθ ◦ (θ IX − G) = ID(G) & (θ IX − G) ◦ Qθ = IX

is called the resolvent set of G; the operator Qθ is called the resolvent of G at the
point θ, and is denoted by Rθ(G). The complement to the resolvent set is called
the spectrum of G, and is denoted by σ(G). According to 1.2.11, the spectrum of
a closed operator is always closed, but not necessarily a bounded subset of C.

Remark that, by the definition of generator, if we consider the ACP with the
generator G of a C0-semigroup T = (Tt)t≥0 on the right-hand side, and present
the solution of this ACP with use of a semigroup S, then S = T . Thus any
C0-semigroup is related to some ACP.

1.2.3 Let us collect further important elementary properties of the generator
of T in the following theorem.
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Theorem 1.2.2. Let G be the generator of T .

(i) G commutes with Tt for all t ≥ 0 in the sense that if x ∈ X belongs to D(G),
so does Ttx, and

G ◦ Tt x = Tt ◦ Gx.

(ii) The domain D(Gn) of Gn is dense for any n ∈ N.

(iii) The operator G : D(G) → X is closed.

(iv) Each θ ∈ C such that Re(θ) > ωT , where ωT is given by

ωT := inf{α ∈ R : ∃Mα < ∞ such that ‖Tt‖ ≤ Mαeαt for all t ≥ 0},
(1.14)

belongs to the resolvent set of G. The resolvent of G is given by the Laplace
transform of T :

LT (θ)x =
∫ ∞

0

e−θtTt x dt (∀x ∈ X). (1.15)

Proof. We factor the difference quotient in (1.13) in two ways:

h−1(Tt+h − Tt)x = h−1Tt ◦ (Th − IX)x = h−1(Th − IX) ◦ Tt x. (1.16)

When x ∈ D(G), the middle term converges to Tt ◦ Gx as h → 0. Therefore, the
terms on the right and left converge also, and we deduce from (1.16) that

d

dt
(Ttx) = Tt ◦ Gx = G ◦ Tt x (∀x ∈ D(G)). (1.17)

This proves (i).
(ii) We claim that an integrated form of (1.17)

Ttx − x = G

∫ t

0

Tτ x dτ (1.18)

is valid for all x in X . Since (Tt)t≥0 is strongly continuous, the integrand on the
right in (1.18) is a continuous function of τ ; therefore we may consider the integral
as a vector-valued Riemann integral. To prove (1.18), we evaluate the action of G
on this integral. Letting Th act in the integrand and using the semigroup property,
we get

h−1(Th − IX)
∫ t

0

Tτ x dτ = h−1

∫ t

0

[Tτ+h x − Tτ x] dτ

= h−1

∫ t+h

t

Tτ x dτ − h−1

∫ h

0

Tτ x dτ

→ Ttx − x,
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as h → 0. Since the limit on the right exists and is equal to Ttx− x for all x ∈ X ,
the limit on the left also exists and is equal to G(

∫ t

0
Tτ x dτ). This proves (1.18),

as well as
∫ t

0
Tτ x dτ ∈ D(G) for all x ∈ X . Applying again

lim
t→0

t−1

∫ t

0

Tτ x dτ = x (∀x ∈ X),

we obtain that D(G) is dense in X .
We argue similarly about the domain of higher powers of G. Denote by φ

an infinitely differentiable function on R supported on [0, 1]. For any x in X , we
define

xφ =
∫ +∞

0

φ(τ)Tτ x dτ.

The same argument as above shows that xφ ∈ D(G) and

Gxφ = −
∫ +∞

0

dφ

dτ
(τ)Tτ x dτ.

Clearly, xφ ∈ D(Gn) for all n ∈ N. We choose now a sequence of φj supported on
[0, 1] that are non-negative, satisfy

∫ 1

0
φj dτ = 1, and whose support tends to zero.

Appealing once more to strong continuity of T , we conclude that xφj tends to x.
This proves that D(Gn) is dense in X for all n ∈ N.

(iii) We claim that the following integrated form of (1.17) is valid for all
x ∈ D(G):

Ttx − x =
∫ t

0

Tτ ◦ Gxdτ . (1.19)

For proof, we appeal to the basic theorem of calculus for vector-valued functions: if
two functions whose value lies in a Banach space, and that have continuous strong
derivatives, have the same derivative, and are equal at t = 0, then they are equal
for all t. We apply this theorem to the functions on two sides of (1.19). Both are
0 for t = 0. By (1.17), the derivative of the function on the left is Tt ◦ Gx. The
derivative of the indefinite integral on the right is also Tt ◦Gx. This proves (1.19).

To show that G is a closed operator, take a sequence (xn)∞n=1 in D(G) such
that xn → x, Gxn → y. We claim that x lies in D(G) and Gx = y. Take x to be
xn in (1.18),

Ttxn − xn =
∫ t

0

Tτ ◦ Gxn dτ,

and let n → ∞. Both sides converge, and their limits are equal:

Ttx − x =
∫ t

0

Tτ y dτ.

Divide by t, and let t → 0. The right-hand side tends to y, the left-hand side tends
to Gx. This shows that x ∈ D(G) and Gx = y, which means that the operator G
is closed.



1.2. Elementary theory of C0-semigroups 27

(iv) The Laplace transform LT (θ) of T is defined according to (1.15), where
the integral on the right is the limit of a vector-valued Riemann integral from 0
to N , as N → ∞.

Since, by 1.2.13, T grows at most exponentially, ‖Tt‖ ≤ Mk exp(kt) for any
k > wT , it follows that the integral on the right of (1.15) converges when Re (θ) > k
and that

‖LT (θ)x‖ ≤
∫ ∞

0

Mk · e(k−Re(θ))τ · ‖x‖ dτ

=
Mk

Re (θ) − k
‖x‖ (wT < k < Re (θ)).

This shows that LT (θ) is a bounded operator and

‖LT (θ)‖ ≤ Mk

Re (θ) − k
(wT < k < Re (θ)). (1.20)

We claim that LT (θ) = Rθ(G), the resolvent of G at θ. To prove this, we look
at the modified semigroup (exp (−θt)Tt)t≥0. It is easy to see that this is also
a C0-semigroup with the generator G − θIX . We apply (1.18) to this modified
semigroup:

exp (−θt)Ttx − x = (G − θIX)
∫ t

0

exp (−θτ)Tτx dτ.

Suppose Re (θ) > k > wT ; as t → ∞, the left side tends to −x. The integral on
the right tends to LT (θ)x; since G is a closed operator, we conclude

x = (θIX − G) ◦ LT (θ)x.

This shows that LT (θ) is a right inverse of (θIX − G). To deduce from this that
LT (θ) is the inverse of θIX − G, we use (1.19) instead of (1.18). �

1.2.4 Let X be a Banach space and let A be an operator in X . In the case
when A is bounded, it is easy to construct a C0-semigroup T = (Tt)t≥0 such that
A becomes a generator of T , namely:

Tt := exp(tA) =
∞∑

n=0

tn

n!
An (t ∈ R+). (1.21)

If the operator A is unbounded, the sum on the right-hand side of (1.21) does not
exist. Another problem arises because A should satisfy some additional properties
listed in Theorem 1.2.2 to be a generator of a C0-semigroup.

We show how to reconstruct T = (Tt)t≥0 from its generator in the case when
T consists of contractions, i.e., ‖Tt‖ ≤ 1 for all t ≥ 0.
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Theorem 1.2.3 (Hille–Yosida). The generator G of a C0-semigroup T of contrac-
tions in a Banach space X has every real λ > 0 in its resolvent set, and

‖Rλ(G)‖ = ‖(λIX − G)−1‖ ≤ λ−1 (∀λ > 0). (1.22)

Conversely, every densely defined operator G in X, whose resolvent set includes
the positive reals and satisfies (1.22), is the generator of a C0-semigroup of con-
tractions.

Proof. The first part is a restatement of (1.20).
We give Yosida’s proof of the second part. It is based on approximating G

by Gn = n G ◦ Rn(G) and letting n → ∞. The identity

Gn = n2Rn(G) − nIX (n ∈ N) (1.23)

shows that Gn is a bounded operator. We approximate Tt by etGn , where the
exponential is defined as the infinite series in (1.21). We show first: if (1.22) holds,
then, for all x in X ,

lim
n→∞

n Rn(G)x = x. (1.24)

We use the identity n Rn(G) − IX = Rn(G) ◦ G and inequality (1.22) to deduce
that

‖n Rn(G)x − x‖ = ‖Rn(G) ◦ Gx‖
≤ n−1‖Gx‖ (∀x ∈ D(G)).

This proves (1.24) for x ∈ D(G). Since, by (1.22), ‖n Rn(G)‖ ≤ 1 for all n ∈ N,
and since D(G) is dense in X , it follows that (1.24) holds for all x ∈ X .

Next we show that

lim
n→∞

Gnx = Gx (∀x ∈ D(G)). (1.25)

By the definition of Gn,

Gnx = n G ◦ Rn(G)x = n Rn(G) ◦ Gx (∀x ∈ D(G)),

so (1.25) follows from (1.24). Using formula (1.23), we obtain

etGn = e−nten2t Rn(G) = e−nt
∞∑
0

(n2t)m

m!
Rm

n (G).

Using (1.22), we deduce that each etGn is a contraction:

‖etGn‖ ≤ e−nt
∑ (n2t)m

m!
1

nm
= e−ntent = 1. (1.26)
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To estimate the difference of etGn and etGk , we use the fact that etGk and etGn

commute with Gn and Gk:

d

dt
[e(s−t)Gn ◦ etGk (x)] = e(s−t)Gn ◦ etGk ◦ (Gk − Gn) (x) (∀x ∈ X).

Using (1.26), we get

‖ d

dt
[e(s−t)Gn ◦ etGk (x)]‖ ≤ ‖Gk − Gn‖.

Integrating d
dt [e

(s−t)Gn ◦ etGk (x)] with respect to t from 0 to s, we deduce from
this inequality

‖esGnx − esGkx‖ ≤ s ‖Gnx − Gkx‖ (∀x ∈ X) . (1.27)

Combining (1.25) and (1.27), we deduce that for all x in D(G) the limit

lim
n→∞

esGn x = Tsx (1.28)

exists uniformly on every compact interval. It follows from the uniform bounded-
ness of (etGn)∞n=1 for any t ≥ 0 that the limit in (1.28) exists for all x ∈ X . It
follows directly that since (esGn)s≥0 is a semigroup, so is T = (Ts)s≥0. Since the
convergence in (1.28) is uniform on every compact interval [0, t], strong continuity
of the semigroup (esGn)s≥0 implies strong continuity of T . Since, by (1.26), each
esGn is a contraction, so is their strong limit T .

It remains to show that the generator of T is G. Apply (1.20) to etGn :

etGn x − x =
∫ t

0

esGn ◦ Gn x ds .

Suppose that x ∈ D(G) and let n → ∞. So we get, using (1.25), that

Ttx − x =
∫ t

0

Ts ◦ Gxds (∀x ∈ D(G)).

Denote by P the generator of T . Dividing the above equation by t and letting
t → 0, we conclude that D(P ) includes D(G) and P = G on D(G). Thus P is an
extension of G. By Theorem 1.2.2, any λ > 0 belongs to the resolvent set of both
G and P . Hence P cannot be a proper extension of G and so P = G. �

We give without proof the general case of Theorem 1.2.3 which is due to
Feller, Miyadera, and Phillips.

Theorem 1.2.4. Let G be an operator in a Banach space X, and let w, M ∈ R,
M ≥ 1. Then the following conditions are equivalent:

(i) G is a generator of a C0-semigroup (Tt)t≥0 satisfying ‖Tt‖ ≤ M exp(wt) for
all t ≥ 0;
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(ii) G is a closed densely defined operator such that every θ > w belongs to the
resolvent set of G and

‖(θ − w)n Rn
θ (G)‖ ≤ M (∀n ∈ N);

(iii) G is a closed densely defined operator such that every θ ∈ C satisfying
Re (θ) > w belongs to the resolvent set of G and

‖Rn
θ (G)‖ ≤ M · |Re (θ) − w|−n (∀n ∈ N). �

1.2.5 In many situations, the right-hand side of an ACP is given as a sum of
several terms. Sometimes it is easy to find the solution of this ACP for each single
term in the right-hand side, and the question arises how we can combine these
solutions to get the solution of the initial ACP. On the language of C0-semigroups,
this question should be formulated as follows:
Question 1.2.5. Let G be the generator of a C0-semigroup in a Banach space X
and let F be an operator X ⊇ D(F ) :→ X . Under what conditions is the sum
G + F the generator of some C0-semigroup?

This question leads to the deep perturbation theory of C0-semigroups. Here
we mention without proof one result of this theory. For a bounded operator F ,
the answer to the question above is not very difficult and is given by the following
theorem.

Theorem 1.2.6. Let G be the generator of a C0-semigroup T = (Tt)t≥0 in a Banach
space X and F ∈ L(X). Then the operator A = G + F : D(G) :→ X is the
generator of another C0-semigroup S = (St)t≥0 in X. Moreover

St = Tt +
∫ t

0

Tt−τ ◦ F ◦ Sτ dτ (∀t ≥ 0), (1.29)

where the integral is taken with respect to the strong operator topology on L(X). �
The concrete form of this new C0-semigroup is given by the following recur-

rent Dyson–Phillips formula:

St =
∞∑

n=0

Sn(t), where S0(t) = Tt & Sn+1(t) =
∫ t

0

Tt−τ ◦ F ◦ Sn(τ) dτ .

Here, the infinite sum is taken in the operator norm on L(X), and the integral is
defined with respect to the strong operator topology.

The proof of the following corollary is based on the Dyson–Phillips formula,
on (1.29), and on Proposition 1.2.17 in 1.2.18.

Corollary 1.2.7. Let (Tt)t≥0 be a C0-semigroup in a Banach space X with the
generator G and let K be a compact operator in X. Then G + K is the generator
of some C0-semigroup (St)t≥0 and the operator Tt−St is compact for all t ≥ 0. �
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1.2.6 If the generator G of a C0-semigroup T = (Tt)t≥0 is a bounded operator,
T is the exponential of G:

Tt = etG =
∞∑

n=0

tn

n!
Gn (t ≥ 0). (1.30)

Indeed, if two C0-semigroups T and (etG)t≥0 have the same generator G, then,
according to 1.2.14, they coincide. In this special case, by the spectral mapping
theorem,

σ(Tt) = etσ(G) (t ≥ 0). (1.31)

When G is unbounded, the representation (1.30) is no longer true. The question
is: does (1.31) hold? In one direction, the answer is yes, and it is given by the
following theorem which is due to Phillips.

Theorem 1.2.8 (Phillips). Let T = (Tt)t≥0 be a C0-semigroup with the generator
G in a Banach space X, then

etσ(G) ⊆ σ(Tt) (∀t ≥ 0). (1.32)

Proof. The operators Tt and Rζ(G) commute for any t ≥ 0 and ζ in the resolvent
set of G. Adjoin to this family of operators their resolvents, and denote by A the
closure in the uniform topology of the algebra generated by these operators. Then
A is a commutative Banach algebra, and the spectrum of Tt and Rζ(G) in L(X)
is the same as their spectrum as elements of A.

Let ζ > wT be fixed. We denote by {V(t)}t≥0 the following one-parameter
family of operators

V(t) = Rζ(G) ◦ Tt. (1.33)

The family V(t) depends continuously on t in the strong operator topology. Indeed,
combine (1.15) with (1.33):

V(t)x =
∫ ∞

0

Ts e−ζsTtx ds

=
∫ ∞

0

e−ζsTs+tx ds

= eζt

∫ ∞

t

e−ζrTrx dr .

From this, it is easy to see that V(t) depends continuously on t in the norm-
topology on L(X). Since T commutes with Rζ(G), it follows from (1.33) that

Rζ(G) ◦ V(t + s) = V(t) ◦ V(s). (1.34)

By 1.2.11,
σ(Rζ(G)) = (ζ − σ(G))−1. (1.35)
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According to Gelfand’s theory (see [105]),

σ(Rζ(G)) = {h(Rζ(G)) : h is a homomorphism from A to C }.

Combining this with (1.35), we conclude that for every γ ∈ σ(G) there is h ∈
HomC(A) such that

h(Rζ(G)) = (ζ − γ)−1. (1.36)

Let h act on (1.34), then

h(Rζ(G) ◦ V(t + s)) = h(V(t)) · h(V(s)). (1.37)

It follows from (1.36) that h(Rζ(G)) �= 0. We define

m(t) =
h(V(t))

h(Rζ(G))
(1.38)

and rewrite (1.37) as
m(t + s) = m(t) · m(s). (1.39)

We have shown above that V(t) is a continuous function of t in the uniform topol-
ogy; the homomorphisms are continuous in the uniform topology. Combining these,
we conclude that h(V(t)) and, therefore, m(t), are continuous functions from R
to C. It is well known that all non-trivial continuous solutions of (1.39) are of the
form

m(t) = ekt (∀t ≥ 0). (1.40)

Apply h to (1.33) to get

h(V(t)) = h(Rζ(G)) · h(Tt);

combining with (1.38) and (1.40) gives

h(Tt) = ekt (∀t ≥ 0). (1.41)

Now multiply (1.15) by Rζ(G):

Rζ(G)2x =
∫ ∞

0

e−ζsRζ(G) ◦ Ts x ds.

As shown above, Rζ(G) ◦ Ts is continuous in the uniform topology; therefore, the
integral above exists in the norm topology on L(X),

Rζ(G)2 =
∫ ∞

0

e−ζsRζ(G) ◦ Ts ds.
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Apply h to both sides and use (1.41):

h(Rζ(G))2 =
∫ ∞

0

e−ζsh(Rζ(G)) · h(Ts) ds

= h(Rζ(G))
∫ ∞

0

e−ζseks ds

=
h(Rζ(G))

ζ − k
.

Hence
h(Rζ(G)) = (ζ − k)−1.

Comparing with (1.36), we conclude that k = γ. Setting this into (1.41) gives

h(Tt) = eγt. (1.42)

According to Gelfand’s theory, h(Tt) ∈ σ(Tt). Since γ is any point in σ(G), we
conclude from (1.42) that σ(Tt) contains etσ(G), as asserted in (1.32). �

1.2.7 The classical Liapunov stability theorem says that, for a well-posed ACP,

du

dt
= Au (t ∈ R+), u(0) = f,

in a finite-dimensional Banach space X , the following conditions are equivalent:

(i) Re (θ) < 0 for all θ ∈ σ(A);

(ii) ‖u(t, f)‖ → 0 as t → ∞ for the solution u of the ACP.

Moreover, if these conditions hold, then ‖u(t, f)‖ → 0 exponentially.
This theorem can be formulated in the language of C0-semigroups in the

following equivalent way.

Theorem 1.2.9 (Liapunov). Let (Tt)t≥0 be a C0-semigroup in a finite-dimensional
Banach space X with the generator A. Then the following conditions are equivalent:

(i) Re (θ) < 0 for all θ ∈ σ(A) ;

(ii) lim
t→∞

‖Ttx‖ = 0 for all x ∈ X .

The proof of this theorem is elementary and involves the Jordan decomposi-
tion of the matrix A. This theorem can be easily extended for uniformly continuous
C0-semigroups in any Banach space, if we replace the condition (ii) by

(ii)′ lim
t→∞

‖Tt‖ = 0 .
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1.2.8 In general, the conditions (i) and (ii) are not equivalent, and the following
principal question arises:

Under which additional conditions on a Banach space or on a C0-semigroup we
can provide the condition (ii)?

This question is of great importance in the analysis of asymptotic behavior
of solutions of ACP. A very important contribution in the investigation of this
question was made by Lyubich and Phòng [82], and independently, by Arendt and
Batty [11]. We follow the Lyubich–Phòng approach to this result and its proof.
We begin with the following lemma (see [82]).

Lemma 1.2.10. Let (Ut)t≥0 be a C0-semigroup of isometries in a Banach space X
with the generator S. If Re (λ) < 0, then

‖Sx − λx‖ ≥ |Re (λ)| · ‖x‖ (1.43)

for all x ∈ D(S). Moreover, if σ(S) ∩ iR �= iR then σ(S) ⊆ iR.

Proof. Let x ∈ D(S). We consider the X-valued function u(t) = e−λtUt x, t ≥ 0,
then

‖u(t)‖ = exp (|Re (λ)| t) · ‖x‖. (1.44)

On the other hand,

u(t) = x +
∫ t

0

du(τ)
dτ

dτ = x +
∫ t

0

e−λτUτ (Sx − λx) dτ.

Therefore,

‖u(t)‖ ≤ ‖x‖ +
exp (|Re (λ)| t) − 1

|Re (λ)| · ‖Sx − λx‖. (1.45)

Comparing (1.44) and (1.45), we get (1.43).
Let σ(S) ∩ iR �= iR. For every λ ∈ C, Re(λ) < 0, denote

Qλ = (λI − S) : D(S) → X .

The operator Qλ has the closed range

Zλ := Qλ(D(S)) ⊆ X .

Indeed, if yn = Qλxn → y ∈ X , then, by (1.43), (xn)∞n=1 is a Cauchy sequence
and therefore xn → x ∈ X . Since Qλ is a closed operator, x belongs to its domain
and y = Qλx ∈ Zλ.

Since σ(S) is closed (by Exercise 1.2.14) and σ(S) ∩ iR �= iR, there exists

λ0 ∈ C \ σ(S)

such that Re(λ0) < 0. Thus the operator Qλ0 is invertible and therefore Zλ0 = X .
If Zλ1 �= Zλ0 = X for some λ1 �= λ0 in the left half-plane {Reλ < 0}, then there
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is y ∈ X = Zλ0 such that ‖y‖ = 1 and dist(y, Zλ1) > 1/2. Take x ∈ X satisfying
y = Qλ0x = (λ0I − S)x and denote u := Qλ1x = (λ1I − S)x ∈ Zλ1 . By (1.43),

1/2 < ‖y − u‖ = |λ0 − λ1| · ‖x‖ ≤ |λ0 − λ1| · |Re(λ0)|−1 · ‖(λ0I − S)x‖
= |λ0 − λ1| · |Re(λ0)|−1 .

This inequality shows that there exists an open neighborhood W of λ0 such that
Zλ1 = X for every λ1 ∈ W . Hence Zλ = X for all λ in the left half-plane
{Reλ < 0}, and λI − S is invertible for all λ, Reλ < 0. Since, by Theorem 1.2.2,
λI − S is already invertible for all λ, Reλ > 0, then σ(S) ⊆ iR. �
Theorem 1.2.11 (Lyubich–Phòng). Let G be the generator of a bounded C0-semi-
group (Tt)t≥0 in a Banach space X. If the intersection of the spectrum of G with the
imaginary axis is at most countable and the adjoint operator G∗ has no imaginary
eigenvalues, then a solution uf of the ACP

du

dt
= Gu (t ≥ 0), u(0) = f,

satisfies lim
t→∞

‖uf(t)‖ = 0 for all f ∈ D(G).

Proof. We assume without loss of generality that the semigroup (Tt)t≥0 consists
of contractions. Then the function ‖Ttx‖ : R+ → R+ is non-increasing for each
fixed x, and hence the following limit exists:

l(x) = lim
t→∞

‖Ttx‖ (x ∈ X).

The function l : X → R+ is, obviously, a seminorm in X satisfying l(x) ≤ ‖x‖.
We have to show that l(x) ≡ 0. For this, we consider the subspace L = ker(l)
and suppose, on the contrary, that L �= X . In the quotient space X̃ = X/L,
the seminorm l generates the norm l̃, and the semigroup (Tt)t≥0 acts in X̃ in
the natural way, because L is Tt-invariant for all t ≥ 0. Since l(Tsx) = l(x),
x ∈ X , the corresponding operators Tt : X̃ → X̃ are isometries. Moreover, the
semigroup (Tt)t≥0 is strongly continuous, because the seminorm l is dominated by
the original norm in X . Denote by the same symbol (Tt)t≥0 the unique extension
of this C0-semigroup onto the norm completion Y of (X̃, l̃). Let S be the generator
of (Tt)t≥0.

We show σ(S) ⊆ σ(G). Let µ �∈ σ(G). Since

l(Rλ(G)x) = lim
t→∞

‖Rλ(G) ◦ Tt x‖ ≤ ‖Rλ(G)‖ · l(x) (λ �∈ σ(G)),

the resolvent Rλ(G) has a natural extension to a bounded operator Rλ(G) in Y .
If Re(λ) > 0, then, according to Theorem 1.2.2,

Rλ(G)x =
∫ ∞

0

e−λtTtx dt (x ∈ X).
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This implies

Rλ(G) x̂ =
∫ ∞

0

e−λtTt x̂ dt (x̂ ∈ Y ).

Therefore Rλ(G) coincides with the resolvent Rλ(S) for all λ, Re(λ) > 0. Now, by
the resolvent identity

Rµ(G) − Rλ(G) = (λ − µ) · Rλ(G) ◦ Rµ(G) (∀λ �∈ σ(G)),

we obtain

Rµ(G) − Rλ(S) = (λ − µ) · Rλ(S) ◦ Rµ(G) (Re(λ) > 0).

Therefore, Im(Rµ(G)) ⊆ D(S) and

(λIY − S) ◦ Rµ(G) = IY + (λ − µ) · Rµ(G) (Re(λ) > 0) .

From this, after excluding λ, we get

(µIY − S) ◦ Rµ(G) = IY .

Analogously, we get
Rµ(G) ◦ (µID(S) − S) = ID(S) .

Thus µ �∈ σ(S), and the resolvent Rµ(S) of S coincides with Rµ(G) on C \ σ(G).
It follows from σ(S) ⊆ σ(G) that the intersection σ(S) ∩ iR is at most

countable. Since S is the generator of C0-semigroups of isometries satisfying

σ(S) ∩ iR �= iR ,

it follows from Lemma 1.2.10 that σ(S) ⊆ iR. Moreover, σ(S) �= ∅ since S is the
generator of a group of isometries. Thus σ(S) is a non-empty, at most countable,
closed subset of iR. Therefore, it contains an isolated point iω ∈ iR. The Riesz
projection P �= 0 corresponding to {iω} commutes with S and with all Tt.

The subspace Ω = Im(P ) is invariant for S and for all Tt, and the correspond-
ing C0-semigroup of isometries Uω(t) = Tt|Ω in Ω is generated by the bounded
operator Sω = S|Ω with the spectrum σ(Sω) = {iω}, and therefore (Uω(t))t≥0 is
uniformly continuous.

The spectral mapping theorem for uniformly continuous semigroups (see
Theorem 1.2.18) implies that σ(Uω(t)) = eitω for all t ≥ 0. According to The-
orem 1.1.21, Uω(t) = eitωIΩ for all t ≥ 0, and hence Sω = iωIΩ. Therefore, Ω is an
eigenspace of S corresponding to the eigenvalue iω. Then every linear functional
h ∈ Im(P ∗), h �= 0, is an eigenfunctional for S∗ with the same eigenvalue. We
extend h to the whole of X by using the homomorphisms X → X̃ → Y . We get a
nonzero functional f ∈ X∗ which is an eigenfunctional for G∗ with the eigenvalue
iω; a contradiction. �
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1.2.9 Theorem 1.2.11 is more known in the following equivalent form, in which
it was stated independently by Arendt and Batty [11].

Theorem 1.2.12 (Arendt–Batty–Lyubich–Phòng). Let G be the generator of a
bounded C0-semigroup (Tt)t≥0 in a Banach space X. If σ(G)∩iR is at most count-
able and the adjoint operator G∗ has no imaginary eigenvalues, then lim

t→∞
‖Ttx‖ =

0 for all x ∈ X. �
Since in a reflexive Banach space the point spectrum σp(G) of G coincides

with σp(G∗), the condition σp(G∗) ∩ iR = ∅ in the reflexive case can be replaced
by the more simple condition σp(G) ∩ iR = ∅.

Another result of such type, which can be obtained from Theorem 1.2.12, is
the following condition for the almost periodicity of a C0-semigroup [83].

Theorem 1.2.13 (Lyubich–Phòng). Let G be the generator of a bounded C0-semi-
group T = (Tt)t≥0 such that σ(G)∩ iR is at most countable, and the C0-semigroup
(e−λTt)t≥0 is mean ergodic for every λ ∈ σ(G) ∩ iR. Then the semigroup T is
almost periodic. �

Related Results and Notes

1.2.10 Let us give several examples of ACP. They come from the following
PDE:

a) the heat equation ut = ∆u ;

b) the wave equation utt = ∆u ;

c) the Schrödinger equation ut = −i∆ u .

The wave equation can be written as ACP if we reduce it to a first order system,
namely set

v =
[

v1

v2

]
=

[
u

ut

]
, A =

[
0 Id

∆ 0

]
.

Then the heat equation is equivalent to ACP: vt = Av on a space of pairs of
functions.

1.2.11 Establish the following properties of an operator.
Exercise 1.2.14. Let G : D(G) → X be a linear operator in a Banach space X .
Show that if σ(G) �= C, then G is closed. Show that the spectrum σ(G) of any
closed operator G is a closed set. Show that

σ(Rζ(G)) = (ζ − σ(G))−1

for all ζ in the resolvent set of G. Construct an example of a densely defined closed
operator whose spectrum is empty.



38 Chapter 1. Elementary theory of one-parameter semigroups

1.2.12 The strong continuity of a semigroup T = (Tt)t≥0 in a Banach space X
is equivalent to the strong continuity at 0 and equivalent to the weak continuity at
0. We prove only the first equivalence and refer the reader to a little bit technical
proof of the second to Hille–Phillips [57], or Yosida [130]. Let limt→0 Ttx = x for
all x ∈ X .

First we show that T is uniformly bounded on every compact interval [0, α].
Since T is a semigroup, it is enough to show that the set {‖Tt‖ : 0 ≤ t ≤ α}
is bounded for some α > 0. Assume that it is not true. Then there exists a
sequence (tn)∞n=1 of positive reals convergent to 0 such that ‖Ttn‖ → ∞. Then,
by the uniform boundedness principle, supn ‖Ttnx‖ = ∞ for some x ∈ X , which
contradicts the strong continuity of T at 0.

For a given x ∈ X , take a real t > 0. Then the right continuity at t follows
from

lim
s→0+

‖Tt+sx − Ttx‖ ≤ ‖Tt‖ · lim
s→0+

‖Tsx − x‖ = 0.

If −t ≤ s ≤ 0, then the inequality

‖Tt+sx − Ttx‖ ≤ ‖Tt+s‖ · ‖T−sx − x‖

shows the left continuity, since ‖Tt‖ is bounded on [0, t].

1.2.13 Now we show that the number wT defined in (1.14) is finite for any
C0-semigroup T . Take α > 0 then, as it was shown in the previous subsection, T
is bounded in the norm on the interval [0, α] by some constant, say β. Any t ≥ 0
can be decomposed as t = nα + ϑ, 0 ≤ ϑ < α. Then Tt = T n

α ◦ Tϑ, and

‖Tt‖ ≤ ‖Tα‖n‖Tϑ‖ ≤ βn+1 ≤ β exp(kt),

where k = α−1 ln β. Thus wT ≤ k < ∞.

1.2.14 Show that the generator G of a C0-semigroup T determines T uniquely.
Hint: Let G be the generator of another C0-semigroup S. Fix q > 0, and consider the map

t → Ψx(t) := Tq−t ◦ St (x) (0 ≤ t ≤ q ; x ∈ D(G)).

Prove that dΨx
dt

(t) = 0 for all 0 ≤ t ≤ q and x ∈ D(G). Then use Ψx(0) = Tqx, Ψx(q) = Sqx,

and the density of D(G).

Show that if T = (Tt)t≥0 is a C0-semigroup of isometries and σ(G) ⊆ iR,
where G is the generator of T , then T can be extended to the group of isometries
and σ(G) �= ∅.
Hint: Use Theorem 1.2.3
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1.2.15 Another type of continuity of a C0-semigroup T = (Tt)t≥0 is the uniform
continuity, i.e., the continuity with respect to the operator norm:

lim
s→t

‖Ts − Tt‖ = 0 (∀t ≥ 0).

Uniform continuity of T is equivalent to uniform continuity at 0: lims→0 ‖Ts−I‖ =
0. The proof of this easy fact is left to the reader as an exercise. Another simple
exercise is to prove the following proposition.

Proposition 1.2.15. Let G be the generator of a C0-semigroup T in a Banach space
X. Then the following conditions are equivalent:

(i) G is a bounded operator in X ;

(ii) T is uniformly continuous. �
A C0-semigroup T = (Tt)t≥0 is called uniformly mean ergodic if lim

n→∞
AT

t

exists in the operator norm. Let T = (Tt)t≥0 be a C0-semigroup with the generator
G. Show that T is uniformly mean ergodic iff 0 �∈ σ(G) or 0 is a first-order pole of
Rλ(G).The following characterization of uniformly mean ergodic C0-semigroups,
which is similar to Theorem 1.1.33, is due to Shaw [115, Thm.4].

Theorem 1.2.16 (Shaw). Let T = (Tt)t≥0 be a C0-semigroup in X with the gen-
erator A such that the Laplace transform LT (θ)x exists for all x ∈ X and for all
θ ∈ C, Re(θ) > 0. Then the following conditions are equivalent:

(i) T is uniformly mean ergodic;

(ii) lim
t→∞

t−1‖Tt ◦ R1(A)‖ = 0 and (IX − R1(A)) is closed. �

1.2.16 One more proof of Theorem 1.2.3, which is due to Hille, is based on the
approximation by

Wn(t) =
(n

t
Rn

t
(G)

)n

(n ∈ N, t ≥ 0).

We leave the verification of the following properties to the reader:

(i) each Wn(t) is a contraction;

(ii) Wn(t) converges strongly to a semigroup whose generator is G.

1.2.17 Let X be an L1-space and let G be a densely defined operator D(X) →
X whose resolvent Rλ(G) exists for all λ > 0 and satisfies (1.22).

Show that if λRλ(G) is a Markov operator on X for all λ > 0, then the
C0-semigroup generated by G according to the Hille–Yosida theorem consists of
Markov operators (see the definition of Markov operator in L1-space in 3.1.3). Is
it possible to replace the condition that λRλ(G) is a Markov operator for all λ > 0
by the formally weaker one that λRλ(G) is a Markov operator for some λ > 0?
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1.2.18 Prove the following property of the vector-valued Riemann integral with
respect to the strong operator topology.

Proposition 1.2.17. If a function φ : [0, 1] → L(X) is continuous with respect to
the strong operator topology on L(X) and φ(t) is compact for all t ∈ [0, 1], then
the operator

∫ 1

0 φ(t) dt is compact. �

1.2.19 The inclusion in (1.32) is proper in some cases. However, in the uni-
formly continuous case, we have the equality.

Theorem 1.2.18 (Phillips). Let (Tt)t≥0 be a C0-semigroup with the generator G.
Suppose that there exists a t0 > 0 such that Tt is uniformly continuous for all
t ≥ t0. Then σ(Tt) = etσ(G) for all t ≥ t0.

Proof. In the notation of Theorem 1.2.8, the spectrum of Tt is the set {h(Tt) : h ∈
HomC(A)}. Applying h to Ts+t = Ts ◦ Tt, we get h(Ts+t) = h(Ts) · h(Tt). Since Tt

is assumed uniformly continuous for t ≥ t0, it follows from the definition that the
map t → h(Tt) is continuous for t ≥ t0. The non-trivial solutions of the functional
equation above are the exponentials h(Tt) = eνt. The rest of the proof proceeds
as that of Theorem 1.2.8. �

1.2.20 It is easy to show that if γ is an eigenvalue of G, then etγ is an eigenvalue
of Tt for each t ≥ 0. To see this, let u be a corresponding eigenvector: Gu = γu.
Then

d

dt
e−γtTt u = e−γtTt ◦ (G − γIX)u = 0 (t ≥ 0),

which means that e−γtTt u = u. Since e−γ0T0 u = u, then e−γtTt u = u identically.
This shows that eγt is an eigenvalue of Tt for all t ≥ 0.

1.2.21 We consider the question of the transpose of a semigroup and of its
generator.

Theorem 1.2.19. Let X be a reflexive Banach space and let (Tt)t≥0 be a C0-
semigroup in X. Then the transpose semigroup T ∗

t≥0 in X is likewise a C0-
semigroup in X∗, whose generator is the transpose of the generator of (Tt)t≥0.

Proof. By definition of the transpose,

〈Ttx, f〉 = 〈x, Tt
∗f〉 (x ∈ X , f ∈ X∗).

From this and reflexivity of X , we deduce that (T ∗
t )t≥0 is weakly sequentially

continuous. But then, by 1.2.12, (T ∗
t )t≥0 is strongly continuous.

We leave the proof of the statement of the theorem about the generator of
(T ∗

t )t≥0 to the reader. �
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1.2.22 Prove the following theorem.

Theorem 1.2.20. Let (Tt)t≥0 be a uniformly continuous C0-semigroup in a Banach
space X with the generator G. Then the following conditions are equivalent:

(a) Re (θ) < 0 for all θ ∈ σ(A) ;

(b) lim
t→∞

‖Tt‖ = 0 . �

1.2.23 The following stability result of Phòng [96] can be derived from Theorem
1.2.12, but we prefer to give its direct proof according to [96].

Theorem 1.2.21 (Phòng). Let T = (Tt)t≥0 be a bounded C0-semigroup in a Banach
space X with the generator G. Assume that there is t0 > 0 such that Tt0 commutes
with a compact operator with dense range. Then lim

t→∞
‖Ttx‖ = 0 for all x ∈ X if

and only if σp(G) ∩ iR = ∅. �
Theorem 1.2.21 follows from the more general Theorem 1.2.22. First of all,

we need a definition. Let S = (St)t≥0 be another bounded C0-semigroup in a
Banach space Y . We say that an operator C : Y → X intertwines T with S if
Tt ◦ C = C ◦ St for all t ≥ 0.

Theorem 1.2.22 (Phòng). Let T = (Tt)t≥0 be a bounded C0-semigroup in a Banach
space X with the generator G, and let S = (St)t≥0 be a bounded C0-semigroup in
a Banach space Y . Assume that there exists an operator C : Y → X with dense
range, which intertwines T with S, and assume that there is t0 > 0 such that St0

commutes with a compact operator with dense range. Then lim
t→∞

‖Ttx‖ = 0 for all

x ∈ X if and only if σp(G) ∩ iR = ∅.
Proof. The proof of the “only if” part is obvious. The proof of the “if” part is an
application of Theorem 1.1.4, which implies that if T is almost periodic, then, for
the condition lim

t→∞
‖Ttx‖ = 0 for all x ∈ X , it is enough to have σp(G) ∩ iR = ∅.

Indeed, suppose that T is almost periodic, then

Xr(T ) = span{x ∈ X : ∃ a character α : R+ → Γ s.t. ∀t ∈ R+ Ttx = α(t)x} ,

according to Theorem 1.1.4, (1.1) . If Xr(T ) �= {0}, then there exist 0 �= x ∈ X
and a character α : R+ → Γ satisfying Ttx = α(t)x for all t ≥ 0. Since T is a C0-
semigroup, α(t) is a continuous function satisfying the equality α(t+s) = α(t)·α(s)
for all t, s ≥ 0. Thus α(t) = ekt for an appropriate k ∈ iR. Then k belongs to
σp(G) ∩ iR and corresponds to the eigenvector x, a contradiction. This remark
reduces the proof of our theorem to the proof of almost periodicity of T .

Now, since Tt ◦ C = C ◦ St for all t ≥ 0, and St0 ◦ K = K ◦ St0 for some
compact K : Y → Y , it follows that Tt0 ◦ C ◦ K = C ◦ K ◦ St0 , and hence
Tnt0 ◦C ◦K = C ◦K ◦Snt0 for all n = 0, 1, 2, . . ., and hence {Tt x}t≥0 is relatively
compact for every x ∈ C ◦ K (Y ). Since C and K have dense ranges, C ◦ K (Y )
is dense in X , and since T is a bounded semigroup, it follows that {Tt x}t≥0 is
relatively compact for each x in X , i.e., T is almost periodic. �
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Results analogous to Theorems 1.2.21 and 1.2.22 also hold for a discrete
one-parameter semigroup generated by a single operator T .

Theorem 1.2.23 (Phòng). Let T be a power bounded operator in a Banach space X
and let S be a power bounded operator in a Banach space Y . Assume that: (i) there
exists an operator C : Y → X with dense range such that T ◦C = C ◦S; and (ii) S
commutes with some compact operator with dense range. Then lim

n→∞
‖T nx‖ = 0 for

all x ∈ X if and only if σp(T )∩Γ = ∅, where Γ is the unit circle in C. In particular,
if T commutes with a compact operator with dense range and σp(T )∩ Γ = ∅, then
lim

n→∞
‖T nx‖ = 0 for all x ∈ X. �

1.2.24 There are discrete versions of Theorems 1.2.12 and 1.2.13, which are
due to Lyubich and Phòng [83] (see also [73]).

Theorem 1.2.24 (Lyubich–Phòng). Let T be a power bounded operator in a Banach
space X such that σ(T ) ∩ Γ is at most countable, where Γ := {λ ∈ C : |λ| = 1},
and λ−1 · T is mean ergodic for every λ ∈ Γ. Then T is almost periodic. �

Theorem 1.2.25 (Lyubich–Phòng). Let T be a power bounded operator in a Banach
space X such that σ(T ) ∩ Γ is at most countable and let σ(T ∗) ∩ Γ = ∅. Then
lim

n→∞
‖T nx‖ = 0 for all x ∈ X. �

1.2.25 Let us mention only a few results concerning the so-called individual
behavior of orbits of one-parameter semigroups. This area of research is quite
recent and promises to be very productive. One of the oldest and, probably, most
famous result here is the following theorem, which is due to Datko [22].

Theorem 1.2.26 (Datko). A C0-semigroup T = (Tt)t≥0 in a Banach space X is
uniformly exponentially stable (i.e., the constant ω(T ) which is defined in (1.14)
strictly less then 1 ) if and only if all functions Ttx : R+ → X (for all x ∈ X)
belong to Lp(R+, X) for some fixed p, 1 ≤ p < ∞. �

We mention also the result, which is due to Müller [86] and van Neerven
[88], about the individual behavior of orbits of a single operator. Its analogue for
C0-semigroups is obvious.

Theorem 1.2.27 (Müller–van Neerven). Let T be a power bounded operator with
the spectral radius r(T ) = 1 in a Banach space X. Then, for any ε > 0 and positive
sequence (αn)∞n=1 in c0 with supn αn = 1, there exists x ∈ X, ‖x‖ = 1, satisfying
‖T kx‖ ≥ (1 − ε)αk for all k. �

For other interesting results related to this topic, we refer to [90], and [123].
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1.3 Constrictive and quasi-constrictive semigroups

This section is devoted to one-parameter operator semigroups in arbitrary Banach
spaces, such that their asymptotic behavior is, in some reasonable sense, finite-
dimensional. In the investigation of such semigroups, the methods of linear algebra
can be applied in various ways. Such semigroups appear often in different appli-
cations and henceforth their study is well motivated. We give some examples and
refer for others to the Lasota–Mackey book [71]. We begin with the notion of a
constrictor of an operator semigroup, and then investigate semigroups possessing
compact or quasi-compact constrictors.

1.3.1 Let X be a Banach space with a norm ‖ · ‖. We denote by BX the closed
unit ball of X , and by dist(y, A) the distance from y ∈ X to a subset A of X . Let
T = (Tt)t∈J be a one-parameter operator semigroup in X .

Definition 1.3.1. We call a subset A ⊆ X a constrictor for T if

lim
t→∞

dist(Ttx, A) = 0

for each x ∈ BX .

Of course, the notion of constrictor depends on the choice of a norm in X .
We denote the set of all constrictors for T by Constr‖·‖(T ) or, simply, Constr(T ),
if the norm in X is fixed.

In the discrete case, we say that A is a constrictor for an operator T if A is
a constrictor for the semigroup (T n)∞n=0, and we write A ∈ Constr‖·‖(T ) instead

of A ∈ Constr‖·‖
(
(T n)∞n=0

)
.

Lemma 1.3.2. If T possesses a (weakly) compact constrictor, then T is (weakly)
almost periodic.

Proof. Let A ∈ Constr(T ) be (weakly) compact. Given an element x ∈ BX and
a sequence (tn)∞n=0 in J that converges to ∞, take for any tn an atn ∈ A such
that ‖atn − Ttnx‖ → 0. The sequence (atn)∞n=0 has a (weakly) convergent subse-
quence (asn)∞n=0, since A is (weakly) compact. Then the subsequence (Tsnx)∞n=0

of (Ttnx)∞n=0 is also (weakly) convergent to the same limit. �

1.3.2 The following theorem is due to Lasota, Li, and Yorke [70] for Markov
operators in L1-spaces, and to Phòng [94] (cf. also [97]) and Sine [120] in the
general case.

Theorem 1.3.3 (Lasota–Li–Yorke–Phòng–Sine). Given a one-parameter bounded
semigroup T in a Banach space X, the following assertions are equivalent:

(i) there exists a compact A ∈ Constr‖·‖(T ) ;



44 Chapter 1. Elementary theory of one-parameter semigroups

(ii) there exists a T -reducing decomposition X = X0(T ) ⊕ Xr(T ) with

X0(T ) = {x ∈ X : lim
t→∞

‖Ttx‖ = 0} and dim(Xr(T )) < ∞ .

Proof. (i) ⇒ (ii): The semigroup T is almost periodic by Lemma 1.3.2. Applying
Theorem 1.1.4, obtain the decomposition X := X0(T ) ⊕ Xr(T ) onto T -invariant
subspaces X0(T ) and Xr(T ) such that any x ∈ Xr(T ) is a norm-cluster point of
the orbit {Ttx}t∈J . Thus BXr(T ) ⊆ A. Henceforth BXr(T ) is norm compact and
then dim(X1) < ∞.

(ii) ⇒ (i): Assume that X = X0(T )⊕ Xr(T ) is a T -reducing decomposition
with X0(T ) = {x ∈ X : lim

t→∞
‖Ttx‖ = 0} and Xr(T ), dim(Xr(T )) < ∞. Then

the set MT ‖P‖BXr(T ) is a compact constrictor for T , where MT = sup
t∈J

‖Tt‖, and

P ∈ L(X) is a projection that satisfies P (X) = Xr(T ) and kerP = X0(T ). �
Definition 1.3.4. A one-parameter bounded semigroup T is called constrictive if
T satisfies the conditions of Theorem 1.3.3. An operator T ∈ L(X) is called
constrictive whenever the semigroup (T n)∞n=1 satisfies the same property.

Theorem 1.3.3 shows that constrictive semigroups can be asymptotically in-
vestigated with methods of linear algebra. This remark asserts the importance of
constrictive semigroups. Unfortunately, with exception of several rather special
cases, it is difficult to check whenever a semigroup T is constrictive. Therefore,
the problem arises:

to relax conditions on a semigroup T to be constrictive.
This problem will be central in this and several other sections of our book.
Due to the uniform boundedness principle, any constrictive semigroup is

automatically bounded. For this reason, we mainly consider bounded semigroups.

1.3.3 Let X be a Banach space and let T = (Tt)t∈J be a one-parameter
bounded semigroup in X , then

X0(T ) = {x ∈ X : lim
t→∞

‖Ttx‖ = 0}

is, obviously, a closed T -invariant subspace in X . Whenever X0(T ) possesses a
T -invariant supplement, the semigroup T satisfies the conditions of Theorem 1.3.3
and, henceforth, T is constrictive. This remark is a key to the following definition.

Definition 1.3.5. We call a one-parameter bounded semigroup T quasi-constrictive
if

codimX0(T ) < ∞.

An operator T ∈L(X) is called quasi-constrictive whenever the semigroup (T n)∞n=1

satisfies the same property.

The following result is obvious.
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Proposition 1.3.6. Given a one-parameter bounded semigroup T = (Tt)t∈J . Then
T is quasi-constrictive if and only if the operator Tτ is quasi-constrictive for some
τ ∈ J . �

This proposition allows us to consider in the investigation of one-parameter
quasi-constrictive semigroups the discrete case only.

1.3.4 Before studying quasi-constrictive operators in more detail, let us give
several examples.
Example 1.3.7. Let X := C[0, 1]. Define T : X → X by Tf(t) := tf(t). Then

X0(T ) = {f ∈ C[0, 1] : lim
n→∞

‖T nf‖ = 0} = {f ∈ C[0, 1] : f(1) = 0}

is closed and has co-dimension 1. So T is quasi-constrictive, but it is not constric-
tive, since it has no non-trivial eigenvector.
Example 1.3.8. Let X = c0 with the sup-norm ‖ · ‖. Denote by ek the element of
X , the k-th coordinate of which is equal to 1 and all other coordinates are zero.
Fix α ∈ C and define the operator Sα : X → X ,

Sα(ek) =
{

e1 + α e2 k = 1
ek+1 else .

Set Tα := (I +Sα)/2. Obviously, Tα is power bounded (moreover, it is contractive
if |α| ≤ 1). For k ≥ 2, we have

T n
α (ek) = 2−n

n∑
l=0

(
n

l

)
ek+l.

So ‖T n
α (ek)‖ = 2−n

(
n

[n/2]

)
, where [q] is the integer part of q. But

2−n

(
n

[n/2]

)
∼ 1/

√
π[n/2],

as n → ∞. So T n
α (ek) converges to 0 for all k ≥ 2. On the other hand, ‖T n

α (e1)‖ ≥ 1
for all n. Hence

X0(Tα) := {x ∈ c0 : x0 = 0},
and Tα is quasi-constrictive. Obviously, Tα is constrictive if and only if α = 0.
Example 1.3.9. Consider a generalization of Example 1.3.8. Let 0 �= S ∈ L(X)
be a power bounded operator such that codim((I − S)X) < ∞. Without any
restriction, we may assume ‖S‖ = 1. Take some real α ∈ (0, 1) and consider the
operator Tα := α · I + (1 − α) · S. Theorem 1.1.22 (or the result of Foguel and
Weiss [44, Lm.2.1]) implies

‖T n+1
α − T n

α ‖ = ‖T n
α ◦ (Tα − I)‖ = ‖(1 − α) · T n

α ◦ (I − S)‖ → 0.
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Then (I − S)X ⊆ X0(T ) = {x ∈ X : lim
n→∞

‖T n
α x‖ = 0}, and

codim(X0(T )) ≤ codim((I − S)X) < ∞.

Consequently, Tα is quasi-constrictive.
Example 1.3.10. A Markov operator T in L1(Ω, Σ, µ) is called completely mixing
(see, for example, [67, 8.1]), whenever lim

n→∞
‖T nf‖ = 0 for all f ∈ L1(Ω, Σ, µ)

such that ‖f+‖ = ‖f−‖, where f+(x) = max(f(x), 0) a.e. and f− = (−f)+. Ob-
viously, every completely mixing Markov operator is quasi-constrictive, and it is
constrictive if and only if it possesses a non-trivial fixed vector.
Example 1.3.11. Let T be a quasi-constrictive operator. Let X = X0⊕Y , where Y
is an arbitrary finite-dimensional complement of X0. Let P be a projection from
X onto Y with kernel X0, and define

Q = I − P, U = Q ◦ T ◦ Q, V = Q ◦ T ◦ P, W = P ◦ T ◦ P.

Since X0 is T -invariant, P ◦ T ◦ Q = 0, hence T = U + V + W or, in the matrix
form,

T =
[

U V
0 W

]
.

Then T n is represented by

T n =
[

Un
∑n−1

k=0 Uk ◦ V ◦ Wn−1−k

0 Wn

]
.

Let ρ(S) denote the resolvent set C \ σ(S) of the operator S. Then an easy calcu-
lation shows that, for λ ∈ ρ(U) ∩ ρ(W ),

(λ − T )−1 =
[

(λ − U)−1 (λ − U)−1 ◦ V ◦ (λ − W )−1

0 (λ − W )−1

]
holds. In particular, σ(T ) ⊆ σ(U) ∪ σ(W ). Obviously, T is constrictive if V = 0.

1.3.5 Two problems arise in connection with Theorem 1.3.3. One of them was
mentioned above, and the other one is the following:

Find an appropriate analogue of Theorem 1.3.3 for quasi-constrictive semigroups.

We study these questions in this section. First of all we need a special notion.

Definition 1.3.12. Let A ⊆ X , then the Hausdorff measure of non-compactness
χ‖·‖(A) of A is defined as:

χ‖·‖(A) := inf{α ≥ 0 : A ⊆
p⋃

i=1

B(xi, α); p ∈ N, x1, xp ∈ X},

where B(x, α) denotes the closed ball centered at x with radius α.
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Of course, in general, χ‖·‖(A) depends on the choice of the norm ‖ · ‖, but it
is clear that a set A satisfies χ‖·‖(A) = 0 for 1, and then for any other equivalent
norm on X , if and only if A is conditionally compact. The following example
explains the situation with measure of non-compactness of constrictors.

Example 1.3.13. Let α ≥ 0 and let Tα be defined on c0 as in Example 1.3.8. Then
the operator Tα has a constrictor

Aα := [−e1, e1] + αBX

such that χ‖·‖(Aα) = α; and, for every A ∈ Constr‖·‖(Tα), we have χ‖·‖(A) ≥ α,
since the sequence T n

α (e1) is increasing and its supremum in �∞ is easily determined
as (1, α, α, . . . α, . . .). This implies also that when α > 0 and λ ∈ C, |λ| = 1, the
operator λT

α
is mean ergodic if and only if λ �∈ σπ(Tα) = {1}.

Take some real β > 0 and consider the equivalent norm ‖ · ‖β on c0 defined
as

‖x‖β := sup
{
|x1|, β‖x − x1e1‖

}
.

It is easy to see that χ‖·‖β
(A) ≥ α·β holds for every A ∈ Constr‖·‖β

(Tα). In partic-
ular, if β = 1/α, then the operator Tα has no constrictor A satisfying χ‖·‖β

(A) < 1.
It should be noted that the operator Tα is a contraction with respect to the norm
‖ · ‖β whenever β ≤ 1/α.

1.3.6 Now we state the central theorem about quasi-constrictive operators,
which plays the analogous role in the quasi-constrictive case as the Lasota–Li–
Yorke–Phòng–Sine theorem in the constrictive case.

Theorem 1.3.14 (Emel’yanov–Wolff). Let T be a power bounded operator in a
Banach space X. Then the following conditions are equivalent:

(i) T is quasi-constrictive;

(ii) for every ε > 0, there exist an equivalent norm ‖ · ‖ε on X and Aε ∈
Constr‖·‖ε

(T ) such that χ‖·‖ε
(Aε) ≤ ε;

(iii) there exist an equivalent norm ‖ · ‖1 on X and A ∈ Constr‖·‖1(T ) such that
χ‖·‖1

(A) < 1.

For proving it, we need the following result of Krasnoselskii, Krein, and Mil-
man [66], which can also be found in Kato’s book [60, Ch. IV, 2.2], in Day [21],
or in Lindenstrauss and Tzafriri [78, Lemma 2.c.8].

Lemma 1.3.15 (Krasnoselskii–Krein–Milman). Let Y and Z be subspaces of a Ba-
nach space X with dim Y < ∞ and dimZ > dimY , then there exists 0 �= z ∈ Z
such that ‖z‖ = dist(z, Y ). �
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Proof of Theorem 1.3.14. (i) ⇒ (ii): Take some ε > 0 and let P0 be a projection
of X onto X0. Let P := I−P0 and let C := sup{‖T nx‖ : x ∈ BP (X), n ≥ 0}. Then

lim sup
n→∞

‖T n+my‖ ≤ lim sup
n→∞

‖T n ◦ P ◦ T my‖

+ lim sup
n→∞

‖T n ◦ (P − I) ◦ T my‖

≤ C‖P ◦ T my‖

for all m ∈ N, y ∈ X . Consider the equivalent norm ‖ · ‖ε on X :

‖y‖ε := ‖Py‖ + εC−1‖P0‖−1‖P0y‖ (y ∈ X).

Take y ∈ X , ‖y‖ε ≤ 1. It is easy to see that

lim sup
n→∞

dist(P ◦ T n ◦ P y, CP (BX)) = 0

in each of the equivalent norms on X . Consequently

lim sup
n→∞

dist‖·‖ε
(T ny, CP (BX)) ≤ lim sup

n→∞
‖T ny − P ◦ T n ◦ P y‖ε

≤ lim sup
n→∞

‖T n ◦ P0 y‖ε

+ lim sup
n→∞

‖T n ◦ P y − P ◦ T n ◦ P y‖ε

= lim sup
n→∞

‖P0 ◦ T n ◦ P y‖ε

= εC−1‖P0‖−1 lim sup
n→∞

‖P0 ◦ T n ◦ P y‖

≤ ε‖Py‖ ≤ ε‖y‖ε ≤ ε.

The set CP (BX) is compact since dim P (X) < ∞. So, we obtain that

Aε := CP (BX) + {y ∈ X : ‖y‖ε ≤ ε}

is a constrictor for the operator T such that χ‖·‖ε
(Aε) ≤ ε.

(ii) ⇒ (iii): It is obvious.
(iii) ⇒ (i): Without any restriction, we may assume that ‖ · ‖1 is the initial

norm ‖ · ‖ on X . Take a free ultra-filter U on N and consider the bounded ultra-
power XU := �∞U (X)/cU(X) according to 1.3.16. Then XU is a Banach space with
respect to the norm

‖(̂xn)‖ := lim
U

‖xn‖.

We identify X with the subspace in XU of all equivalence classes of constant
sequences. Define the linear operator T : X → XU by

Tx := (̂T nx) (∀x ∈ X).



1.3. Constrictive and quasi-constrictive semigroups 49

Operator T is easily seen to be bounded.
Using the fact that χ(A) < 1, take a real δ > 0 such that (1+ δ)α < 1, where

a real α satisfies χ(A) < α < 1, and take a finite set {ai}p
i=1 ⊆ X which satisfies

A ⊆
⋃p

i=1 B(ai, α).
Let x ∈ BT(X) be arbitrary. Then x = Ty for some y ∈ X such that

{n : ‖T ny‖ < 1 +
δ

2
} ∈ U .

Consequently, there exists m ∈ N satisfying ‖T my‖ < 1 + δ
2 . Since

lim
n→∞

dist
(
T n ◦ T m y,

p⋃
i=1

B(bi, (1 +
δ

2
)α)

)
= 0 ,

where bi := (1 + δ
2 )ai, there exists ix ∈ 1, p such that

{k ∈ N : ‖T ky − bix‖ < (1 + δ)α} ∈ U .

So, we have that ‖x − bix‖ ≤ (1 + δ)α holds in XU . Consequently,

BT(X) ⊆
p⋃

i=1

B(bi, (1 + δ)α)),

and Lemma 1.3.15 implies dimT(X) ≤ p < ∞ due to (1 + δ)α < 1.
Assume limU ‖T nx‖ = 0. Since the operator T is power bounded, it follows

that lim
n→∞

‖T nx‖ = 0. This proves that

kerT ⊆ X0(T ) = {x ∈ X : lim
n→∞

‖T nx‖ = 0}.

The inverse inclusion is trivial. The equality X0(T ) = kerT implies

codimX0(T ) = dimT(X) < ∞.

Consequently, T is quasi-constrictive. �
In the strongly continuous case, Theorem 1.3.14 implies easily the following

result.

Corollary 1.3.16. Let T = (Tt)t≥0 be a bounded C0-semigroup in X. Then the
following conditions are equivalent:

(i) T is quasi-constrictive;

(ii) for every ε > 0, there exist an equivalent norm ‖ · ‖ε on X and Aε ∈
Constr‖·‖ε

(T ) such that χ‖·‖ε
(Aε) ≤ ε;

(iii) there exist an equivalent norm ‖ · ‖1 on X and A ∈ Constr‖·‖1(T ) such that
χ‖·‖1

(A) < 1. �
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1.3.7 In the discrete case, we can say even more about conditions under which
a semigroup is quasi-constrictive.

Definition 1.3.17. Let T ∈ L(X). A subspace Y of X is called ε-T -invariant
whenever

dist(Ty, Y ) ≤ ε‖Ty‖
for all y ∈ Y .

The following result is an analogue of Theorem 1.3.3 in some reasonable
sense.

Theorem 1.3.18 (Emel’yanov–Wolff). Let T be a power bounded operator in a
Banach space X. Then the following conditions are equivalent:

(i) T is quasi-constrictive;

(ii) for every ε > 0, there exists a finite-dimensional ε-T -invariant subspace Y
with X = X0 ⊕ Y ;

(iii) for every finite-dimensional subspace Y with X = X0⊕Y and for every ε > 0,
there exists n ∈ N such that T n(Y ) is ε-T -invariant and X = X0 ⊕ T n(Y ) .

Proof. The implications (iii) ⇒ (ii) ⇒ (i) are obvious.
(i) ⇒ (iii): Let XU and T : X → XU be defined as in the proof of Theorem

1.3.14. Let Y be an arbitrary algebraic complement of X0(T ) in X . Obviously,

T n(Y ) ⊕ X0(T ) = X

holds for all n ∈ N.
Now, let ε > 0 be given. If the assertion does not hold, then for every n ∈ N

there exists a normalized yn ∈ Y such that

dist(T (T nyn), T n(Y )) ≥ ε‖T n+1yn‖.

The unit sphere of Y is compact, so limU yn = y exists. But then

lim
U

dist(T n+1y, T n(Y )) = lim
U

dist(T n+1yn, T n(Y ))

≥ ε · lim
U

‖T n+1yn‖

= ε · lim
U

‖T n+1y‖ > 0

holds, since T is power bounded and y �∈ X0 = kerT. We define T̂ in XU by
T̂ (̂xn) = (̂Txn) and obtain

dist(T̂ ◦ T(y),T(Y )) ≥ lim
U

dist(T n+1y, T n(Y )) > 0.

But
T̂ ◦ T(y) = ̂(T n+1y) = T ◦ T (y) ∈ T(X) = T(Y ),

a contradiction. �
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1.3.8 Now we present some conditions on a quasi-constrictive semigroup to be
constrictive. We begin with a discrete semigroup.

Theorem 1.3.19 (Emel’yanov–Wolff). Let X be a Banach space and T ∈ L(X).
Then the following assertions are equivalent:

(i) T is weakly almost periodic and quasi-constrictive;

(ii) T is constrictive.

Proof. (ii) ⇒ (i): It follows from Theorem 1.3.3 and from Lemma 1.3.2.
(i) ⇒ (ii): Let P ∈ L(X) be a finite rank projection such that

kerP = X0(T ) = {x ∈ X : lim
n→∞

‖T nx‖ = 0}.

Take some free ultra-filter U on N. It is easy to see that, by

Wx := w − lim
U

T nx (x ∈ X) ,

there is defined a linear operator W in X . Here we use the fact that the weak limit
w-limU T nx along U exists (see 1.3.16) since T is weakly almost periodic. Since T
is power bounded, the operator W is bounded. Obviously, X0(T ) ⊆ ker(W ), so
W (X) = W ◦ P (X).

First of all we show that W (X)∩X0(T ) = {0}. Let Wu ∈ X0(T ) be arbitrary.
Since P has finite rank,

‖ · ‖- lim
U

P ◦ T n u = w- lim
U

P ◦ T n u

= P (w- lim
U

T nu)

= P ◦ W u

= 0

holds. Thus to every ε > 0, there exists Uε ∈ U such that ‖P ◦ T m u‖ ≤ εM−1
T for

all m ∈ Uε, where MT := supn≥0 ‖T n‖. Remark that

lim sup
n→∞

‖T n+my‖ ≤ lim sup
n→∞

‖T n ◦ P ◦ T m y‖ + lim sup
n→∞

‖T n ◦ (P − I) ◦ T m y‖

≤ MT ‖P ◦ T m y‖

for all m ∈ N, y ∈ X . So, if we take m ∈ Uε we obtain

lim sup
n→∞

‖T nu‖ = lim sup
n→∞

‖T m+nu‖

≤ MT‖P ◦ T m u‖
≤ ε .

Consequently, Wu = 0 and the assertion W (X) ∩ X0(T ) = {0} is proved.
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By Theorem 1.3.14, we may assume (by passing, if it is necessary, to an
equivalent norm) that there is a constrictor A ⊆ X of T such that χ(A) < 1/3.
Let XU and T : X → XU be defined as in the proof of Theorem 1.3.14. Assume
dimW (X) < codimX0(T ), then kerT = X0(T ) is a proper subspace of kerW and,
therefore, there exists y = Tx ∈ T(X) such that ‖y‖ = 1 and Wx = 0. By the
definition of T, lim sup

n→∞
dist(T nx, A) < 1/3. Hence there exists z ∈ A for which

‖z − y‖ < 1/3 holds in XU . Then

{n : ‖z − T nx‖ < 1/3} ∈ U .

Consequently,
‖z − (w − lim

U
T nx)‖ ≤ 1/3

and
‖z‖ ≥ ‖y‖ − ‖z − y‖ > 2/3

since ‖y‖ = 1. This implies Wx = w − limU T nx �= 0. The contradiction shows
that

dim W (X) = codimX0(T ).
Together with W (X) ∩ X0(T ) = {0}, this implies X = X0(T ) ⊕ W (X).

Finally, let us show that W (X) is T -invariant. Let Wx ∈ W (X) be arbitrary,
then

T (Wx) = T (w- lim
U

T nx) = w- lim
U

T (T nx)

= w- lim
U

T n(Tx)

= W (Tx)

by the weak continuity of T . This proves the T -invariance of W (X), and so T is
constrictive. �

There is a variant of Theorem 1.3.19 for a C0-semigroup which is an easy
corollary of Theorem 1.3.19. We leave its proof to the reader.

Corollary 1.3.20. Let T = (Tt)t≥0 be a bounded C0-semigroup in a Banach space
X. Then the following conditions are equivalent:

(i) T is weakly almost periodic and quasi-constrictive;

(ii) T is constrictive. �
The following two corollaries of Theorem 1.3.19 are obvious.

Corollary 1.3.21. Let T = (Tt)t∈J be a one-parameter weakly almost periodic semi-
group. Then T is constrictive if and only if, for some equivalent norm ‖ · ‖1 the
semigroup T possesses a constrictor A which satisfies χ‖·‖1(A) < 1. �
Corollary 1.3.22. Let T = (Tt)t∈J be a one-parameter bounded semigroup in a
reflexive Banach space X. Then T is constrictive if and only if for some equivalent
norm ‖ · ‖1 the semigroup T possesses a constrictor A which satisfies χ‖·‖1(A)<1.

�
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Related Results and Notes

1.3.9 All results of this section are taken from papers [31], [35], [38], [94], and
[120]. In some papers, the word attractor is also used instead of constrictor. La-
sota, Li, and Yorke have shown in [70] Theorem 1.3.3 for the special but important
case of Markov operators in L1(Ω, Σ, µ). Then Phòng [94] and independently Sine
[120] have showed that the generalization of the Lasota–Li–Yorke result, given by
Theorem 1.3.3, is a simple corollary of the Jacobs–Deleeuw–Glicksberg theorem.
In Phòng’s paper [94], Theorem 1.3.3 is given in a slightly more general form, for a
representation of an abelian semigroup P in L(X), which is a homomorphism from
P to L(X) equipped with the operation of the composition of operators. A repre-
sentation (Tt)t∈P is called bounded if supt∈P ‖Tt‖ < ∞. Every abelian semigroup P
is ordered in the following way. A natural pre-order � on P (see, for example, [67,
p. 75], [81]) is given by

t � s ⇔ (t = s or ∃u ∈ P : t = s + u).

Set Pt = {t + u : u ∈ P}. Since Ps ∩ Pt ⊇ Ps+t, the sections Pt generate a filter
F . We shall write lim

t→∞
instead of limF . Similarly, lim

t→∞
‖Ttx‖ = α means that to

every t ∈ P and ε > 0 there exists t(ε) � t such that

α − ε < sup{‖Tsx‖ : s ∈ Pt(ε)} < α + ε .

Definition 1.3.23. Let P be an abelian semigroup, let X be a Banach space with
the norm ‖ · ‖, and let T = (Tt)t∈P be a representation of an abelian semigroup P
in L(X). A subset A ⊆ X is called a constrictor for T if

lim
t→∞

dist‖·‖(Ttx, A) = 0 (∀x ∈ BX) .

Definition 1.3.24. A representation T = (Tt)t∈P of an abelian semigroup P in L(X)
is called constrictive if T has a compact constrictor.

The proof of the following theorem is similar to the proof of Theorem 1.3.3.

Theorem 1.3.25 (Phòng). Given a bounded representation T = (Tt)t∈P of an
abelian semigroup P in L(X), the following assertions are equivalent:

(i) there exists a compact constrictor for T ;

(ii) there exists a T -reducing decomposition X = X0(T ) ⊕ Xr(T ) with

X0(T ) = {x ∈ X : lim
t→∞

‖Ttx‖ = 0} and dim(Xr) < ∞. �

Exercise 1.3.26. Show that Theorem 1.3.3 can be proved as a corollary of Theorems
1.3.14 and 1.3.19 without using the Jacobs–Deleeuw–Glicksberg theorem.

It is interesting that we did not use the Jacobs–Deleeuw–Glicksberg theorem
in the proofs of Theorems 1.3.14 and 1.3.19, however other deep techniques, like
ultra-powers and the Krasnoselskii–Krein–Milman lemma, have been used there.
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1.3.10 Examples 1.3.7, 1.3.8, 1.3.9, 1.3.10, 1.3.11, and 1.3.13 are taken from
[34], [35], and [50]. The strongly continuous version of Example 1.3.11 follows.

Let (Ut)t≥0 be a C0-semigroup in the Banach space Z which converges strongly
to 0 as t → ∞. Let Y be a finite-dimensional normed space. Let B be a linear oper-
ator in Y and set Wt = exp(tB). Finally, let V ∈ L(Y, Z). Consider the semigroup
T = (Tt)t≥0 in X = Z ⊕ Y given by

Tt =

⎡⎣ Ut

t∫
0

Ut−s ◦ V ◦ Ws ds

0 Wt

⎤⎦ .

It can be shown that this semigroup is quasi-constricted and X0(T ) contains the
closed space Z which has finite co-dimension in X0.

The dilation schema presented in 1.1.13 preserves the property of a semigroup
to possess a constrictor of the special type.
Exercise 1.3.27. Let X and Y be Banach spaces, dim Y < ∞, and let R ∈ L(X, Y ).
Show that an operator semigroup T in X possesses a (weakly) compact constrictor
if and only if the semigroup πR(T ) in X × Y has the same property.
Exercise 1.3.28. Let X and Y be Banach spaces, dim Y < ∞, and let R ∈ L(X, Y ).
Show that an operator semigroup T in X is quasi-constrictive if and only if the
semigroup πR(T ) in X × Y is quasi-constrictive.

Power bounded quasi-compact operators is another important class of con-
strictive operators. More constrictive operators will be studied in Sections 2.1,
2.2, and 3.3. We show there that, in many cases, for obtaining a decomposition
X = X0(T )⊕Xr as in Theorem 1.3.3, it is enough to find in some sense small (but
not necessarily of Hausdorff measure of non-compactness less then 1) constrictor.
The idea to use Lemma 1.3.2 in the proof of Theorem 1.3.14 was suggested by
Troitsky.

1.3.11 The following important extension of Theorem 1.3.3 for a one-parameter
operator semigroup was obtained recently by Storozhuk [124]. This result seems to
be true also for any bounded operator representation of any abelian semigroup. It
was proved in [124] directly (without using the Lasota–Li–Yorke–Phòng–Sine theo-
rem and without any kind of argument exploiting the Jacobs–Deleeuw–Glicksberg
theorem) that under the condition (1.46) there exists a T -reducing decomposition
X = X0(T ) ⊕ Xr(T ) as in Theorem 1.3.3(ii).

Theorem 1.3.29 (Storozhuk). Let K ⊆ X be a compact subset of a real or complex
Banach space X, and let T ∈ L(X) be a power bounded operator such that

lim inf
n→∞

dist(T nx, K) = 0 (∀x ∈ BX), (1.46)

then T is constrictive.

Before we prove this theorem, we need the following lemma.
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Lemma 1.3.30. Let K ⊆ X be a compact subset of a real or complex Banach space
X, and let T ∈ L(X) be a surjective isometry such that

lim inf
n→∞

dist(T nx, K) = 0 (∀x ∈ BX) . (1.47)

Then dim(X) < ∞.

Proof. Assume dim(X) = ∞.
I. The complex case: Since T is a surjective isometry, σ(T ) is a subset of the unit
circle Γ of C. It follows easily from (1.47), that every normalized eigenvector x
belongs to the compact set

K◦ := {ξa : ξ ∈ C , |ξ| = 1 , a ∈ K} .

Therefore ker(λI − T ) ∩ BX ⊆ K◦ and dimker(λI − T ) < ∞ for any λ ∈ σ(T ).
Moreover, there are only finitely many mutually distinct eigenvalues in σ(T ). Oth-
erwise, by Lemma 1.3.15, there exists a sequence (xn)∞n=1 of normalized eigenvec-
tors correspondent to mutually distinct eigenvalues, which satisfies ‖xn −xm‖ ≥ 1
for all n �= m. This contradicts the compactness of K◦, since xn ∈ K◦ for ev-
ery n. Consequently, if σ(T ) consists of eigenvalues only, then X is the direct
sum of finite number of finite-dimensional eigenspaces correspondent to distinct
eigenvalues, which contradicts our assumption that dim(X) = ∞.

So, there exists λ ∈ σ(T ) which is not an eigenvalue of T . It belongs to the
approximative spectrum of T (see, for example, [2, Thm.6.18]). Therefore, there
exists a normalized sequence (zn)∞n=1 such that

‖λT kzn − T k+1zn‖ = ‖λzn − Tzn‖ → 0 (∀k ∈ N) . (1.48)

By (1.47), for each n ∈ N, there exist kn and an ∈ K such that

‖T knzn − an‖ < n−1.

Passing to a subsequence, one can assume ‖an − a‖ → 0 and ‖T knzn − a‖ → 0,
i.e.,

‖T knzn − a‖ → 0 . (1.49)

Combining (1.48) with (1.49), we obtain Ta = λa and ‖a‖ = 1. The obtained
contradiction shows that dim(X) < ∞ in the complex case.
II. The real case: Let X be a real Banach space. Consider the complexification:
TC : XC → XC, TC(x+ iy) = Tx+ iT y. The operator TC is a surective isometry by
Exercise 1.1.43, therefore σ(TC) ⊆ Γ. Since dim(XC) = ∞, the essential spectrum
σess(TC) ⊆ σ(TC) (see, for example, [2, Def. 7.39, p. 299]) is not empty.

Let λ ∈ σess(TC), then dim(ker(λI−TC)) = ∞ or (λI−TC)(X) is not closed in
XC. Indeed, assume that dim(ker(λI −TC)) < ∞ and (λI −TC)(X) is closed. Take
a closed complement Y to ker(λI − TC) in XC and define an operator R ∈ L(XC)
by

Rx =
{

x x ∈ ker(λI − TC)
0 x ∈ Y

.
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Then ker(λI − (TC + R)) = {0}. Since R is a compact operator,

σess(TC + R) = σess(TC).

Thus λ is not an eigenvalue of TC +R and λ belongs to the boundary of σ(TC +R).
So, λ is in the approximative spectrum of TC + R and, therefore, there exists a
normalized sequence (wn)∞n=1 in XC such that

lim
n→∞

‖(TC + R)wn − λwn‖ = 0. (1.50)

The subspaces (λI −TC)(X) and (λI − (TC + R))(X) are closed or not simultane-
ously. If they are closed, by the open mapping theorem,

TC + R : X → (λI − (TC + R))(X)

is an open map, which contradicts the condition (1.50). This shows that

dim(ker(λI − TC)) = ∞

or (λI − TC)(X) is not closed. In both cases, there exists a normalized sequence
zn = xn + iyn ∈ XC satisfying

‖λT k
Czn − T k+1

C
zn‖ = ‖λzn − TCzn‖ → 0 (∀k ∈ N) , (1.51)

and having no cluster points in XC. Consider the polynomial

Sλ(t) = (λ − t)(λ − t) = t2 − t(λ + λ) + |λ|2.

The coefficients of Sλ(t) are real, so Sλ(TC) = (Sλ(T ))C. By (1.51),

‖Sλ(TC)zn‖ → 0

and, therefore,

lim
n→∞

‖Sλ(T )xn‖ = 0 & lim
n→∞

‖Sλ(T )yn‖ = 0 .

If there is a converging subsequence (xnk
)∞k=1, then the corresponding subsequence

(ynk
)∞k=1 has no cluster points. In any case, there exists a normalized sequence

(un)∞n=1 in X having no cluster points and such that

‖T 2(T mun) − (λ + λ)T (T mun) + |λ|2T mun‖ = ‖T m ◦ Sλ(T )un‖
= ‖Sλ(T )un‖
→ 0

for every m. By (1.47), there is a ∈ K such that

T 2a − (λ + λ)Ta + |λ|2a = 0.
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Thus the orbit {T na}∞n=0 of a belongs to the two-dimensional subspace

span{T na | n ∈ Z}

attracting some subsequence of (un)∞n=1. This contradicts the fact that (un)∞n=1

has no cluster points. The lemma is proved. �

Remark that this lemma can be proved more directly, by using the fact that,
for any λ in σess(T ) belonging to the boundary of an unbounded component of
the resolvent set of T , dimker(λI − T ) < ∞ or the range of λI − T is not closed
[60, Ch.IV,5.6].

Proof of Theorem 1.3.29. It is enough to show that T is almost periodic. Indeed,
in this case, the set {T nx : n ∈ N, x ∈ K} is a precompact constrictor for T .

Let x ∈ BX . The orbit {T nx}∞n=1 has a cluster point in K, say a, which is a
coming back vector for T (see (1.10)). Consider the following subspace of X :

A = span{a, Ta, T 2a, . . .} .

Then, by the same argument as in the proof of Theorem 1.1.26, any vector in the
norm closure cl A of A is a coming back point. Therefore, the restriction T |clA of
T onto cl A is a surjective isometry. Lemma 1.3.30 shows that

dim(cl A) < ∞ .

Thus, the set {T na}∞n=1 is precompact and, therefore, the set {T nx}∞n=1 is pre-
compact. Since x ∈ BX is arbitrary, we obtain that T is almost periodic, and the
proof is completed. �

Corollary 1.3.31 (Ansari–Bourdon–Storozhuk). Let X be a real or complex Banach
space, dim(X) > 2, and let T ∈ L(X) be a supercyclic power bounded operator.
Then lim

n→∞
‖T nx‖ = 0 for all x ∈ X.

Proof. Rescaling X by an appropriate equivalent norm, we may suppose ‖T ‖ ≤ 1.
Assume ‖T na‖ �→ 0 for some a ∈ X . Since T is supercyclic,

span{T na : n ≥ 0}

is dense in X and a is a coming back vector by the same argument as in the proof
of Theorem 1.1.26. Therefore, T is a surjective isometry. For any x ∈ BX , there
exist λk, |λk| ≤ 1, and nk such that

lim
k→∞

‖λkT nka − x‖ = 0

or, equivalently,
‖λka − T−nkx‖ → 0.
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So, the set
K = {λa : λ ∈ C, |λ| ≤ 1}

satisfies (1.47) for the surjective isometry T−1. Lemma 1.3.30 shows that

dim(X) < ∞ .

Thus there exists a non-trivial T -invariant subspace in X (see [2, Cor.10.6,10.7])
which contradicts the supercyclicity of T . Hence, ‖T na‖ → 0. �
Exercise 1.3.32. Let X be a real or complex Banach space, c ∈ X , ‖c‖ = 1, and
let T ∈ L(X) be a power bounded operator such that

lim inf
n→∞

dist(T nx, span{c}) = 0 (∀x ∈ BX) .

(a) Prove that T is constrictive with a compact constrictor

{λ · c : |λ| ≤ sup
n≥1

‖T n‖}.

Hint: Use Theorem 1.1.24 and arguments such as above in the proof of Theorem 1.3.29.

(b) Formulate and prove an analogue of the previous result for a C0-semigroup
and, more generally, for any bounded operator representation of any abelian
semigroup.

(c) Formulate and prove an analogue of Theorem 1.3.29 for a C0-semigroup and,
more generally, for any bounded operator representation of any abelian semi-
group.

The following question arises in connection with Theorem 1.3.29.

Open Problem 1.3.33. Given a bounded one-parameter operator semigroup T =
(Tt)t∈J in X, a compact set C ⊆ X, and η ∈ R, 0 ≤ η < 1, such that

lim inf
t→∞

dist(Ttx, C) ≤ η (∀x ∈ BX) .

Is T quasi-constrictive?

1.3.12 There are interesting relations between mean ergodicity and constric-
tivity of a one-parameter semigroup, discussed in [35] and [38]. In particular, the
following two theorems are taken from there, and we refer for the proofs to the
above mentioned papers.

Theorem 1.3.34. Let X be a Banach space and let T ∈ L(X) be such that λ T is
mean ergodic for all λ ∈ σπ(T ). Then the following conditions are equivalent:

(i) T is quasi-constrictive;

(ii) T is constrictive and power bounded. �
Theorem 1.3.35. Let T = (Tt)t≥0 be a bounded C0-semigroup with the generator
G. Assume that the C0-semigroup (e−λtTt)t≥0 is mean ergodic for every eigenvalue
λ in σ(G)∩ i R. Moreover, assume that Tt0 is quasi-constrictive for some t0. Then
T is constrictive. �
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1.3.13 Let T = (Tt)t∈J be a one-parameter semigroup in a Banach space X .

Exercise 1.3.36. Show that if T is bounded, then

X0(T ) = {x ∈ X : lim
t→∞

‖Ttx‖ = 0}

is a closed subspace of X .

It was pointed out by Storozhuk [122] that, according to the Saxon–Levin
result [109], if the subspace X0(T ) is of a countable co-dimension, then X0(T )
is barreled. Hence T is bounded in X0(T ) and, therefore, X0(T ) is closed in X .
Moreover, in this case, the co-dimension of X0(T ) is finite.

Exercise 1.3.37. Show that, for a bounded semigroup T = (Tt)t∈J in a Banach
space X ,

lim
t→∞

dist(Ttx, X0(T )) = 0 ⇒ lim
t→∞

‖Ttx‖ = 0 (∀x ∈ X). (1.52)

However, for unbounded semigroups, the condition (1.52) may fail even if the
subspace X0 is closed. To show this, take a sequence (βj)∞j=1 ⊆ C satisfying

|βj | ≤ 1, β1 = 1,

∞∑
k=1

∣∣∣ k∏
j=1

βj

∣∣∣2 = ∞, and

∞∏
j=1

βj = 0

(for instance, one can take β1 := 1 and βj :=
√

j−1
j for j > 1). Put

ξn :=
( n∑

k=1

∣∣∣ k∏
j=1

βj

∣∣∣2)− 1
3

for all n ∈ N, and γi := ξi

ξi−1
for i > 1. Remark that

0 ≤ γj ≤ γj+1 ≤ 1

for all j > 1.
Let H be a separable Hilbert space. Define an operator T ∈ L(H) as follows:

T (ei,j) =
{

γi+1ei+1,1 + β2ei,2 j = 1
βj+1ei,j+1 j > 1 ,
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where {ei,j}∞i,j=1 is an orthonormal basis of H . Then

‖T n(ei,1)‖2 = |β2β3 . . . βn+1|2 + |γi+1β2 . . . βn|2 + · · · + |γi+1γi+2 . . . γi+n|2

≥
( n+i∏

l=i+1

γl

)2 n+1∑
k=1

∣∣∣ k∏
j=1

βj

∣∣∣2
≥

( n+1∏
l=2

γl

)2 n+1∑
k=1

∣∣∣ k∏
j=1

βj

∣∣∣2
= ξ2

n+1

n+1∑
k=1

∣∣∣ k∏
j=1

βj

∣∣∣2
=

( n+1∑
k=1

∣∣∣ k∏
j=1

βj

∣∣∣2) 1
3

→ ∞ ,

as n → ∞ for every i ∈ N. Obviously,

‖T nx‖ ≥ |xi,1| · ‖T n(ei,1)‖

for all x =
∞∑

i,j=1

xi,jei,j ∈ H and i ∈ N. Thus, we obtain that

lim
n→∞

‖T nx‖ = ∞

whenever xi,1 �= 0 for some i ∈ N. On the other hand,
∞∏

j=1

βj = 0 and βj > 0 imply

(∀x ∈ H)
[
[(∀i ∈ N)[xi,1 = 0]] ⇒ lim

n→∞
‖T nx‖ = 0

]
.

Then

H0 := H0(T ) = {x ∈ H : lim
n→∞

‖T nx‖ = 0}

= {x ∈ H : (∀i ∈ N)[xi,1 = 0]}

is a closed subspace of H. At the same time,

lim
n→∞

dist(T nx,H0) =
( ∞∑

p=1

lim
n→∞

( p+n∏
i=p+1

γi|xp,1|
)2) 1

2

=
( ∞∑

p=1

lim
n→∞

ξ2
p+n

ξ2
p

|xp,1|2
) 1

2

= 0

holds for all x ∈ H.
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1.3.14 The notion of quasi-constrictive semigroups was introduced in [35] for
the discrete case, and in [38] for general abelian semigroups.

Definition 1.3.38. A representation of an abelian semigroup P in L(X) is called
asymptotically bounded if

lim
t→∞

‖Ttx‖ < ∞ (∀x ∈ X).

Definition 1.3.39. A representation T = (Tt)t∈P of an abelian semigroup P in L(X)
is called quasi-constrictive if X0(T ) is closed and codimX0(T ) < ∞.

Example 1.3.40. Let P be the abelian semigroup of all co-finite sets of N with
the operation A ◦ B := A ∩ B, and let H be a separable Hilbert space with the
orthonormal basis {ei}∞i=1. Let PA ∈ L(H) be the orthogonal projection onto the
closure of span{ei : i ∈ A} for all A ∈ P. Then the representation P = (PA)A∈P is
quasi-constrictive, because of

H0(P) = {x ∈ H : lim
A→∞

‖PAx‖ = 0} = H .

At the same time, the semigroup (Pn
A)∞n=0 is not quasi-constrictive for any A ∈ P.

Example 1.3.41. It is easy to see that a bounded abelian semigroup G ⊆ L(X) is
quasi-constrictive if the semigroup (Gn)∞n=0 is quasi-constrictive for some G ∈ G,
and Example 1.3.40 shows that the converse is not true.

Let Q ⊆ L(X) be a bounded abelian semigroup.
Assume that codim(I − Q)(X) < ∞ holds for some Q ∈ Q. Take the convex

hull G := co(Q, I). Then G ⊆ L(X) is a bounded abelian semigroup. Consider the
operator

G := (I + Q)/2 ∈ G .

Since σ(G) ∩ Γ ⊆ {1} and G is power bounded, Theorem 1.1.22 implies

‖Gn ◦ (I − Q)‖ = 2‖Gn ◦ (G − I)‖
= 2‖Gn+1 − Gn‖
→ 0.

So
(I − Q)(X) ⊆ X0(G)

and G ∈ G is quasi-constrictive. Then, by the remark above, G is quasi-constrictive
as well.

Example 1.3.42. Let D be the convolution semigroup of all f ≥ 0 of norm 1 in
L1(R+), and let S = (St)t≥0 be a bounded C0-semigroup in a Banach space X .
Set

Cf =
∫ ∞

0

f(t)St dt ∈ L(Y ) (f ∈ D).
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Then f �→ Cf is an abelian semigroup representation of D in L(X). It is quasi-
constrictive whenever S is quasi-constrictive. Show that S is quasi-constrictive.
By Example 1.3.41, it is enough to prove existence of a single quasi-constrictive
operator Cf . For f(t) = e−t, we obtain Cf = (λ−A)−1, where A is the generator
of S. Then

Cn
f x =

∫ ∞

0

e−t t
n

n!
Stx dt .

This in turn yields that Cf is quasi-constricted with

X0(S) ⊆ X0(Cf ) .

Let x ∈ X0(S) be arbitrary. Then, given ε > 0, there exists t0 such that ‖Stx‖ < ε
for all t ≥ t0. So if M = supt≥0 ‖St‖, then

‖Cn
f x‖ ≤ M‖x‖

∫ t0

0

e−t t
n

n!
dt + ε

∫ ∞

t0

e−t t
n

n!
dt

≤ M‖x‖
∫ t0

0

e−t t
n

n!
dt + ε .

Since the sequence ( tn

n! )
∞
n=0 converges uniformly to 0 on [0, t0], we have that

lim
n→∞

‖Cn
f x‖ = 0 for all x ∈ X0(S), and

codim(X0(Cf )) ≤ codim(X0(S)) < ∞ .

1.3.15 We reproduce two theorems from [38] without proofs and send the
reader to this paper for details.

Theorem 1.3.43. Let X be a Banach space and let T = (Tt)t∈P be an asymptotically
bounded representation of an abelian semigroup P in L(X). Then the following
conditions are equivalent:

(i) T is quasi-constrictive;

(ii) for every ε > 0, there exist an equivalent norm ‖ · ‖ε on X and Aε ∈
Constr‖·‖ε

(T ) such that χ‖·‖ε
(Aε) ≤ ε;

(iii) there exist an equivalent norm ‖ · ‖1 on X and A ∈ Constr‖·‖1(T ) such that
χ‖·‖1

(A) < 1 . �

We call T asymptotically weakly almost periodic, whenever limU Ttx exists
in the weak topology for every x ∈ X , and every ultra-filter U on P is finer than
the filter F introduced in 1.3.9 (see also [81] for an equivalent definition). It is
clear that asymptotically weakly almost periodic representations are asymptot-
ically bounded, and that in the one-parameter case the asymptotically weakly
almost periodicity of a semigroup coincides with the weakly almost periodicity.
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Theorem 1.3.44. Let X be a Banach space and T = (Tt)t∈P be an asymptotically
bounded representation of an abelian semigroup P in L(X). Then the following
conditions are equivalent:

(i) T is asymptotically weakly almost periodic and quasi-constrictive;

(ii) T is constrictive;

(iii) there exist A ∈ Constr(T ) such that χ(A) = 0;

(iv) T is asymptotically weakly almost periodic and, for some equivalent norm
‖ · ‖1 on X, there exists A ∈ Constr‖·‖1(T ) such that χ‖·‖1

(A) < 1. �

1.3.16 We finish this section with a short discussion of ultra-powers of Banach
spaces which were used in this section and will be used later in Sections 2.2 and
3.2. For a more detailed explanation we refer to [2], [85], [110], and [112]. Let Γ be
a non-empty set and let U ⊆ P(Γ) be a free ultra-filter. Denote by µU the finitely
additive {0, 1}-valued measure on Γ, given by µU (A) = 1 iff A ∈ U . Note that the
intersection of finitely many sets of µU -measure one has also measure µU -measure
one.

We need the following construction. Let (Xγ)γ∈Γ be a family of Banach
spaces. Denote by X∞ the Banach space of all U-bounded functions x̃ = (xγ)γ∈Γ

on Γ such that xγ ∈ Xγ for all γ ∈ Γ, equipped with the semi-norm

‖x̃‖ = inf{M ∈ R+ : µU ({γ ∈ Γ : ‖xγ‖ ≤ M}) = 1} .

Then
X0 := ker(‖ · ‖) = {x̃ = (xγ) : lim

U
‖xγ‖ = 0}

is a closed subspace of X∞, where we assume under limU ‖xγ‖ = 0 the following
property:

(∀ε > 0) µU({γ ∈ Γ : ‖xγ‖Xγ ≤ ε}) = 1 .

The quotient X̂ := X∞/X0 is called the (bounded) ultra-product of the family
(Xγ)γ∈Γ with respect to U . The norm on X̂ is given by

‖ŷ‖ = ‖ỹ + X0‖ = lim
U

‖yγ‖ . (1.53)

Remark that the limit in (1.53) exists since the family ‖yγ‖ of reals is U-bounded.
If all Xγ are equal to some single Banach space E, we shall denote

�∞U (E) := E∞ and cU (E) := E0 .

Then EU = Ê := �∞U (E)/cU (E) is called the (bounded) ultra-power of E with
respect to U . In this case, there is a natural isometric embedding of E into Ê by
means of x → (x)γ + cU (E). Given a family {xγ}γ∈Γ ∈ �∞U (E) and a vector x ∈ E,
we say that x = ‖·‖−limU xγ , the norm-limit with respect to U , if limU ‖xγ−x‖ = 0.
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Remark that every norm-precompact family {xγ}γ∈Γ in E possesses the unique
norm-limit with respect to U . A similar definition is for w − limU xγ , namely,
the weak-limit with respect to U . Every weakly precompact family {xγ}γ∈Γ in E
possesses the unique weak-limit with respect to U . See the Abramovich–Aliprantis
book [2, Lm.1.59] for details.

1.3.17 Every bounded family (Sγ)γ∈Γ of operators Sγ in Xγ defines the opera-
tor S̃ in X∞ by S̃x̃ = (Sγxγ)γ∈Γ, the norm of which is given by ‖S̃‖ = supγ∈Γ ‖Sγ‖.
So X0 is invariant for S̃, and we obtain the uniquely defined operator Ŝ in X̂ given
by Ŝŷ := S̃ỹ + X0. Moreover, ‖Ŝ‖ = limU ‖Sγ‖. If (Rγ)γ∈Γ is another bounded
family of operators Rγ in Xγ such that

µU({γ : Rγ = Sγ} = 1,

then R̂ = Ŝ. Thus each subfamily (Sγ)γ∈M with µU(M) = 1 defines in a canonical
way an operator on X̂ which coincides with Ŝ. It should cause no confusion if we
denote the operator on X̂ induced by (Sγ)γ∈M also by Ŝ.

If the spaces Xγ are all Banach lattices, so is X̂, and if (Sγ)γ∈Γ consists of
positive operators, then Ŝ is positive. If all Xγ are equal to some Banach space
X , then each T ∈ L(X) has a canonical extension T̂ on X̂ given by

T̂ ŷ = (Tyγ)γ∈Γ + cU (X) .

T̂ is called an ultra-power of T .
We give the following theorem about spectral properties of T̂ . For the proof,

we refer to Schaefer [110] or Meyer-Nieberg [85].

Theorem 1.3.45. Let T be a bounded operator in a Banach space X, then σ(T̂ ) =
σ(T ). Moreover, every point in the approximative spectrum of T is an eigenvalue
of T̂ . �



Chapter 2

Positive semigroups in ordered
Banach spaces

In this chapter, we deal with one-parameter positive semigroups in ordered Banach
spaces. Firstly, we discuss the notion of ideally ordered Banach spaces and uni-
formly order convex Banach spaces. Both classes include Lp-spaces (1 ≤ p < ∞)
as well as preduals of von Neumann algebras. We prove several theorems about
positive semigroups in such Banach spaces. Then we consider positive semigroups
in Banach lattices and investigate several types of asymptotic regularity of these
semigroups. In the last section of this chapter, we deal with relations between the
geometry of Banach lattices and mean ergodicity of bounded positive semigroups
in them.

2.1 Ordered Banach spaces, constrictors, domination

Here we recall basic properties of ordered Banach spaces and positive operators
in them. For the general theory of ordered Banach spaces, we refer to [17], [112],
and [129]. Then we introduce and discuss two important classes of spaces: the
ideally ordered Banach spaces and uniformly order convex Banach spaces. We
state Theorem 2.1.8 which is a basis for several results of Sections 3.2 and 3.3.
Then we present the notion of asymptotic domination and study it for positive
semigroups in ideally ordered Banach spaces. We give some properties of powers
of mean ergodic operators in ideally ordered Banach spaces, the proofs of which
are closely related to the proof of one of the main results of this section, namely
Theorem 2.1.11 concerning asymptotic domination. Then we investigate the strong
stability and almost periodicity of asymptotically dominated positive semigroups
in uniformly order convex Banach spaces.
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2.1.1 Let X be a real Banach space. A subset X+ is called a positive cone in
X if it is closed and satisfies the following properties:

R+ · X+ + R+ · X+ ⊆ X+; −X+ ∩ X+ = {0}; X+ − X+ = X.

The elements of X+ are called positive. The pair (X, X+) is called an ordered
Banach space (if a positive cone X+ in X is fixed, we call (X, X+) simply X). The
ordering “≤” on X is introduced as follows:

x ≤ y if and only if y − x ∈ X+ .

For x ≤ y in X , denote by [x, y] the order interval

{z ∈ X : x ≤ z ≤ y}.

Recall that a positive element u of an ordered Banach space X is called an order
unit if the interval [0, u] has a non-empty interior. A positive element w of X is
called a weak order unit if any non-trivial order interval [0, x] has a non-trivial
intersection with the interval [0, w].

Definition 2.1.1. A subset A of X is called order bounded if A ⊆ [−z, z] for some
z ∈ X+. A is called almost order bounded if for any ε > 0 there exists zε ∈ X+

such that
A ⊆ [−zε, zε] + ε · BX .

A is called quasi-order bounded if there exist z ∈ X+ and 0 ≤ η < 1 such that

A ⊆ [−z, z] + η · BX .

The positive cone X+ in an ordered Banach space X is called normal if all
order intervals in X are norm bounded. On any normal ordered Banach space X ,
there exists an equivalent norm that is monotone on X+, i.e., if x, y ∈ X such that
0 ≤ x ≤ y, then ‖x‖ ≤ ‖y‖. For example, one can obtain such a monotone norm
‖ · ‖1 in the following way:

‖x‖1 := sup{‖y‖ : 0 ≤ y ≤ x} if x ≥ 0 and

‖u‖1 := inf{‖v‖1 + ‖w‖1 : v, w ≥ 0, v − w = u}
for an arbitrary u ∈ X+. In our book, all ordered Banach spaces are assumed to
be equipped with normal positive cones.

Definition 2.1.2. A linear operator T in an ordered Banach space X is called
positive if T (X+) ⊆ X+. A semigroup S ⊆ L(X) is called positive if it consists of
positive operators.

The following simple property of positive projections is very useful.

Proposition 2.1.3. Let X be an ordered Banach space and P, Q ∈ L(X) be projec-
tions such that 0 ≤ Q ≤ P . Then Q = Q◦P ◦Q. In particular, rank(Q) ≤ rank(P ).
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Proof. This follows from

0 ≤ Q ◦ P ◦ Q − Q = Q ◦ (P − Q) ◦ Q

≤ P ◦ (P − Q) ◦ Q

= P ◦ Q − P ◦ Q

= 0.
�

2.1.2 Now we introduce a class of ordered Banach spaces (cf. [37, Def.1]) that
will be intensively investigated below. Let X be an ordered Banach space, then
the normality of the positive cone X+ is equivalent to the norm-continuity of the
mapping

X+ × X+ � (x, y) → dist([0, x], [0, y])

at the point (0, 0). We define X+ to be strongly normal if this mapping is norm-
continuous everywhere on X+ × X+. We call X a strongly normal Banach space
if its positive cone is strongly normal.

Proposition 2.1.4. If an ordered Banach space X possesses the interval decompo-
sition property

[0, x + y] = [0, x] + [0, y] (∀x, y ∈ X+),

then there exists a constant C such that

dist([0, x] , [0, y]) ≤ C‖x − y‖ (∀x, y ∈ X+),

and, henceforth, X+ is strongly normal. In particular, any Banach lattice is a
strongly normal Banach space.

Proof. By passing to an equivalent norm if necessary, we may assume the norm
‖ · ‖ to be monotone on X+. Let 0 ≤ x, y ∈ X be given. Then x− y = q− r, where
q, r ≥ 0 and ‖q‖ , ‖r‖ ≤ C‖x− y‖. Here we use the normality of the positive cone
X+. Therefore, if 0 ≤ u ≤ x, then

0 ≤ u ≤ y + q ,

hence u = u1 + u2, where 0 ≤ u1 ≤ y and 0 ≤ u2 ≤ q. This in turn implies

dist(u, [0, y]) ≤ ‖q‖ ≤ C‖x − y‖ ,

from which we obtain

dist([0, x] , [0, y]) ≤ C‖x − y‖

and, finally, distH([0, x] , [0, y]) ≤ C‖x − y‖. �
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2.1.3 We call an ordered Banach space X ideally ordered if X+ is strongly
normal and all order intervals in X are weakly compact. We shall intensively use
the following simple property of ideally ordered Banach spaces (cf. [37, Thm. 10]).

Theorem 2.1.5. Let X be an ideally ordered Banach space. If {xn}∞n=1 ⊆ X+ and

xn
‖.‖−→ x0, then the set

∞⋃
n=1

[0, xn] is conditionally weakly compact and its norm-

closure contains the order interval [0, x0]. Moreover, if all order intervals [0, xn]

(n ≥ 1) are compact, then the set
∞⋃

n=0
[0, xn] is conditionally compact.

Proof. Due to the strong normality of X+,

dist([0, xn], [0, x0]) → 0 (n → ∞) .

Hence, for any ε > 0, there exists nε ∈ N such that

∞⋃
n=1

[0, xn] ⊆
nε⋃

n=0

[0, xn] + εBX . (2.1)

Since the set
nε⋃

n=0
[0, xn] is weakly compact for any nε, it follows easily that

∞⋃
n=1

[0, xn]

is conditionally weakly compact. Moreover, since

dist([0, x0], [0, xn]) → 0 (n → ∞), (2.2)

we obtain

[0, x0] ⊆ cl ‖·‖
∞⋃

n=1

[0, xn].

Finally, assume that all intervals [0, xn] are compact. Then the interval [0, x0] is

compact by (2.2). It follows now from (2.1) that the set
∞⋃

n=0
[0, xn] is conditionally

compact. �

As examples of ideally ordered Banach spaces we can take Banach lattices
with order continuous norm, for instance, Lp-spaces, where 1 ≤ p < ∞. For
another type of examples, we send the reader to Section 3.3.

2.1.4 We shall use the following definition (cf. [32, Def.2.1]) of another class of
ordered Banach spaces.

Definition 2.1.6. Let X be an ordered Banach space whose norm ‖ · ‖ is monotone
on X+; then X is called uniformly order convex if for every ε > 0 there exists δ > 0
such that, whenever x, y ∈ BX , 0 ≤ x ≤ y, and ‖y‖ − ‖x‖ < δ, then ‖x − y‖ < ε.

One can easily see that the following equivalence holds.
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Lemma 2.1.7. An ordered Banach space X is uniformly order convex iff for every
M > 0 and ε > 0 there exists δ > 0 such that if

0 ≤ x, y ∈ M · BX , dist(y − x, X+) < δ, and ‖y‖ − ‖x‖ < δ,

then ‖y − x‖ < ε. �
Let us mention some examples of uniformly order convex Banach spaces.

Every ordered Banach space E with uniformly convex norm is uniformly order
convex (cf. [78, Sect.1.e]). In particular, every Lp-space, 1 ≤ p < ∞, is uniformly
order convex. Moreover, every ordered Banach space E whose norm is additive on
E+ is uniformly order convex. For more examples of these spaces, we can consider
so-called non-commutative L1-spaces (for details, we refer to Section 3.3).

2.1.5 Now we turn back to positive semigroups, and present an important
theorem about positive abelian semigroups possessing quasi-order bounded con-
strictors (see [37, Thm. 6]). Here we assume that J is an abelian semigroup ordered
according to 1.3.9, with a representation T = (Tt)t∈J in L(X). The notion of a
constrictor for T is also taken from 1.3.9.

Theorem 2.1.8 (Emel’yanov–Wolff). Let X be a strongly normal Banach space,
and T = (Tt)t∈J be a representation of an abelian semigroup J in L+(X). If T
has a constrictor

[−y, y] + ηBX

for some y ∈ X+ and for some real η, 0 ≤ η < 1, and if the closure of the convex
hull of the orbit T y := {Tty}t∈J contains a T -invariant point w, then the order
interval

1
1 − η

[−w, w]

is a constrictor of T .

Proof. First of all, MT := sup
t∈J

‖Tt‖ < ∞ by the uniform boundedness principle.

Now let η < σ < 1 be fixed. We claim that 1
1−σ [−w, w] ∈ Constr(T ). To

prove this, it is sufficient to show that for arbitrary x ∈ BX and ε > 0 there exists
t(x, ε) ∈ J satisfying

Ttx ∈ 1
1 − σ

[−w, w] + εBX

for all t ≥ t(x, ε).
Fix x ∈ BX and ε > 0. Since of the cone X+ is strongly normal, there exists

δ > 0 for which
‖z − 1

1 − σ
w‖ ≤ δ ⇒

[−z, z] ⊆ 1
1 − σ

[−w, w] +
ε

2MT
BX (0 ≤ z ∈ X). (2.3)
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Since w ∈ co{Tty : t ∈ J}, we can take αq ∈ R+ and sq ∈ J , where q ∈ 1, m such
that

m∑
q=1

αq = 1; am :=
m∑

q=1

αqTsqy; ‖am − w‖ ≤ δ(1 − σ)
2MT

. (2.4)

By induction, we construct an increasing sequence (ti)∞i=1 ⊆ J satisfying

Tti−sq x ∈
[
−

i∑
j=1

σj−1Tti−tj y,

i∑
j=1

σj−1Tti−tj y
]
+ σiBX (2.5)

for all i, q ∈ N, q ≤ m. The first step of (2.5) follows directly from the fact that
[−y, y] + ηBX ∈ Constr(T ). Find for some i an element ti satisfying (2.5) for all
N � q ≤ m. Then we choose ui

q and vi
q such that

ui
q ∈

[
−

i∑
j=1

σj−1Tti−tj y,

i∑
j=1

σj−1Tti−tj y
]
,

‖vi
q‖ ≤ σi, ui

q + vi
q = Tti−sqx

for each q, N � q ≤ m. Then we have, for a large enough ti+1,

Tti+1−sqx = Tti+1−ti(u
i
q + vi

q)

∈
[
− Tti+1−ti

i∑
j=1

σj−1Tti−tj y, Tti+1−ti

i∑
j=1

σj−1Tti−tj y
]

+σi[−y, y] + σi+1BX

⊆
[
−

i+1∑
j=1

σj−1Tti+1−tj y,

i+1∑
j=1

σj−1Tti+1−tj y
]
+ σi+1BX

for all q ∈ 1, m. Thus, we obtain that (2.5) is true when replacing i by i + 1.
Using the fact that w is a fixed point of T and the condition (2.4), we obtain

‖
i∑

j=1

σj−1Tti−tj am − 1
1 − σ

w‖ ≤ ‖
i∑

j=1

σj−1Tti−tj am − 1 − σi

1 − σ
w‖ +

σi

1 − σ
‖w‖

= ‖
i∑

j=1

σj−1Tti−tj (am − w)‖ +
σi

1 − σ
‖w‖

≤
i∑

j=1

σj−1M‖am − w‖ +
σi

1 − σ
‖w‖

≤ M

1 − σ
‖am − w‖ +

σi

1 − σ
‖w‖

< δ/2 +
σi

1 − σ
‖w‖
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for all i.
Fix a large enough i such that

σi ≤ min
(

δ(1 − σ)
2‖w‖ ,

ε

2M2
T

)
, (2.6)

then the condition (2.3) implies

[
−

i∑
j=1

σj−1Tti−tj am,

i∑
j=1

σj−1Tti−tj am

]
⊆ 1

1 − σ
[−w, w] +

ε

2MT
BX . (2.7)

Now, by using (2.5), (2.6), and (2.7), we obtain

Ttix =
m∑

q=1

αqTsq+ti−sqx

∈
[
−

m∑
q=1

αqTsq

i∑
j=1

σj−1Tti−tj y,

m∑
q=1

αqTsq

i∑
j=1

σj−1Tti−tj y
]

+
m∑

q=1

αqTsq(σ
iBX)

⊆
[
−

i∑
j=1

σj−1Tti−tj am,

i∑
j=1

σj−1Tti−tj am

]
+ σiMT BX

⊆ 1
1 − σ

[−w, w] +
ε

2MT
BX + σiMT BX

⊆ 1
1 − σ

[−w, w] +
ε

MT
BX .

Then

Ttx ∈ 1
1 − σ

[−Tt−tiw, Tt−tiw] +
ε

MT
Tt−ti(BX)

⊆ 1
1 − σ

[−w, w] + εBX

for all J � t ≥ t(x, ε) := ti.
Thus we have shown that

1
1 − σ

[−w, w] ∈ Constr(T ) .

By arbitrariness of σ, η < σ < 1, we obtain 1
1−η [−w, w] ∈ Constr(T ). �
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2.1.6 Our next results concern the inheritance under domination of some
asymptotic regularity properties of one-parameter positive semigroups. We need
the following definition which presents the generalized form of the domination.

Let X be an ordered Banach space, and let S = (St)t∈J , T = (Tt)t∈J be
one-parameter positive semigroups in X , and let P : X+ → X+ be an arbitrary
mapping.

Definition 2.1.9. We say that

(i) S is asymptotically dominated by T if

lim
t→∞

dist(Ttx − Stx, X+) = 0 (∀x ∈ X+);

(ii) S is asymptotically dominated by P if

lim
t→∞

dist(Px − Stx, X+) = 0 (∀x ∈ X+).

We say that a positive operator S is asymptotically dominated by a positive
operator T if the semigroup (Sn)∞n=0 is asymptotically dominated by (T n)∞n=0.

The part (i) of Definition 2.1.9 can be given in an equivalent form according
to the following proposition.

Proposition 2.1.10. The following conditions are equivalent:

(i) S is asymptotically dominated by T ;

(ii) for any f ∈ X+, there exists a family (qf
t )t∈J ⊆ X+ such that lim

t→∞
‖qf

t ‖ = 0

and Ttf + qf
t ≥ Stf for all t ∈ J .

Proof. (i) ⇒ (ii): Let f ∈ X+. Take a family (ht)t∈J ⊆ X such that

Ttf − Stf − ht ∈ X+ and ‖ht‖ → 0.

As in the proof of Proposition 2.1.4, take families (lt)t∈J and (rt)t∈J such that
ht = lt − rt, where

lt, rt ≥ 0 and ‖lt‖ , ‖rt‖ ≤ C‖ht‖

for all t ∈ J . Then the family qf
t := rt, satisfies the condition (ii).

(ii) ⇒ (i): Let f ∈ X+. Take a family (qf
t )t∈J , which satisfies (ii). Then

lim
n→∞

dist(T nf − Snf, X+) ≤ lim
n→∞

‖qf
n‖ = 0. �

Remark that the asymptotic domination can be quite far from its special
case 0 ≤ S ≤ T . For example, a positive semigroup S = (Sn)∞n=1, which converges
strongly to a projection P , is asymptotically dominated by P but, in general,
S �≤ P .
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2.1.7 The following theorem is about preserving the mean ergodicity under the
asymptotic domination.

Theorem 2.1.11. Let S and T be power bounded positive operators in an ideally
ordered Banach space X such that S is asymptotically dominated by T , and T is
mean ergodic. Then S is mean ergodic. Moreover, if the mean ergodic projection
PT has finite rank, then the corresponding mean ergodic projection PS has finite
rank and rank(PS) ≤ rank(PT ).

Proof. It is enough to show that lim
n→∞

AS
nf exists for all f ∈ X+. Fix some f ∈ X+

and take a sequence (qf
n)∞n=1 ⊆ X+ which satisfies the condition (ii) of Proposition

2.1.10. Put qf
0 := 0 and df

n := 1
n

n−1∑
k=0

qf
k for all n ∈ N. Then

0 ≤ AS
nf ≤ AT

nf + df
n (∀n ∈ N).

Since T is mean ergodic, lim
n→∞

‖AT
nf − u‖ = 0 for some u ∈ X+. Moreover

lim
n→∞

‖AT
nf + df

n − u‖ = 0,

since lim
n→∞

‖df
n‖ = 0. Theorem 2.1.5 implies that the set {AS

nf}∞n=1 is conditionally
weakly compact and, henceforth, has a weak cluster point. Theorem 1.1.7 implies
that lim

n→∞
AS

nf exists. The rest of the proof follows from Proposition 2.1.3. �

For Banach lattices with order continuous norm, this result is due to Arendt
and Batty [12]; in the general case, it was stated in [37, Thm.13].

The proof of Theorem 2.1.11 cannot be directly extended to the strongly
continuous case. We give the analogue of Theorem 2.1.11 for usual domination
only with essentially the same proof.

Theorem 2.1.12. Let X be an ideally ordered Banach space. Assume that S =
(St)t≥0 is a positive C0-semigroup in X satisfying Stx ≤ Ttx for all x ∈ X+,
t ≥ 0, where T = (Tt)t≥0 is a bounded mean ergodic C0-semigroup. Then S is
mean ergodic. Moreover, if the mean ergodic projection PT has finite rank, then
the corresponding projection PS has finite rank and rank(PS) ≤ rank(PT ).

Proof. Obviously S is bounded. Show that the net (AS
t f)t≥0 possesses a weak

cluster point for all f ∈ X+. Fix some f ∈ X+, then

0 ≤ AS
t f ≤ AT

t f (∀t ∈ R+).

Since T is mean ergodic, lim
t→∞

‖AT
t f − u‖ = 0 for some u ∈ X+. Take arbitrarily

an increasing sequence (tn)∞n=1 such that lim
n→∞

tn = ∞. Theorem 2.1.5 implies

that the set {AS
tn

f}∞n=1 is conditionally weakly compact and so has a weak cluster
point, that is obviously a weak cluster point of {AS

t f : t ≥ 0}. Theorem 1.1.7
implies that lim

t→∞
AS

t f exists, which is required. The rest of the proof follows again
from Proposition 2.1.3. �
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2.1.8 The next result is related to the inheritance of the almost periodicity of
a one-parameter positive semigroup under the asymptotic domination.

Theorem 2.1.13. Let X be an ideally ordered Banach space, and let S = (St)t∈J ,
T = (Tt)t∈J be one-parameter positive semigroups in X such that S is asymptoti-
cally dominated by T . Assume that T is almost periodic. Then the semigroup S is
weakly almost periodic. Moreover, if every order interval in X is compact, then S
is almost periodic. Here we have the same as the above inequality of ranks of the
corresponding Jacobs–Deleeuw–Glicksberg projections: rank(PS) ≤ rank(PT ).

Proof. It is enough to show that the sequence (Stk
x)∞k=1 has a weakly convergent

subsequence for each x ∈ X+ and for each strictly increasing sequence (tk)∞k=1.
Fix x ∈ X+ and a strictly increasing sequence (tk)∞k=1. Since T is almost

periodic, there exists a convergence subsequence (Ttki
x)∞i=1. Then for any ε > 0,

there exists i(ε) such that

{Stki
x}∞i=i(ε) ⊆

∞⋃
i=i(ε)

[0, Ttki
x] + ε · BX . (2.8)

By Theorem 2.1.5 and (2.8), the sequence (Stk
x)∞k=1 has a weakly convergent

subsequence and S is weakly almost periodic.
Assume that every order interval in X is compact. The same argument as

above shows that the sequence (Stk
x)∞k=1 has a norm-convergent subsequence. So

S is almost periodic. �

2.1.9 Now we present a result (cf. [37, Thm.11]) about powers of a mean er-
godic operator. According to Theorem 1.1.12, any power bounded operator T in a
Banach space X is mean ergodic, provided that T m is mean ergodic for some m.
In general, the converse is not true, even for Koopman operators in C(K) [118].
But it is true for many important classes of operators.

Theorem 2.1.14. Let X be an ideally ordered Banach space, and let T be a positive
power bounded mean ergodic operator in X. Then T m is mean ergodic for all
m ∈ N.

Proof. Let m ∈ N. It is enough to show that lim
n→∞

AT m

n f exists for all f ∈ X+.
Fix some f ∈ X+. Then

0 ≤ AT m

n f =
1
n

n−1∑
k=0

T mkf ≤ 1
n

mn−1∑
i=0

T if = mAT
mnf.

Since T is mean ergodic, the sequence (mAT
mnf)∞n=1 is convergent in X . By The-

orem 2.1.5, the set
{AT m

n f}∞n=1

is conditionally weakly compact and, consequently, possesses a weak cluster point.
Applying Theorem 1.1.7, we obtain that lim

n→∞
AT m

n f exists. �
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Remark that the conditions of the theorem are satisfied for Banach lattices
with order continuous norm, as well as for self-adjoint parts of preduals of von
Neumann algebras (see Section 3.3). For a Banach lattice with an order continuous
norm, Theorem 2.1.14 is due to Derriennic and Krengel [24].

2.1.10 The following two lemmas play a central role in the investigation of
asymptotic properties of positive semigroups in uniformly order convex Banach
spaces. These lemmas are taken from [32].

Lemma 2.1.15. Let X be a uniformly order convex Banach space, J = N or J =
R+, (xt)t∈J be a family in X+, and let Pt : X+ → X+, t ∈ J , be non-expansive
mappings (this means that ‖Ptx‖ ≤ ‖x‖ for all x ∈ X+ and t ∈ J ). Let (tn)∞n=1

be a sequence in J converging to ∞, and assume that

(i) lim
n→∞

Ptn−tmxtm exists for all m ∈ N, and

(ii) lim
n→∞

dist(Ptn−tmxtm − xtn , X+) = 0 for all m ∈ N.

Then the sequence (xtn)∞n=1 is norm convergent.

Proof. By (i), if m ∈ N is fixed then the sequence (Ptn−tmxtm)∞n=1 is bounded.
Assumption (ii) implies that there exist zn ∈ E, n ∈ N, such that

0 ≤ xtn ≤ Ptn−tmxtm + zn and lim
n→∞

‖zn‖ = 0. (2.9)

Then (xtn)∞n=1 is also bounded. Let α := lim inf
n→∞

‖xtn‖ < ∞. For fixed ε > 0,

choose m ∈ N such that ‖xtm‖ < α+ε. Since Ptn−tm is non-expansive, (2.9) yields

lim sup
n→∞

‖xtn‖ ≤ lim sup
n→∞

‖Ptn−tmxtm‖

≤ α + ε.

Thus lim sup
n→∞

‖xtn‖ ≤ α, and hence α = lim
n→∞

‖xtn‖ exists.

Let M := supn ‖xtn‖ < ∞ and fix ε > 0. Choose δ > 0 corresponding to M
and ε as in Lemma 2.1.7. There exists r ∈ N such that∣∣‖xtn‖ − ‖xtm‖

∣∣ < δ for n, m ≥ r.

Assumption (i) implies that there is r1 > r such that

‖Ptn−trxtr − Ptm−trxtr‖ < ε for n, m ≥ r1.

By assumption (ii), there exists r2 ≥ r1 such that

dist(Ptn−trxtr − xtn , X+) < δ for n ≥ r2.

In particular, we find wn ∈ X, n ≥ r2, such that

0 ≤ xtn ≤ Ptn−trxtr + wn and ‖wn‖ < δ.
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Then

‖xtn‖ − δ < ‖Ptn−trxtr‖ ≤ ‖xtr‖
< ‖xtn‖ + δ (n ≥ r2) ,

and hence ∣∣‖Ptn−trxtr‖ − ‖xtn‖
∣∣ < δ for n ≥ r2.

From Lemma 2.1.7, we get

‖Ptn−trxtr − xtn‖ < ε for n ≥ r2.

Thus, if n, m ≥ r2, then

‖xtn − xtm‖ ≤ ‖xtn − Ptn−trxtr‖ + ‖Ptn−trxtr − Ptm−trxtr‖
+‖Ptm−trxtr − xtm‖

< 3ε.

Hence (xtn)∞n=1 is a Cauchy sequence, and the assertion follows. �
Lemma 2.1.16. Let X be a uniformly order convex Banach space, let J = N or
J = R+, (xt)t∈J be a family in X+, and let Pt : X+ → X+, t ∈ J , be non-
expansive mappings. Let (tn)∞n=1 be a sequence in J converging to ∞, and assume
that

(i) the set {Ptn−tmxtm : n ∈ N} is relatively compact for all natural m,

and

(ii) lim
n→∞

dist(Ptn−tmxtm − xtn , X+) = 0 for all natural m.

Then there is a convergent subsequence (xsn)∞n=1 of (xt)t∈J .

Proof. By the diagonal sequence argument, we can choose a subsequence (sn)∞n=1

of (tn)∞n=1 such that the sequence (Psn−tmxtm)∞n=1 is convergent for each m ∈ N.
Thus (Psn−smxsm)∞n=1 converges for each m ∈ N. Moreover,

lim
n→∞

dist(Psn−smxsm − xsn , X+) = 0 (∀m ∈ N).

Lemma 2.1.15 with (tn)∞n=1 replaced by (sn)∞n=1 yields the assertion. �

2.1.11 Now we are in a position to prove the following result (cf. [32, Thm.
3.1]).

Theorem 2.1.17 (Emel’yanov–Kohler–Räbiger–Wolff). Let X be a uniformly order
convex Banach space. Assume that S is a one-parameter positive semigroup in X
which is asymptotically dominated either

a) by a non-expansive mapping P : X+ → X+ or
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b) by a one-parameter strongly stable positive contractive semigroup T .

Then S is strongly stable. Moreover rank(PS) ≤ rank(PT ).

Proof. a) Let x ∈ X+ and let (tn)∞n=1 be a sequence in J such that lim
n→∞

tn = ∞.

For t ∈ J , set xt := Stx and Pt := P . Then (xt)t∈J , (Pt)t∈J , and (tn)∞n=1 satisfy
the assumptions of Lemma 2.1.15, and hence (xtn)∞n=1 is convergent. Since this is
true for every sequence (tn)∞n=1 in J converging to ∞, the stability of S follows.

b) Let Px := lim
t→∞

Ttx, x ∈ X+. Then P : X+ → X+ is non-expansive, and

S is asymptotically dominated by P . Now the assertion follows from a). �

2.1.12 We finish with the following result on the inheritance of almost period-
icity under asymptotic domination (cf. [32, Thm.3.3]).

Theorem 2.1.18. Let X be a uniformly order convex Banach space. Assume that
S is a one-parameter positive semigroup in X which is asymptotically dominated
by a one-parameter almost periodic positive contractive semigroup T . Then S is
almost periodic.

Proof. Let x ∈ X+ and let (tn)∞n=1 be a sequence in J such that lim
n→∞

tn = ∞. Set

xt := Stx and Pt := Tt, t ∈ J . Our assumptions imply that (xt)t∈J , (Pt)t∈J , and
(tn)∞n=1 fulfill the conditions of Lemma 2.1.16. Thus (Stnx)∞n=1 has a convergent
subsequence, and hence S is almost periodic. �

Related Results and Notes

2.1.13 It would be interesting to construct an ordered Banach space with a
normal positive cone which is not strongly normal.

In Proposition 2.1.4, we can say even more about Banach lattices, namely
that C = 1.

Exercise 2.1.19. Let E be a Banach lattice. Show that

dist([0, x] , [0, y]) ≤ ‖x − y‖ (∀x, y ∈ E+). (2.10)

It seems to be that the condition (2.10) characterizes Banach lattices among
ordered Banach spaces.

Question 2.1.20. Let E be an ordered Banach space that satisfies the condition
(2.10). Is E a Banach lattice?

2.1.14 A special case of Theorem 2.1.8 was proved in [101] for a one-parameter
discrete semigroup of positive contractions in a Banach lattice. Then in [50], it
was extended for any one-parameter discrete semigroup of positive operators in
a Banach lattice. The main idea in [37] (and in [40]), where this theorem was
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obtained in its general form, is to find an extension of those results on the non-
commutative L1-spaces, which are far away from Banach lattices (see Section 3.3
for details). Note that without the assumption that the closure of the convex hull of
the orbit T y := {Tty}t∈J contains a T -invariant point, the statement of Theorem
2.1.8 is not true. To show this, it is enough to take the operator Tα in the Banach
lattice c0 from Example 1.3.8 with α > 0.

The following result is an easy consequence of Theorem 2.1.8.

Theorem 2.1.21. Let T = (Tt)t∈J be an abelian positive operator semigroup in a
strongly normal Banach space X with a strong order unit 1I. If the limit

w = lim
τ→∞

AT
τ 1I

exists, then
[−Mw, Mw] ∈ Constr(T ) ,

where M = sup
t∈J

‖Tt‖. In particular, if w = 0, then lim
t→∞

‖Tt‖ = 0.

Proof. By hypothesis, the order interval [−M1I, M1I] is a constrictor of T . Thus
the first assertion follows from Theorem 2.1.8. If w = 0, then lim

t→∞
‖Tt1I‖ = 0,

which implies, in view of Tt ≥ 0, that lim
t→∞

‖Tt‖ = 0. �

In Section 3.3, we show (Theorem 3.3.16) that the self-adjoint part of any
C∗-algebra has a strongly normal positive cone. Thus we can apply Theorem
2.1.21, and obtain the following corollary which seems to be interesting even for a
commutative C∗-algebra. The second part is a generalization of the result of Groh
and Neubrander [54, Satz 3.2], where the weak convergence of T 1I to 0 is assumed
in order to derive uniform convergence to 0. In fact, under the assumption that
Tt1I converges weakly to 0, by the Eberlein mean ergodic theorem, w = 0 in the
corollary below. A result related to this second part was proved by Batty [16,
Thm. 3] in a more general setting.

Corollary 2.1.22. Let T = (Tt)t≥0 be a positive C0-semigroup in a C∗-algebra A
with the unit 1I. If the limit

w = lim
τ→∞

AT
τ 1I

exists, then [−Mw, Mw] is a constrictor of the restriction of T onto the self-adjoint
part Asa of A, where M = sup

t≥0
‖Tt‖. Moreover, if w = 0, then lim

t→∞
‖Tt‖ = 0.

Proof. By the hypothesis, the interval [−M1I, M1I] is a constrictor of the restriction
T |Asa . Then the assertion follows from Theorem 2.1.21. If w = 0, then lim ‖Tt1I‖ =
0 which implies, in view of positivity of T , that lim

t→∞
‖Tt‖ = 0. �
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2.1.15 The following interesting question about the possibility of replacing T
by AT

t in Theorem 2.1.8 is open even for the one-parameter case. According to
Theorem 2.2.5, the answer is “yes” for a bounded one-parameter positive operator
semigroup in a KB-space.

Open Problem 2.1.23. Let X be a strongly normal Banach space, and let T be a
one-parameter positive operator semigroup in X. We suppose that T satisfies

lim sup
t→∞

dist(AT
t x, [−y, y] + ηBX) = 0 (∀x ∈ BX)

for some y ∈ X+ and some real η, 0 ≤ η < 1; and suppose that the closure of the
convex hull of the orbit T y := {Tty}t∈J contains a T -invariant point w. Does the
interval [−w, w] satisfy

lim sup
t→∞

dist(AT
t x, [−w, w]) = 0 (∀x ∈ BX) ?

2.1.16 In the case when one-parameter semigroups S and T consist of linear
operators acting in Banach lattices with order continuous norm (for example, in
Lp-spaces, where 1 ≤ p < ∞), which are uniformly order convex Banach spaces,
Theorems 2.1.17, 2.1.18 will be generalized in Section 2.2, namely, they hold with-
out the condition that T is non-expansive. The following example shows that the
uniform order convexity condition is essential there.
Example 2.1.24. Let E = c be the space of convergent sequences endowed with
the sup-norm. Let T = IE , and define S ∈ L+(E) by

S(ξ) :=
( k

k + 1
ξk

)∞

k=1
(ξ = (ξk)∞k=1 ∈ c).

Then T = (T n)∞n=1 is strongly stable and contractive, and S = (Sn)∞n=1 is asymp-
totically dominated by (T n)∞n=1. However, (Sn)∞n=1 is even not almost periodic.

2.1.17 There are several interesting results related to Theorem 2.1.21 about
positive semigroups in C(K). We mention only a few of them. An operator T in
the ordered Banach space X = C(K) is called irreducible if for each f ∈ X+,
f �= 0, and each a ∈ K there is n ∈ N with T nf(a) > 0. By 1IK we denote the
function from C(K) which is identically equal to 1. The following result is due to
Jamison [58]; for the proof of it, we send the reader to [67, pp. 180–182].

Theorem 2.1.25 (Jamison). Let K be a compact Hausdorff space, f ∈ C(K), and
let T be a positive irreducible operator in C(K) such that T (1IK) = 1IK . If T
satisfies

lim
n→∞

T n(f)(a) = 0 (∀a ∈ K)

then lim
n→∞

‖T n(f)‖ = 0. �
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Exercise 2.1.26. Let K be a compact Hausdorff space, and let T be a weakly almost
periodic irreducible positive operator in X = C(K) satisfying T (1IK) = 1IK . Show
that lim

n→∞
‖T nf‖ = 0 for any f ∈ Xr(T ). Show that T is almost periodic.

Hint: See [67, p.182].

Exercise 2.1.27. Let K be a compact Hausdorff space, and let T be a positive
operator in X = C(K). Show that if T n(1IK) converges to 0 pointwise, then
lim

n→∞
‖T n(1IK)‖ = 0.

Hint: See the proof of [67, Thm.5.1.14].

2.2 Positive semigroups in Banach lattices

If S and T are one-parameter positive operator semigroups in a Banach lattice
such that S is dominated by T , then it is natural to ask which properties of T
are inherited by S. There are numerous results in this direction dealing with com-
pactness, weak compactness, the Dunford–Pettis property, and others (see [4], [85],
[131] for a survey of such results). In this section, we discuss asymptotic properties
of dominated semigroups, such that the mean ergodicity, strong stability, and al-
most periodicity. Most of results can be formulated for positive operators as well as
for positive C0-semigroups in Banach lattices. We begin with the main definitions
concerning Banach lattices and positive operators in them and then discuss the
inheritance of mean ergodicity and (weak) almost periodicity under domination.
Our notations are standard and follow to the books [5], [85], [110], and [131].

2.2.1 Let E be an (usually real) ordered Banach space. In this section, we
everywhere assume that E is a Banach lattice, which means that sup(x, y) and
inf(x, y) exist for any two elements x, y ∈ E, and that ‖x‖ ≤ ‖y‖ whenever
|x| ≤ |y|. We use notations ∨ and ∧ for the lattice operations sup and inf and, as
usual, we denote x+ := sup(x, 0), x− := (−x)+, and |x| := x+ + x− the positive
part, negative part, and modulus of x ∈ E respectively. Examples of Banach
lattices are Lp-spaces (1 ≤ p ≤ ∞), C(K), c0, etc.

A Banach lattice E is called Dedekind complete if any order bounded subset of
E has a supremum. E is called σ-Dedekind complete if any countable order bounded
subset of E has a supremum. Such Banach lattices as Lp-spaces (1 ≤ p ≤ ∞)
and c0 are Dedekind complete. The Banach lattice c of all real-valued convergent
sequences is even not σ-Dedekind complete. More generally, C(K) is Dedekind
complete if and only if every open set in the Hausdorff compact space K has open
closure.

A subset A of the Banach lattice E is called an ideal if A is a vector subspace
of E which satisfies:

x ∈ A, y ∈ E, |y| ≤ |x| ⇒ y ∈ A.
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An ideal B in E is called a band if for every increasing net in B that has a
supremum u in E, the element u belongs to B. For example, Lq[0, 1] is an ideal in
Lp[0, 1] whenever q ≥ p, but if q > p it is not a band.

A Banach lattice E has a topological orthogonal system (t.o.s. for short) if
there exists a pairwise disjoint set A of positive elements of E such that the ideal
generated by A is norm dense in E. If E has a t.o.s. consisting of one element,
this element is called a quasi-interior point of E.

Another important condition on Banach lattices is the order continuity of the
norm: the norm in E is called order continuous if any decreasing to zero net in E
is norm convergent to zero. Such Banach lattices as Lp-spaces (1 ≤ p < ∞) and c0

have order continuous norm. C(K) has order continuous norm in the trivial case
only, when K is finite. Any Banach lattice having an order continuous norm is
Dedekind complete. A Banach lattice E has an order continuous norm if and only
if E is an ideal in its bidual E∗∗ (see [85]). It is easy to see that every uniformly
order convex Banach lattice has order continuous norm (see [110, II.5.10, II.5.15]).

A set A in the Banach lattice E is called almost order bounded if for every
ε > 0 there exists xε ∈ E+ such that ‖(|x|−xε)+‖ ≤ ε for all x ∈ A. In other words,
for any ε > 0, there exists an interval [−aε, aε] such that A ⊆ [−aε, aε] + εBE (cf.
Definition 2.1.1).

A Banach lattice E is called a KB-space if any norm bounded increasing
net has a supremum and converges to it in the norm. Examples of KB-spaces are
reflexive Banach lattices and L1-spaces. c0 is not a KB-space. Any KB-space has
an order continuous norm and it can be shown that E is a KB-space if and only
if E is a band in its bidual E∗∗ (see [85]).

Any positive operator in a Banach lattice E is continuous (the proof of this
simple property can be found in any book about Banach lattices). By L+(E) and
E∗

+ we denote the set of positive operators and the set of positive linear forms in
E, respectively. An operator T is called regular if it can be written as a difference
of two positive operators.

A linear operator T from a Banach lattice E to a Banach lattice F is called
a lattice homomorphism (Riesz homomorphism) if T (|x|) = |T (x)| for any x ∈
E. Any lattice homomorphism T : E → F is positive, and if T−1 exists, then
T−1 : F → E is a lattice homomorphism as well; in this case T is called a lattice
isomorphism (Riesz isomorphism).

If T is a positive operator in E, then x ∈ E is called a positive fixed vector
of maximal support if x ∈ Fix(T )∩E+ and every y ∈ Fix(T )∩E+ is contained in
the band generated by x.

A linear functional x′ ∈ E∗
+ is said to be strictly positive if 〈x′, x〉 > 0 for all

x ∈ E+ \ {0}.

2.2.2 Now we investigate asymptotic properties of a one-parameter asymptot-
ically dominated semigroup in a Banach lattice. We shall see that (compare with
Section 2.1) the uniform order convexity of an ordered Banach space can be re-
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placed by a considerably weaker condition of the order continuity of the norm of
a Banach lattice.

Note that we always have in a Banach lattice E,

dist(x, E+) = ‖(−x)+‖ (∀x ∈ E),

and hence a positive semigroup S = (St)t∈J in E is asymptotically dominated by
a positive semigroup T = (Tt)t∈J in E if and only if

lim
t→∞

‖(Stx − Ttx)+‖ = 0 for all x ∈ E+.

We need the following construction, which can be found in [110, II.8, Ex.1].
Let x′ ∈ E∗

+ be a positive linear functional in the Banach lattice E. Then

N(x′) := {x ∈ E : 〈x′, |x|〉 = 0}

is a closed ideal in E, and

‖x + N(x′)‖ := 〈x′, |x|〉, x ∈ E,

defines a lattice norm on the quotient space E/N(x′). The completion (E, x′) of
E/N(x′) with respect to this norm is a Banach lattice. The norm is additive on
(E, x′)+, and hence (E, x′) is uniformly order convex. The quotient map

q : E → E/N(x′)

defines the lattice homomorphism jx′ : E → (E, x′). If T ∈ L+(E) is an operator
such that T ′x′ ≤ x′, then the ideal N(x′) is T -invariant, and T induces the positive
contraction T̃ in (E, x′) given by

T̃ jx′x = jx′Tx, (x ∈ E) .

The following lemma connects convergence of an almost order bounded se-
quence in E with convergence in (E, x′) (see for the proof [85, 2.4.8] or [100,
Lm.3.8]).

Lemma 2.2.1. Let (xn)∞n=1 be an almost order bounded sequence in a Banach lattice
E with order continuous norm, and let x′ be a strictly positive linear functional
in E. Then (xn)∞n=1 is convergent in E if and only if (jx′xn)∞n=1 is convergent in
(E, x′). �

2.2.3 We come to one of the main results of this section about the inheritance of
strong stability and almost periodicity of an asymptotically dominated semigroup
in a Banach lattice (see [32]).
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Theorem 2.2.2 (Emel’yanov–Kohler–Räbiger–Wolff). Let E be a Banach lattice
with order continuous norm and let S and T be one-parameter positive operator
semigroups in E such that S is asymptotically dominated by T . If T is almost
periodic then S is almost periodic. Moreover, if the Jacobs–Deleeuw–Glicksberg
projection PT has finite rank, then the corresponding projection PS has finite rank
and rank(PS) ≤ rank(PT ).

Proof. First we consider the case J = N. By passing to an equivalent norm, we
may assume that S consists of contractions. Now fix x ∈ E+. Let F be the closed
ideal in E generated by

M = {Smk
◦ Tnk

◦ · · · ◦ Sm0 ◦ Tn0 x : m0, n0, . . . , mk, nk ∈ N, k ∈ N}.
Then F is invariant for S and T , and u =

∑∞
n=1 2−nxn is a weak order unit of

F , where {xn : n ∈ N} is an enumeration of M . Thus, by restricting S and T to
F , we may assume that E contains a weak order unit. By [79, 1.b.15], there is a
strictly positive linear functional z′ ∈ E∗

+. Since T is almost periodic, T is mean
ergodic with the mean ergodic projection PT . Consider the closed ideal

I := {z ∈ E : PT |z| = 0} .

The order continuity of the norm implies that I is a projection band (see [85,
2.4.4]); hence E = I ⊕ I⊥, where

I⊥ = {z ∈ E : |z| ∧ |y| = 0

for all y ∈ I}. Let R be the band projection from E onto I⊥. Note that 0 ≤ R ≤ IE

and R is a lattice homomorphism (see [110, II.2.9]). We claim that {Snz : n ∈ N}
is relatively compact in E for every z ∈ E+. It suffices to show that this is true
for z ∈ I+ and z ∈ (I⊥)+, respectively.

1-st case: z ∈ I+. Since T commutes with PT , the ideal I is T -invariant.
Denote by T| the restriction of T to I. Let w ∈ I and α : N → Γ be a character such
that Tnw = α(n)w, n ∈ N. Then |w| ≤ Tn|w|, n ∈ N, and hence |w| ≤ PT |w| = 0
which implies w = 0. Since T| is almost periodic, it follows from Theorem 1.1.4 that
T| converges strongly to 0. In particular, lim

n→∞
Tn z = 0. Since S is asymptotically

dominated by T , we obtain lim
n→∞

Sn z = 0.

2-nd case: z ∈ (I⊥)+. By assumption, {Tnz : n ∈ N} is relatively compact
and hence almost order bounded. Since S is asymptotically dominated by T ,
the set {Snz : n ∈ N} is almost order bounded as well. Let x′ := P ′

T z′. Then
T ′

nx′ = x′, n ∈ N. The induced representation T̃ = (T̃n)∞n=1 in (E, x′) determined
by T̃njx′ = jx′Tn, n ∈ N, is positive, contractive, and almost periodic. Moreover,

lim
n→∞

dist(T̃n−m(jx′Smz) − jx′Snz, (E, x′)+)

= lim
n→∞

‖[jx′Snz − jx′Tn−m ◦ Sm z]+‖

= lim
n→∞

〈x′, (Snz − Tn−m ◦ Sm z)+〉
= 0.
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Apply Theorem 2.1.18 to the sequence (jx′Snz)∞n=1 ⊆ (E, x′)+, operators
T̃n ∈ L+((E, x′)), and every sequence (tn)∞n=1 in N converging to ∞. We show
that the set {jx′Snz : n ∈ N} is relatively compact in (E, x′). From

‖jx′R ◦ Sn z − jx′R ◦ Sm z‖(E,x′) = 〈x′, |R ◦ Sn z − R ◦ Sm z|〉
≤ 〈x′, |Snz − Smz|〉
= ‖jx′Snz − jx′Smz‖(E,x′), (n, m ∈ N),

we derive that
{jx′R ◦ Sn z : n ∈ N}

is relatively compact in (E, x′). Since x′|I⊥ is strictly positive and

{R ◦ Sn z : n ∈ N}

is almost order bounded, Lemma 2.2.1 implies that {R◦Sn z : n ∈ N} is relatively
compact in I⊥ ⊆ E.

Now we show that {Snz : n ∈ N} is relatively compact. Fix ε > 0. Since
{Snz : n ∈ N} is almost order bounded, there exists y ∈ E+ such that

‖(|Skz − Slz| − y)+‖ ≤ ε (∀k, l ∈ N).

By the contractivity of the operators Sn and IE − R, we obtain

‖Sn(Skz − Slz)‖ − ‖R(Skz − Slz)‖ ≤ ‖Sn(Skz − Slz)‖ − ‖Sn ◦ R(Skz − Slz)‖
≤ ‖Sn ◦ (IE − R)(Skz − Slz)|‖
≤ ‖Sn ◦ (IE − R) y‖ + ε.

From the first case, we know that lim
n→∞

Sn ◦ (IE − R) y = 0. Hence there exists
n0 ∈ N such that

‖Sn0(Skz − Slz)‖ ≤ ‖R(Skz − Slz)‖ + 2ε (∀k, l ∈ N). (2.11)

Since {R ◦ Sn z : n ∈ N} is relatively compact, there exists m0 ∈ N such that

{R ◦ Sn z : n ∈ N} ⊆ {R ◦ Sm z : 0 ≤ m ≤ m0} + εBE.

Now let n > m0 + n0. There exists 0 ≤ m ≤ m0 such that

‖R ◦ Sn−n0 z − R ◦ Sm z‖ ≤ ε.

By (2.11), we have

‖Snz − Sm+n0z‖ ≤ ‖R ◦ Sn−n0 z − R ◦ Sm z‖ + 2ε

≤ 3ε.
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Thus
{Snz : n ∈ N} ⊆ {Smz : 0 ≤ m ≤ m0 + n0} + 3εBE,

i.e., {Snz : n ∈ N} is totally bounded and hence relatively compact. This proves
the assertion for J = N.

If J = R+, it follows from above that {Snx : n ∈ N} is relatively compact
for each x ∈ E. The strong continuity of S and Proposition 1.1.3 imply that
{Stx : t ≥ 0} is relatively compact for each x ∈ E. The rest of the proof follows
from Proposition 2.1.3. �

2.2.4 From Theorem 2.2.2, we can deduce the following result (see [32]) on the
inheritance of strong stability.

Theorem 2.2.3 (Emel’yanov–Kohler–Räbiger–Wolff). Let E be a Banach lattice
with order continuous norm and let S and T be one-parameter positive operator
semigroups in E such that S is asymptotically dominated by T . If T is strongly
stable, then S is strongly stable, and rank(PS) ≤ rank(PT ).

Proof. By Theorem 2.2.2, the semigroup S is almost periodic. The corresponding
Jacobs–Deleeuw–Glicksberg projections PS and PT satisfy

0 ≤ St ◦ PS ≤ Tt ◦ PT = PT (∀t ∈ J).

First of all, remark that

PS ◦ PT ◦ PS x ≥ P 3
S x = PS x ,

and

PS ◦ PT ◦ PS x = PS ◦ Tt ◦ PT ◦ PS x

≥ PS ◦ Tt ◦ PS x

≥ PS ◦ St ◦ PS x

= St ◦ PS x

for all x ∈ E+ and t ∈ J . Thus,

PS ◦ PT y ≥ y, PS ◦ PT y ≥ St y (∀ 0 ≤ x ∈ PS(E))

for all t ∈ J . So, we have

C = PS ◦ PT |PS(E) ≥ I|PS(E), St|PS (E) (∀t ∈ J),

with respect to the order in L(PS(E)). Then

C∗∗ ≥ I ∨ S∗∗
t ∈ L+(PS(E)∗∗).

The supremum I ∨ S∗∗
t exists in L(PS(E)∗∗) since the Banach lattice PS(E)∗∗ is

Dedekind complete.
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Let S∗∗
t �≤ I. Then I ∨ S∗∗

t = I + A, where

0 < A ∈ L(PS(E)∗∗) .

Consequently,
C∗∗n ≥ (I + A)n ≥ I + nA (∀n ∈ N).

Take an operator C ◦ PS ∈ L+(E). Then

0 ≤ Cn ◦ PS = (C ◦ PS)n

≤ P 3n
T

= PT (∀n ∈ N).

Thus the orbit {Cny}∞n=1 is bounded in E and, therefore, in PS(E) for any
y ∈ PS(E). Then the set {Cn}∞n=1 ⊆ L(PS(E)) is bounded in the operator norm
by some M > 0. Then

n‖Ax‖ ≤ ‖x + nAx‖
= ‖(I + nA)x‖
≤ ‖C∗∗nx‖
≤ ‖C∗∗n‖ · ‖x‖
≤ M‖x‖

for all 0 ≤ x ∈ PS(E)∗∗ and for all n ∈ N, which is impossible, since A �= 0. The
obtained contradiction shows that S∗∗

t ≤ I on PS(E)∗∗.
Thus S|PS (E) ≤ I|PS(E) and L(PS(E)). This inequality and the fact that the

spectrum σ(St|PS(E)) lies on the unit circle imply that St = Id on PS(E) for all
t ∈ J . Thus the semigroup S is strongly stable. �

2.2.5 It was proved in [39] that if T is a Markov operator in L1-space, then
T is mean ergodic and satisfies dimFix(T ) < ∞, whenever there exist a function
h ∈ L1

+ and real η , 0 ≤ η < 1, such that

lim
n→∞

∥∥∥(h − 1
n

n−1∑
k=0

T kf
)

+

∥∥∥ ≤ η

for every density f . We turn back to this theorem in Section 3.1. This result was
extended to any positive power bounded operator in a KB-space in [8]. Moreover,
it was shown that this property of positive operators characterizes KB-spaces
among σ-Dedekind complete Banach lattices.

Theorem 2.2.4 (Alpay–Binhadjah–Emel’yanov–Ercan). Let E be a KB-space, let
T be a positive power bounded operator in E, let W be a weakly compact subset of
E, and let η ∈ R, 0 ≤ η < 1, be such that

lim
n→∞

dist(AT
n x, W + ηBE) = 0

for any x ∈ BE. Then T is mean ergodic.
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Proof. Without loss of generality we may assume that E has a quasi-interior point.
Indeed, for any x ∈ E, x �= 0, we consider the closed order ideal F generated by
{T n|x| : n ≥ 0} instead of E. Then F is a KB-space [110, Prop.II.5.15] with a
quasi-interior point

∑
n≥0 2−nT n|x| and T (F ) ⊆ F . Moreover, F is a projection

band in E [85, Cor.2.2.4]. If P : E −→ F denotes the corresponding band projec-
tion, then

lim
n→∞

dist(AT
n z, P (W ) + ηBF ) = 0 (∀z ∈ BF ).

Since ‖P‖ = 1 and P (W ) is weakly compact in F , the restriction T |F satisfies
the assumptions of the theorem. Thus, to show that (AT

n x)∞n=1 converges, it is
enough to show that T |F is mean ergodic. Hence we may assume that E has a
quasi-interior point, say e.

There are two alternative cases:
1-st case: (AT ′

n x′)∞n=1 is a σ(E′, E)-null sequence for each x′ ∈ E′. Then
(AT

nx)∞n=1 converges weakly to 0 for each x ∈ E and hence, by Theorem 1.1.7,
(AT

n )∞n=1 converges strongly to 0. Hence T is mean ergodic.
2-nd case: There is x′ ∈ E′

+ such that (AT ′
n x′)∞n=1 is not σ(E′, E)-convergent

to 0. Let 0 �= y′ ∈ E′
+ be a σ(E′, E)-cluster point of (AT ′

n x′)∞n=1. We may assume
‖y′‖ = 1. Then, for all ε > 0, there exists n with

〈y′, x〉 − 〈AT ′
n x′, x〉 < ε & 〈T ′y′, x〉 − 〈T ′AT ′

n x′, x〉 < ε.

Combining these estimates, we arrive at

〈y′, x〉 − 〈T ′y′, x〉 < 2ε ,

but ε and x were chosen arbitrarily, so T ′y′ = y′.
Fix ε > 0 satisfying η+ε < 1, choose x ∈ BE∩E+ such that 〈y′, x〉 > 1−ε. Let

x′′ ∈ E′′
+ be a σ(E′′, E′)-cluster point of (AT

n x)∞n=1. Then, by the same arguments
as before, T ′′x′′ = x′′.

Since W is weakly compact in E and lim
n→∞

dist(AT
n x, W + ηBE) = 0, we

obtain x′′ ∈ W + ηBE′′ . Moreover,

〈y′, x′′〉 = 〈y′, x〉 > 1 − ε.

(Since x′′ is a σ(E′′, E′)-cluster point of (AT
n x)∞n=1 then for every δ > 0 there

exists nδ such that
〈y′, x′′〉 − 〈y′,AT

nδ
x〉 < δ .

Thus we have 〈y′, x′′〉 − 〈AT ′
nδ

y′, x〉 < δ, and since T ′y′ = y′,

〈y′, x′′〉 − 〈y′, x〉 < δ .

By arbitrariness of δ, 〈y′, x′′〉 = 〈y′, x〉.)
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Let P be the band projection from E′′ onto E (such a projection exists
because E is a KB-space). Then (IE′′ − P )x′′ ∈ ηBE′′ , and hence

〈y′, Px′′〉 = 〈y′, x′′〉 − 〈y′, (IE′′ − P )x′′〉 > 1 − ε − η > 0.

From

Px′′ + (IE′′ − P )x′′ = x′′ = T ′′x′′

= x′′

= T ◦ P x′′ + T ′′ ◦ (IE′′ − P )x′′ ∈ E+ + E′′
+,

and from the fact that Px′′ is the biggest part of x′′ in E+, we get

0 ≤ T ◦ P x′′ ≤ Px′′ .

Hence (T n◦P x′′)∞n=1 is a decreasing sequence in E+. Since E has order continuous
norm, z := lim

n→∞
T n ◦ P x′′ ∈ E+ exists. Clearly Tz = z and, from

〈y′, z〉 = 〈y′, Px′′〉 > 0 ,

it follows that z �= 0. Hence Fix(T ) ∩ E+ �= {0}.
Now the existence of a quasi-interior point e in E implies the existence of a

strictly positive linear functional ψ in E [79, Thm.1.b.15]. For x ∈ E, let Px be
the band projection from E onto the band generated by x. Set

α := sup
x∈Fix(T )∩E+

〈ψ, Pxe〉 > 0.

Choose xn ∈ Fix(T ) ∩ E+, n ∈ N , ‖xn‖ ≤ 1, with α = limn〈ψ, Pxne〉. Let
u :=

∑
n 2−nxn. Then u ∈ Fix(T ) ∩ E+, Pu ≥ Pxn for all n ∈ N , and hence

〈ψ, Pue〉 = α. Let now x ∈ Fix(T )∩E+. Clearly Pu+x ≥ Px and Pu+x ≥ Pu. From

α = 〈ψ, Pue〉 ≤ 〈ψ, Pu+xe〉 ≤ α

and the strict positivity of ψ, we obtain Pue = Px+ue. Since e is a quasi-interior
point, Pu = Px+u. From Pu+x ≥ Px, it follows that Pu ≥ Px. Thus u ∈ Fix(T )∩E+

has a maximal support.
Denote by Bu the projection band generated by u.

Bu =
∞⋃

n=1

[−nu, nu]

by the order continuity of the norm in E. Denote Q = IE − Pu and S = Q ◦ T .
Since T ◦ Pu = Pu ◦ T ◦ Pu, an easy calculation shows that

Q ◦ T = Q ◦ T ◦ Q
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(and then (Q ◦ T ◦ Q)n = (Q ◦ T )n = Q ◦ T n for all n).
Show that the sequence (Q ◦ AT

n )∞n=1 is strongly convergent to 0. If not then
AS

n �→ 0, and, as in the 2-nd case, there exists y′ ∈ Fix(S′) ∩ E′
+, y′ �= 0. From

y′ = T ′ ◦ Q′ y′ = Q′ ◦ T ′ ◦ Q′ y′

= Q′ ◦ S′ y′

= Q′ y′ ,

we obtain that y′ ∈ Fix(T ′) ∩ E′
+. Again, as in the 2-nd case, for this y′, there

exists y ∈ Fix(T ) ∩ E+ such that 〈y′, y〉 > 0. Then

〈y′, Qy〉 = 〈Q′y′, y〉 = 〈y′, y〉 > 0 .

Hence (IdE − Pu)y = Qy �= 0, i.e., y �∈ Bu. This contradicts the fact that u has a
maximal support. Thus Q ◦ AT

n → 0 strongly.
Since T is power bounded, M := supn≥0 ‖T n‖ < ∞. We shall use the follow-

ing two elementary formulas:

AT
nk = k−1(AT

n + T n ◦ AT
n + T 2n ◦ AT

n + · · · + T (k−1)n ◦ AT
n ) (2.12)

and

AT
j+i −AT

j = (j + i)−1(T j + T j+1 + · · · + T j+i−1) − i(j + i)−1AT
j . (2.13)

Let x ∈ E and ε > 0. Since

lim
n→∞

‖(IE − Pu) ◦ AT
n x‖ = 0 ,

there exists nε such that dist(AT
nε

x, Bu) ≤ (3M)−1ε. Then there exist cε ∈ R+

and w ∈ [−cεu, cεu] satisfying

‖AT
nε

x − w‖ ≤ (2M)−1ε .

Then, for any l ≥ 0,

‖T l ◦ AT
nε

x − T l w‖ ≤ ‖T l‖ · ‖AT
nε

x − w‖ ≤ M · ‖AT
nε

x − w‖ ≤ 2−1ε . (2.14)

T [−u, u] ⊆ [−u, u] implies T lw ∈ [−cεu, cεu] for all l. Combining (2.12) and (2.14),
we obtain

dist(AT
nεkx, [−cεu, cεu]) ≤ 2−1ε (∀k ∈ N) . (2.15)

By (2.13), there exists kε ∈ N satisfying

‖AT
nεk+ix −AT

nεkx‖ ≤ 2−1ε (∀k ≥ kε, i = 1, 2, . . . , nε). (2.16)

From (2.15) and (2.16), it follows that

dist(AT
p x, [−cεu, cεu]) ≤ ε (∀p ≥ nεkε) . (2.17)
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By (2.17), the sequence (AT
n x)∞n=0 is almost order bounded. Since every almost

order bounded subset of a Banach lattice with order continuous norm is weakly
precompact (cf. [101, Lemma 3.2]), {AT

nx}∞n=0 has a weak cluster point and then,
by the Eberlein theorem, the sequence (AT

n x)∞n=1 is norm convergent for any x ∈ E.
Thus T is mean ergodic. �

Remark that, from the proof above, we can see even more, namely, that
Fix(T ) ⊆ Bu. Indeed, if x ∈ Fix(T ), then

P d
ux = (IE − Pu)x = (IE − Pu) ◦ AT

n x → 0.

So P d
ux = 0, and hence x ∈ Bu.

2.2.6 Since order intervals in any KB-space are weakly compact, the theorem
is true if we replace a weakly compact subset W of E by an order interval [−g, g]
for any g ∈ E+. In this case, we have even more, that the fixed space Fix(T ) of T
is finite-dimensional, and this is what the next theorem shows (see [8]).

Theorem 2.2.5 (Alpay–Binhadjah–Emel’yanov–Ercan). Let E be a KB-space, let
T be a positive power bounded operator in E, let g ∈ E+, and let η ∈ R, 0 ≤ η < 1,
be such that

lim
n→∞

dist(AT
n x, [−g, g] + ηBE) = 0 (2.18)

for any x ∈ BE. Then T is mean ergodic and Fix(T ) is finite-dimensional.

Proof. The mean ergodicity of T follows from Theorem 2.2.4.
Let us denote by C the order ideal generated by the set

{x ∈ E+ : ‖AT
nx‖ → 0} .

Then, for any c ∈ C, ‖AT
n c‖ → 0. By the power boundedness of T , ‖AT

nx‖ → 0
for any x ∈ C, and hence the norm closure C of C coincides with C. Since any
norm closed ideal in a Banach lattice with order continuous norm is a band [85,
Cor.2.4.4], C is a band, and every band in E is a projection band, E = C ⊕ Cd.
Obviously, C is T -invariant. Denote by PC the band projection PC : E → C, and
by PCd the band projection PCd : E → Cd. Let T1 := PCd ◦ T , then 0 ≤ T1 ≤ T ,
and the band Cd is T1-invariant. The operator T1 is power bounded, and

lim
n→∞

dist(AT1
n x, [−g, g] + ηBE) = 0 (∀x ∈ BE).

Thus T1 satisfies all conditions of Theorem 2.2.4, then, by this theorem, T1 is mean
ergodic. Consider the mean ergodic projections PT , PT1 : E → E defined as

PT x = lim
n→∞

AT
nx, PT1x = lim

n→∞
AT1

n x (∀x ∈ E).

By Theorem 1.1.9, Fix(T ) = PT (E) and Fix(T1) = PT1(E). Obviously

PT , PT1 ≥ 0 and Fix(T1) ⊆ Cd.
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Now we show that PT1 is strictly positive in Cd in the sense that

x ∈ Cd
+, x �= 0 ⇒ PT1x �= 0.

Since C is T -invariant, we obtain by induction, that PCd ◦ T n = PCd ◦ T n
1 for all

n ≥ 0. Then PCd ◦ AT
n = PCd ◦ AT1

n for all n ≥ 0, and hence

PCd ◦ PT = PCd ◦ PT1 . (2.19)

Let x ∈ Cd
+, x �= 0, then, by the construction of C, PT x �= 0 and PCd ◦ PT x �= 0

since PT x ∈ Fix(T ). Then, by (2.19), PCd ◦ PT1 x �= 0, and hence PT1x �= 0,
and so PT1 is strictly positive in Cd. By [110, Thm.III.11.5], Fix(T1) is a Banach
sublattice in Cd and hence in E.

As it was shown in the proof of Theorem 2.2.4, there is a positive T1-fixed
vector u1 of a maximal support and (IdCd − Pu1) ◦ AT1

n → 0 strongly as n → ∞.
Hence

lim
n→∞

dist(AT1
n x, [−Pu1g, Pu1g] + ηBE) = 0 (∀x ∈ E, ‖x‖ ≤ 1). (2.20)

Assume dimFix(T1) = ∞ then, by Judin’s theorem (cf., [5, Exer. 13, p. 46]), there
exists a sequence (xi)∞i=1 ⊆ Fix(T1)+ such that xi ∧Fix(T1) xj = 0 for all i �= j.
Hence xi ∧ xj = 0 for all i �= j since Fix(T1) is a sublattice in E. We may assume
‖xi‖ = 1. Set yi = Pu1g ∧ xi for any i. From (2.20), we obtain

‖yi‖ = ‖Pu1g ∧ xi‖
= ‖xi − (xi − Pu1g)+‖
≥ 1 − η

> 0

for all i. On the other hand, (yi)∞i=1 is an order bounded (by the element Pu1g)
disjoint sequence in E, so the order continuity of the norm in E implies ‖yi‖ → 0
due to [85, Thm.2.4.2], which contradicts the inequality above. Hence Fix(T1) is
finite-dimensional.

Now we show that Fix(T ) ⊆ PT (Fix(T1)). From this, it will follow that

dim(Fix(T )) ≤ dim(Fix(T1)) < ∞ ,

which is required.
Indeed, let f ∈ Fix(T ), then

f = PCf + PCdf

= Tf

= T ◦ PC f + T ◦ PCd f,
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and

PCdf = PCd ◦ T ◦ PC f + PCd ◦ T ◦ PCd f

= PCd ◦ T ◦ PCd f

= T1 ◦ PCd f,

since C is T -invariant. Hence PCdf ∈ Fix(T1). To finish the proof of the theorem,
it is enough to show that f = PT (PCdf). It follows directly from

f = AT
n f

= AT
n (PCf) + AT

n (PCdf)
→ PT (PCdf) (n → ∞). �

Remark that any mean ergodic positive operator T , such that dim(Fix(T )) <
∞, satisfies the condition (2.18) for some g ∈ E+ and η ∈ R, 0 ≤ η < 1. Moreover,
η can be taken arbitrary small.

Example 1.3.8 shows that the condition that E is a KB-space cannot be
omitted in Theorem 2.2.4. Even for Banach lattices with order continuous norm,
this result can fail. Indeed, for α �= 0, the operator Tα constructed in Example
1.3.8 satisfies

lim
n→∞

dist(ATα
n x, [−e1, e1] + αBc0) = 0 (∀ x ∈ Bc0).

On the other hand, the sequence (ATα
n e1)∞n=1 does not converge to any element of

c0. Hence Tα is not mean ergodic.

2.2.7 Now we prove the following result, which was obtained by Räbiger [101,
Thm.5.3] under some additional conditions.

Theorem 2.2.6 (Räbiger). Let T be a positive operator in a KB-space E. Moreover,
let C := [−z, z]+ η ·BE be a constrictor of T , where z ∈ E+ and 0 ≤ η < 1. Then
T is asymptotically periodic (see the definition in 1.1.2).

Proof. Since the operator T satisfies the condition (2.18), by Theorem 2.2.5, T
is mean ergodic. By Theorem 2.1.8, T has a constrictor [−y, y], where y ∈ E+,
Ty = y. Since any order interval in a Banach lattice with order continuous norm
is weakly compact, T is weakly almost periodic.

Show that the subspace Er(T ) of reversible vectors of T is finite-dimensional,
and T |Er(T ) is periodic. The Jacobs–Deleeuw–Glicksberg projection

PT : E → Er(T )

is, obviously, positive. By [110, II.11.5], Er(T ) = PT (E) is a Banach lattice with
respect to the order induced by E and with a suitable equivalent norm. Since
[−y, y] ∈ Constr(T ) and PT ∈ wo-cl{T n : n ∈ N}, we have

BEr(T ) ⊆ PT (BE) ⊆ [−y, y].
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Applying PT again, it follows that BEr(T ) is order bounded in Er(T ). Thus Er(T )
is lattice isomorphic to an AM -space with a strong unit, and hence, by the
Kakutani–Krein representation theorem, Er(T ) = C(K) for some compact Haus-
dorff space K. On the other hand, Er(T ) is reflexive (since BEr(T ) is weakly com-
pact) and, by Grothendieck’s theorem (cf. [110, II.9.9, Cor.2]) dim(Er(T )) < ∞.
Thus T |Er(T ) is a positive doubly power bounded operator in a finite-dimensional
Banach lattice Er(T ). By Theorem 1.1.15, (T |Er(T ))−1 ≥ 0 and hence T |Er(T ) is a
lattice isomorphism in Er(T ), but any lattice isomorphism in a finite-dimensional
Banach lattice is periodic.

Now to finish the proof, it is enough to show that

Efl(T ) = {x ∈ X : lim
n→∞

‖T n x‖ = 0} .

Let F be the band in E generated by y. Then F has an order continuous norm
and is a range of a positive projection P : E → F . Moreover, there is a strictly
positive y′ ∈ F ∗ (cf. [78, 1.b.15]) and ψ := P ∗(y′) is a positive extension of y′

to E.
Now, we apply the ultra-filter technique from 1.3.16 and 1.3.17. Let U be a

free ultra-filter on N and let EU be the ultra-power of E with respect to U . Define
T̂ : EU → EU as in (1.48). Let ŷ = ỹ + E0, then S(BE) ⊆ [−ŷ, ŷ]. Denote (EU )ŷ

the principal ideal generated by ŷ in EU , then

T̂1 : E → (EU )ŷ

is continuous. Thus T̂ = iŷ ◦ T̂1 admits a factorization through (EU )ŷ, where

iŷ : (EU )ŷ → EU

is the canonical injection. By means of

〈ψ′ , (xn)∞n=1 + E0〉 := lim
n→∞

〈ψ , xn〉 ,

the linear functional ψ induces a functional ψ′ ∈ (EU )∗. Consider the L1-space
(EU , ψ′) associated to EU , which is a completion of EU with respect to the norm
given by ψ′, and let

jψ′ : EU → (EU , ψ′)

be the canonical map. We obtain the following diagrams:

E
T̂→ EU

jψ′
→ (EU , ψ′);

E
T̂1→ (EU )ŷ

iŷ→ EU .

Since iŷ and jψ′ are positive operators, and order intervals in the L1-space (EU , ψ′)
are weakly compact, R := jψ′ ◦ iŷ maps the unit ball [−ŷ, ŷ] of (EU )ŷ into a weakly
compact set, i.e., R is weakly compact. Since (EU )ŷ is lattice isomorphic to a
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C(K)-space, a result of Grothendieck (cf. [110, II.9.7, II.9.9]) implies that R maps
weakly compact sets into norm compact sets. Thus jψ′ ◦ T̂ = R ◦ T̂1 also maps
weakly compact sets into norm compact sets.

Now let x∈Efl(T ), ‖x‖ ≤ 1. There is a subsequence (T mk x)∞k=1 of (T mx)∞m=1

weakly convergent to zero. Thus (jψ′ ◦T̂ ◦T mk x)∞k=1 converges to zero in the norm,
i.e.,

lim
U

lim
k→∞

〈ψ , |T n+mkx|〉 = lim
k→∞

〈ψ′ , |T̂ ◦ T mkx|〉

= lim
k→∞

‖jψ′ ◦ T̂ ◦ T mk x‖
= 0.

In particular, there is a sequence (nk)∞n=1 of naturals such that

lim
k→∞

〈ψ , |T rkx|〉 = 0 (rk := nk + mk). (2.21)

Since [−y, y] ∈ Constr(T ), there is a decomposition

|T rkx| = ak + bk (k ∈ N) ,

such that ak ∈ [−y, y]∩E+, bk ∈ E+, and lim
k→∞

‖bk‖ = 0. The sequence (ak)∞k=1 is

order bounded in F and (2.21) implies

lim
k→∞

〈y′ , ak〉 = lim
k→∞

〈P ∗(y′) , ak〉

= lim
k→∞

〈ψ , ak〉
= 0 .

By Lemma 2.2.1, we obtain lim
k→∞

‖ak‖ = 0, thus

lim
k→∞

‖T rkx‖ = lim
k→∞

‖ak + bk‖ = 0.

Since T is power bounded, this implies

lim
n→∞

‖T nx‖ = 0 ,

and the proof is finished. �

Related Results and Notes

2.2.8 Prove the following easy facts about positive operators in Banach lattices.
Exercise 2.2.7. Show that every positive linear operator T from a Banach lattice
E to another Banach lattice F is norm-continuous. In particular, every positive
linear functional ψ on E belongs to E∗.
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Exercise 2.2.8. Let T : E → F be a positive invertible linear operator between
Banach lattices E and F . Show that the following conditions are equivalent:

(i) T−1 is positive;

(ii) T is a lattice isomorphism.

2.2.9 Let us say several words about the history of Theorems 2.2.2 and 2.2.3. In
the last two decades, there were many results concerning spectral and asymptotic
properties of dominated operators, such as strong and uniform ergodicity, strong
and uniform stability, almost periodicity, quasi-compactness or certain inclusion
relations among the peripheral spectra (see [9], [12], [19], [84], [92], [99], [100],
[101], [102], [103], etc.). In [100, Thm. 3.9], it was shown that if T is a positive
operator on a Banach lattice E with order continuous norm such that the powers
T n converge strongly to a projection PT of finite rank, then, for each operator
S on E such that 0 ≤ S ≤ T , the powers Sn are also strongly convergent. The
same conclusion holds if one requires instead of the finite rank condition on PT

that the spectrum σ(T ) of T does not contain the whole unit circle (see [102,
Cor. 4.3]). Analogous statements hold for the inheritance of almost periodicity
under domination (see [100, Prop. 3.10], [102, Thm. 4.2]). What kind of additional
conditions on the dominating operator T (or on the dominating C0-semigroup T )
are needed to make the dominated semigroup S almost periodic or strongly stable?
Theorems 2.2.2 and 2.2.3 give the complete answer to this question.

Also we remark that the second part of the proof of Theorem 2.2.2 shows
that the strong continuity of T is not necessary, and that it is sufficient to require
only asymptotic compactness of T instead of the almost periodicity of T .

Here we present (see [32]) a short, but indirect, proof of Theorem 2.2.3
founded on a result of the paper [102].

An alternative proof of Theorem 2.2.3. Theorem 2.2.2 implies that S is almost pe-
riodic. Since S is asymptotically dominated by T and T is strongly stable, the
corresponding Jacobs–Deleeuw–Glicksberg projections QS and QT satisfy

0 ≤ St ◦ QS ≤ Tt ◦ QT = QT (t ∈ J).

By [102, Thm.1.4], the following inclusions for the spectra hold:

σ(St ◦ QS) ∩ Γ ⊆ σ(QT ) ∩ Γ ⊆ {1} (t ∈ J).

Now the Jacobs–Deleeuw–Glicksberg theorem yields

St|Er(S) = IEr(S)

and lim
t→∞

Stx = 0 for all x ∈ E0(S). Hence S is strongly stable. �

In the paper [98, Prop. 3.1 and 3.4], it was shown that in order to have
inheritance of almost periodicity and stability, as formulated in Theorems 2.2.2,
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2.2.3 respectively, the order continuity of the norm of E is necessary, at least
for Banach lattices which contain a topological orthogonal system or which are
σ-Dedekind complete.

The following examples [32] show that positivity of S cannot be omitted in
Theorems 2.2.2, 2.2.3. We point out that in the second example the operators
belonging to the semigroup S are even regular.

a) Consider the operator S in Lp(Γ), 1 ≤ p < ∞, defined by

Sf(z) = zf(z), f ∈ Lp(Γ), z ∈ Γ.

Then S = (Sn)∞n=1 is dominated by the trivial semigroup T = (Id)∞n=0 in the
following sense:

|Snf | = |f |, f ∈ Lp(Γ).

Note that S is an isometry.

Exercise 2.2.9. Show that S has no eigenvalue. Thus, by the Jacobs–Deleeuw–
Glicksberg theorem, S cannot be almost periodic, whereas T is even strongly
stable.

b) Let α ∈ R \ Q. Define S on Lp(Γ), 1 ≤ p < ∞, by

(Sf)(z) = h(z)f(eiαπz) ,

where h(z) = 1 if Re(z) ≥ 0 and h(z) = −1 if Re(z) < 0. The modulus of the
operator S exists and is given by (|S| f)(z) = f(eiαπz).

Exercise 2.2.10. Show that the semigroup T = (|S|n)∞n=0 is almost periodic.

The semigroup S = (Sn)∞n=0 is dominated by T in the following sense:

|Snf | ≤ |S|n|f |, f ∈ Lp(Γ).

Exercise 2.2.11. Show that {Sn1I : n ∈ N} is not relatively compact in Lp(Γ),
where 1I denotes the constant function equal to 1 on Γ.

Hence S is not almost periodic.

2.2.10 In a Banach lattice with order continuous norm, it follows from the
mean ergodicity of a positive power bounded operator T that T m is mean ergodic
for any m ∈ N [24] (see also Theorem 2.1.14). In general, it is not true, even for a
Koopman operator on a Banach lattice C(K), for appropriate compact Hausdorff
space K (see Sine’s paper [119]). The idea of the correspondent example in [119]
is quite technical and cannot be used directly in any C(K).

Open Problem 2.2.12. Let K be an infinite compact Hausdorff space. Is there a
positive power bounded mean ergodic operator T in C(K) such that T m is not
mean ergodic for some m ∈ N?
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Another interesting question is related to the Sine mean ergodic theorem (see
Theorem 1.1.11). What is its form for the case of positive operators in Banach
lattices?

Open Problem 2.2.13. Let T be a positive Cesàro bounded operator in a Banach
lattice which satisfies (1.7) such that positive fixed vectors T separate positive fixed
vectors of T ∗. Is T mean ergodic?

We finish with the following problem on positive operators in a Banach lat-
tice. It is easy to see, using the trivial fact that the weak convergence of a positive
sequence in an AL-space implies the strong convergence, that any power bounded
positive operator T on an AL-space E, such that 0 belongs to the weak-closure of
an orbit {T nx}∞n=1 for each x ∈ E, satisfies a formally more strong condition

w- lim
n→∞

T nx = 0 (∀x ∈ E).

It is a well-known fact that, in general, this is not true for power bounded oper-
ators in Banach spaces. However, if we assume T ∈ L(X) to be almost periodic
then, by Theorem 1.1.4, it follows from 0 ∈ w-cl{T nx}∞n=1 for each x ∈ X that
lim

n→∞
‖T nx‖ = 0 for all x ∈ X . It is an interesting and still open question to

investigate the case of positive operators (or positive C0-semigroups) in Banach
lattices.

Open Problem 2.2.14. Let T be a one-parameter bounded positive semigroup in a
Banach lattice E which satisfies 0 ∈ w-cl{T nx}∞n=1 for each x ∈ E. Does

w- lim
n→∞

T nx = 0

hold for all x ∈ E?

2.2.11 Let us say some words about renorming of a Banach lattice in connection
with asymptotic behavior of a positive operator acting in it. First, if we have a
power bounded positive operator T in a Banach lattice E, then we can easily
renorm E,

‖x‖T := sup{‖T nx‖ : n ≥ 0} (∀x ∈ E)

to make T contractive: ‖x‖T ≥ ‖Tx‖T for all x ∈ E. This idea works also for a
doubly power bounded positive operator T such that T−1 is positive. In this case,
it can be very easily shown that T is a lattice isomorphism, and we can construct
the equivalent norm on E under which T becomes an isometry:

‖x‖T := sup{‖T nx‖ : n ∈ Z} (∀x ∈ E).

If T is positive and doubly power bounded, the similar procedure, in general, does
not lead us to a positive isometry (because of T−1 �≥ 0 in general), as the following
example [29] shows.
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Example 2.2.15. Given ω �∈ R, take Ω = R ∪ {ω}, and let a measure µ on the
Borel algebra B = B(Ω) be defined as the Lebesgue measure on B(R), and let
µ({ω}) = 1.

Then, for any ε > 0, there exists a positive operator in L1(Ω,B, µ) with
non-positive inverse that satisfies supn∈Z ‖T n‖ ≤ 1 + ε.

Proof. Let ε > 0. Consider a measure preserving automorphism S in Ω defined by
S(ω) = ω and S(t) = t − 1, whenever t ∈ R; and define a positive operator T in
L1(Ω,B, µ) by

Tf := f ◦ S + ε ·
[ ∫ 1

0

fdµ
]
· χ{ω},

where, as usual, χA is the indicator function of a subset A. Then it is easy to see
that

T nf = f ◦ Sn + ε ·
[ n∑

i=1

∫ 1

0

f ◦ Si−1dµ
]
· χ{ω}

= f ◦ Sn + ε ·
[ n∑

i=1

∫ n−i+1

n−i

f ◦ Sn−1dµ
]
· χ{ω}

= f ◦ Sn + ε ·
[ ∫ n

0

f ◦ Sn−1dµ
]
· χ{ω}

for all n ∈ Z+, and f ∈ L1(Ω,B, µ). A similar computation shows that

T nf = f ◦ Sn − ε ·
[ ∫ 0

−n

f ◦ Sn−1dµ
]
· χ{ω}

for all n ∈ Z\Z+; and f ∈ L1(Ω,B, µ), in particular, T−1 is not positive. Moreover,

‖T nf‖ ≤ ‖f ◦ Sn‖ + ε ·
[ ∫ ∞

−∞
|f ◦ Sn−1|dµ

]
· ‖χ{ω}‖

= (1 + ε)‖f‖

for all n ∈ Z; and f ∈ L1(Ω,B, µ), which provides the required property sup{‖T n‖ :
n ∈ Z} ≤ 1 + ε. �

This result was extended in [7] to any AL-space. Also, by the duality, if
an AM -space E has a predual, then there is a positive doubly power bounded
operator S in E such that S−1 is not positive. We do not know if the similar
example can be constructed for any infinite-dimensional Banach lattice, or not.
But, in the finite-dimensional case, as Theorem 1.1.15 says, it is impossible.

We continue with the following theorem of Abramovich [1]. Indeed, in the
paper [1], a slightly more general result was proved, but we restrict our attention
only to the following special case.
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Theorem 2.2.16 (Abramovich). Any surjective positive isometry in a Banach lat-
tice has a positive inverse.

Proof. Let T be a surjective positive isometry in a Banach lattice E. We have to
show that T (E+) = E+. Assume that it is not true. Then there exists y ∈ E+

such that y �∈ T (E+). Let ‖y‖ = 1. Take x ∈ E such that Tx = y. Then ‖x‖ = 1
and x �∈ E+. Consequently, x− > 0 and x+ �= 0, since if x+ = 0, then

y = Tx = −T (x−) < 0 ,

which is impossible. Set y1 = T (x+), y2 = T (x−). Then y1 > 0, y2 > 0, and
y = y1 − y2 > 0. Moreover, T (x+ − x−) = y1 + y2, and

‖y1 + y2‖ = ‖x+ + x−‖ = ‖x+ − x−‖ = ‖x‖ = 1. (2.22)

We shall prove by induction that for any k ∈ N,

‖x+ + kx−‖ = 1. (2.23)

For k = 1, (2.23) follows from (2.22) directly. Let (2.23) be true for k; we will
prove it for k + 1.

Let us consider the element x+ − (k + 1)x−. Then

T (x+ − (k + 1)x−) = y1 − (k + 1)y2,

and
−(y1 − ky2) ≤ y1 − (k + 1)y2 ≤ y1 + ky2.

Then |y1 − (k + 1)y2| ≤ y1 + ky2 and

‖y1 − (k + 1)y2‖ ≤ ‖y1 + ky2‖
= ‖T (x+ + kx−)‖
= ‖x+ + kx−‖
= 1.

Thus
‖x+ − (k + 1)x−‖ = ‖T−1(y1 − (k + 1)y2‖ ≤ 1,

and
‖x+ + (k + 1)x−‖ = ‖x+ − (k + 1)x−‖ ≤ 1.

Since ‖x+ + (k + 1)x−‖ ≥ 1, we get

‖x+ + (k + 1)x−‖ = 1 ,

and (2.23) is proved for all k ∈ N. Then x− = 0, which contradicts our assumption.
Then T (E+) = E+, which is required. �
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2.2.12 The following spectral characterization of the uniform mean ergodicity
of positive operators in a Banach lattice [59, Thm.5] is stronger than the similar
result (Theorem 1.1.34) for operators in a Banach space.

Theorem 2.2.17 (Karlin). A positive operator T in a Banach space is uniformly
mean ergodic iff r(T ) ≤ 1 and 1 is a pole of the resolvent of T of order at most
1. �

There are several interesting results about inheritance of uniform mean er-
godicity and uniform stability. We refer to Räbiger [99] and mention here some of
these results. The next three theorems are mainly due to Caselles [19, Cor. 4.6]
(cf., also, [99, Thm. 2.2]) and Räbiger [99, Cor. 2.6 and Thm. 3.4]).

Theorem 2.2.18 (Caselles). Let E be a Banach lattice and let S, T ∈ L(E) satisfy
0 ≤ S ≤ T . If T is uniformly mean ergodic with the ergodic projection PT of finite
rank, then S is uniformly mean ergodic and rank(PS) ≤ rank(PT ). �

Theorem 2.2.19 (Räbiger). Let E be a Banach lattice and let S, T ∈ L(E) satisfy
0 ≤ S ≤ T . If T is uniformly stable with the ergodic projection PT of finite rank,
then S is uniformly stable and rank(PS) ≤ rank(PT ). �

Theorem 2.2.20 (Räbiger). Let E be a Banach lattice and let S and T be positive
C0-semigroups in E such that S is dominated by T . If T is uniformly mean ergodic
and rank(PT ) < ∞, then S is uniformly mean ergodic and rank(PS) ≤ rank(PT ).

�

The uniformly stable version of Theorem 2.2.20 is due to Martinez and Mazon
[84, Prop. 3.3] (cf. also [99, Thm. 3.6]).

Theorem 2.2.21 (Martinez–Mazon). Let E be a Banach lattice and let S and T be
positive C0-semigroups in E such that S is dominated by T . If T is uniformly stable
and rank(PT ) < ∞, then S is uniformly stable and rank(PS) ≤ rank(PT ). �

Remark that the inequalities on ranks in the theorems above are obvious
by Proposition 2.1.3. The only non-trivial part is to prove that the dominated
semigroup is uniformly mean ergodic. Theorems 2.2.18 and 2.2.19 are no longer
true if PT has infinite rank as the following exercise shows.

Exercise 2.2.22. Let E = �p, 1 ≤ p < ∞, T = IE , and S ∈ L(E) is defined as
follows (cf. Example 2.1.24) :

S((xn)∞n=1) =
( n

n + 1
xn

)∞

n=1
.

Then 0 ≤ S ≤ T and T is, obviously, uniformly stable. Show that S is even not
mean ergodic.

Exercise 2.2.23. Let P be a positive projection of finite rank in a Banach lattice
E. Show that every S ∈ L(E) satisfying 0 ≤ S ≤ P is uniformly stable.
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An operator T in a Banach space is called uniformly asymptotically periodic
if there is a periodic operator G such that lim

n→∞
‖T n − Gn‖ = 0.

Exercise 2.2.24. Let E be a Banach lattice and let S, T ∈ L(E) satisfy 0 ≤ S ≤ T .
Assume that T is uniformly asymptotically periodic with the corresponding peri-
odic operator P of finite rank. Show that S is uniformly asymptotically periodic
and its periodic operator Q satisfies rank(Q) ≤ rank(P ). Show that aper(T ) =
k · aper(S) for an appropriate k ∈ N.
Hint: See the proof of [99, P rop.2.8]

2.2.13 In the following exercise, the reader should show that the order continu-
ity of the norm in Theorems 2.2.2 and 2.2.3 cannot be omitted even if rank(T ) = 1.
Exercise 2.2.25. Let E = c, and let T, S ∈ L(E) be defined as follows:

T ((xn)∞n=1) = ((xn+1)∞n=1) & S((xn)∞n=1) =
( n

n + 1
xn+1

)∞

n=1
.

Show that T is strongly stable with rank(PT ) = 1. Show that S is even not mean
ergodic.

On the other hand, under some additional assumptions, Theorem 2.2.2 is still
true for any Banach lattice. For example, the following result has been stated in
[100, Lm.3.4].

Theorem 2.2.26 (Räbiger). Let S, T ∈ L(E) be operators in a Banach lattice E
such that 0 ≤ S ≤ T . Let T be strongly stable and let rank(PT ) < ∞. If S is
almost periodic, then S is strongly stable and rank(PS) ≤ rank(PT ). �

It is an open question if in this theorem one can omit the finite rank condition
on PT .

2.2.14 There is an old and well developed spectral theory of positive operators
in Banach lattices, we refer to [85, Ch.4] for it. We mention here without proofs
only a few results. The first and, probably, the most famous one concerns positive
compact operators.

Theorem 2.2.27 (Krein–Rutman). Let T be a positive operator in a Banach lattice.
If T k is compact for some k ∈ N, then the spectral radius r(T ) is an eigenvalue
of T corresponding to a positive eigenvector. Moreover, r(T ) is a pole of Rλ(T ) of
the maximal order on the spectral circle {λ ∈ σ(T ) : |λ| = r(T )}. �

Also, there are several results about the spectrum of a Riesz homomorphism.

Theorem 2.2.28 (Lotz–Scheffold). Let T be a Riesz homomorphism in a Banach
lattice. Then the spectrum σ(T ), point spectrum σp(T ), and approximative spec-
trum σa(T ) are cyclic subsets of C. �
Theorem 2.2.29 (Arendt–Schaefer–Wolff). Let T be a Riesz homomorphism in a
Banach lattice such that σ(T ) = {1}. Then T = I. �
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Theorem 2.2.29 was stated in [113] and was generalized in [134] in the fol-
lowing way.

Theorem 2.2.30 (Zhang). Let T be a positive operator in a Banach lattice such
that 0 belongs to the unbounded component of C \ σ(T ). Then, for every ε,

0 < ε < r(T−1)−1 ,

there is n = n(ε) satisfying

T n·m ≥ (r(T−1)−1 − ε)n·m · I (∀m ∈ N) . �

It is interesting that the extension of Theorem 2.2.29 onto the class of positive
operators is a hard and still open problem, namely:

Open Problem 2.2.31. Let T be a positive operator in a Banach lattice such that
σ(T ) = {1}. Does T ≥ I hold?

There is only one class of Banach lattices, in which this problem was solved
(for the positive case), the finite-dimensional Banach lattices. In any class of in-
finite dimensional Banach lattices this problem is open. However, under some
additional conditions on an operator this problem has the positive solution. The
following result was obtained very recently in [26, Cor.1] by using the technique
developed by Zhang [134].

Theorem 2.2.32 (Drnovšek). Let T be a positive operator in a Banach lattice such
that lim

n→∞
n‖(T − I)n‖1/n = 0. Then T ≥ I. �

Another class of results concerns the so-called zero-two law. For details, we
also send the reader to [85, Ch.4]. For example, the following theorem, which is
due to Schaefer [111], is about positive contractions.

Theorem 2.2.33 (Schaefer). Let T be a positive contraction in a Banach lattice E,
then either lim

n→∞
‖T n − T n+1‖ = 0 or

‖T n − T n+1‖r = 2 (∀n = 0, 1, . . .) ,

where ‖S‖r = inf{‖A‖ : A ∈ L(E) , |Sx| ≤ Ax ∀x ∈ E+} is the regular norm of
a regular operator S ∈ L(E). �

2.3 Positive semigroups and geometry of Banach
lattices

It is well known (see Theorem 1.1.20) that every power bounded operator in a
reflexive Banach space is mean ergodic. Is the converse true? This old problem of
the theory of Banach spaces was suggested by Sucheston in 1975 in [126]. In 1986,
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Zaharopol [132] gave the positive answer to Sucheston’s question for a σ-Dedekind
complete Banach lattice. Zaharopol’s result has been generalized in many direc-
tions in [27], [34], [33], [45], and [98]. Let us mention Räbiger’s paper [98], in
which there was constructed an example of non-mean ergodic operator T satisfy-
ing 0 ≤ T ≤ I in a Banach lattice which is σ-Dedekind complete or contains a
topological orthogonal system and which does not have the order continuous norm.
The original Sucheston’s problem is still open. In this section, we consider only
the Banach lattice setting and present some results from [8], [27], [33], [34], and
[132]. Another question arises about geometrical properties of a Banach space or
a Banach lattice, which can be characterized by the mean ergodicity of operators
belonging to some special classes. We shall also discuss this question.

2.3.1 In order to describe our first result [34], we need the following notion.
Let E be a Banach lattice and let T ∈ L(E). We call the operator T power order
bounded if for every x ∈ E+ there exists z ∈ E+ such that T n([−x, x]) ⊆ [−z, z]
for all n ∈ N. We characterize the order continuity of the norm on a Banach lattice
as follows.

Theorem 2.3.1 (Emel’yanov–Wolff). Let E be a Banach lattice. Then the following
assertions are equivalent:

(i) the norm on E is order continuous;

(ii) every power order bounded operator T : E → E is mean ergodic.

Before we give the proof, let us recall the following two well-known facts.
The first one is that any power order bounded operator is power bounded by the
uniform boundedness principle. The second one is: let h ∈ c0 satisfy

0 < h(n) ≤ 1 (∀n ∈ N) ,

then the multiplication operator Sh in �∞ given by

f �→ Sh(f) = h f

maps �∞ into c0 and is compact, since the unit ball of �∞ (which coincides with the
order interval [−1I, 1I]) is mapped into the order interval [−h, h], which is known
to be compact. Here 1I denotes the constant function n �→ 1.

Proof of Theorem 2.3.1. (i) ⇒ (ii): By the first remark before the proof, T is power
bounded. Let x ∈ E be arbitrary. Then there exists u ≥ 0 such that T n x ∈ [−u, u]
for all n. Since the order interval [−u, u] is weakly compact, the assertion follows
from Theorem 1.1.7.

(ii) ⇒ (i): (I) Assume that the norm on E is not order continuous. Then
by [85, Thm.2.4.2], there exists a disjoint order bounded sequence (en)∞n=1 of E+

which does not converge to 0 in norm. So without lost of generality we may assume
that ‖en‖ = 1 and en ≤ u for some u and all n. By [110, Exer. 18.b, p. 147], there
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exists a disjoint normalized sequence (ψn)∞n=1 in E∗
+ such that ψn(em) = 0 for

m �= n and ψn(en) ≥ 1/2. We set

ϕn =
ψn

ψn(en)
.

Then ‖ϕn‖ ≤ 2 and ϕn(em) = δn,m.
(II) Since

∑n
k=1 ek = sup(e1, . . . , en) ≤ u, the map U : c0 → E, given by

U(f) =
∞∑

n=1

f(n)en,

is a well-defined topological lattice isomorphism into E (see [85, Lm.2.3.10]). Its
range will be denoted by E0. Define V : E → �∞ by V (x)(n) := ϕn(x). Then
‖V ‖ ≤ 2 and V ◦ U = Id on c0. Moreover, V (u) ≥ V (en) for every n, hence
V (u) ≥ 1I, in particular, V (u) �∈ c0.

(III) Let h be as in the remark before the proof. Then A = U ◦ Sh ◦ V is
well defined since Sh(�∞) ⊆ c0. Moreover, A is compact and positive as Sh is. Set
T = IE − A.

Claim:

T r = IE − U ◦
r∑

k=1

(
r

k

)
(−1)k−1Sk

h ◦ V. (2.24)

Proof: Since Sh(�∞) ⊆ c0 and V ◦ U = Id on c0, we obtain by the induction

(U ◦ Sh ◦ V )r = U ◦ Sr
h ◦ V (∀r ≥ 1).

This in turn yields

T r = (IE − A)r

= IE +
r∑

k=1

(
r

k

)
(−1)k(U ◦ Sh ◦ V )k

= IE − U ◦
r∑

k=1

(
r

k

)
(−1)k−1Sk

h ◦ V.

(IV) Now define Rr in �∞ by

Rr =
r∑

k=1

(
r

k

)
(−1)k−1Sk

h .

Then
Rr = I�∞ − (I�∞ − Sh)r ≥ 0,
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since 0 ≤ h ≤ 1I implies 0 ≤ I�∞ − Sh ≤ I�∞ . This implies U ◦ Rr ◦ V ≥ 0. For a
function f ∈ �∞, denote its truncation at n by f (n) defined by

f (n)(k) =
{

f(k) k ≤ n
0 else .

Claim: T is power order bounded. More precisely: for |y| ≤ x and all r, we have
|T ry| ≤ x + 2‖x‖ u.

Proof: Equation (2.24) and the positivity of U ◦ Rr ◦ V together imply

|T ry| ≤ |y| + U ◦ Rr ◦ V (|y|)
≤ x + U ◦ Rr ◦ V (x).

Now

Rr ◦ V (x) = (I�∞ − (I�∞ − Sh)r) ◦ V (x)
≤ V (x)
≤ 2‖x‖ · 1I .

Set f = Rr ◦ V (x). Then

Uf (n) ≤ 2‖x‖
n∑

k=1

ek ≤ 2‖x‖ · u.

Now f is in c0, and this implies f = limn→∞ f (n), hence

U ◦ Rr ◦ V (x) = U (f) ≤ 2‖x‖ · u.

The claim is proved.
(V) Claim: T is not mean ergodic.

Proof: Assume that T is mean ergodic. Then, by Theorem 1.1.9,

E = ker(A) ⊕ A(E) .

Since U and Sh are injective, we obtain E = ker(V ) ⊕ E0. So, in particular,
u = v + w, where V (v) = 0 and V (u) = V (w) ∈ c0, a contradiction. �

2.3.2 We show that a Banach space, in which every power bounded operator
is mean ergodic, does not contain c0 (see [34]).

Theorem 2.3.2 (Emel’yanov–Wolff). Let E be a Banach space in which every power
bounded operator is mean ergodic. Then E does not contain a lattice isomorphic
copy of c0.
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Proof. (I) Assume that there exists a topological isomorphism of c0 into E. Since
c0 and c are topologically isomorphic, there exists a topological isomorphism U of
c into E. Its dual U∗ maps E∗ topologically onto c∗ = �1(N0), where N0 = N∪{0}.
Let en ∈ �1(N0) be the sequence defined by

en(f) =
{

f(n) n ≥ 1
limk→∞ f(k) n = 0

for all f ∈ c. Since the operator U∗ is open, there exists M > 0 and, to each n ≥ 1,
a linear functional ψn ∈ E∗ satisfying ‖ψ‖ ≤ M and U∗ψ = en.

(II) Define V : E → �∞ by V (x) = (ψn(x))n≥1 and let h be as in the proof
of Theorem 2.3.1. Set

A = U ◦ Sh ◦ V .

Then T = I − A is again well defined, and calculations similar to those in the
proof of Theorem 2.3.1 show that T is power bounded.

(III) Assume that T is mean ergodic. Then we have E = ker(A) ⊕ A(E).
Since U and Sh are injective, we obtain

E = ker(V ) ⊕ U(c0) .

So, in particular, U(1I) =: u = v + w, where V (v) = 0, hence

V (u) = V (w) ∈ c0 ,

a contradiction to V (u) = 1I. �
The proof of the existence of a power bounded operator which is not mean

ergodic in a separable Banach space X containing c0 is an easy consequence of the
Sobczik theorem (see [23], p.71), that provides a bounded projection of X onto c0.

2.3.3 Now we give a proof of the following result [132]. Actually, Zaharopol
has proved the stronger assertion, that for reflexivity of a σ-Dedekind complete
Banach lattice E it is necessary and sufficient that every positive power bounded
operator in E is mean ergodic. We refer for this result to [132] and [98].

Theorem 2.3.3 (Zaharopol). Let E be a σ-Dedekind complete Banach lattice. If
every positive power bounded operator T : E → E is mean ergodic, then E is
reflexive.

Proof. By Theorem 2.3.1, the norm on E is order continuous. It is known that
any Banach lattice which norm is order continuous is reflexive if and only if it
contains neither a lattice isomorphic copy of �1, nor of c0 (see [85, Thm.2.4.15]).
By Theorem 2.3.2, E does not contain a copy of c0.

Assume that there is a Banach sublattice E0 of E which is lattice isomorphic
to �1, with an �1-basis (xn)∞n=1 and the basis constant γ,

‖x‖ ≤ γ

∞∑
n=1

|αn| (∀x =
∞∑

n=1

αn · xn ∈ E0) ,
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and that (x′
n)∞n=1 ⊆ E∗ is a dual basis

〈xn, x′
m〉 = δm

n (∀n, m ∈ N).

We define the operator T : E → E as follows:

T (x) :=
∞∑

n=1

〈x, x′
n〉xn+1. (2.25)

Let u be a positive element of E. Since

∞∑
n=1

〈u, x′
n〉 =

〈
u,

∞∑
n=1

x′
n

〉
≤ γ · ‖u‖,

it follows that Tu ∈ E0. Hence, for every x ∈ E, Tx ∈ E0, T is well-defined and
positive. Let ξ and ρ be two real numbers, ξ, ρ > 0, such that for every x ∈ E0,

x =
∞∑

n=1

anxn, (an)∞n=1 ∈ �1, ξ ·
∞∑

n=1

|an| ≤ ‖x‖ ≤ ρ ·
∞∑

n=1

|an|.

It follows that for every n ∈ N and x ∈ E+,

‖T nx‖ =

∥∥∥∥∥
∞∑

n=1

〈x, x′
m〉xm+n

∥∥∥∥∥
≤ ρ

〈
x,

∞∑
n=1

x′
m

〉
≤ ρ · ‖x‖ · γ .

Therefore, T is power bounded. For every x ∈ E0, x =
∞∑

n=1
anxn, (an)∞n=1 ∈ �1,

Tx =
∞∑

n=1
anxn+1. Therefore, in order to prove that T is not mean ergodic, it is

enough to prove that the positive contraction Q : �1 → �1,

Q((an)∞n=1 = (0, a1, a2, a3, . . .) (∀(an)∞n=1 ∈ �1),

is not mean ergodic. We leave this as an exercise to the reader. This contradicts our
condition that every power bounded operator T ∈ L(E) is mean ergodic. Thus, E
does not contain a lattice isomorphic copy of �1 and, therefore, E is reflexive. �

2.3.4 Now we generalize Theorem 2.3.3, as in [27], where the assumption that
a Banach lattice is σ-Dedekind complete was canceled. We need the following two
simple lemmas on the geometry of Banach lattices.
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Lemma 2.3.4. Let E be a Banach lattice that fails to be σ-Dedekind complete. Then
there exists an order bounded countable set X ⊆ E of pairwise disjoint positive
elements which has no supremum, and ‖e‖ ≥ 1 for every e ∈ X.

Proof. By the result of Veksler and Gĕıler [128], there exist an element v ∈ E+

and countable set {xn}∞n=1 ⊆ [0, v] of pairwise disjoint positive elements which

has no supremum. The sequence sn =
n∑

k=1

xk does not converge in norm. Indeed,

if sn → x, then the element x is the supremum of {xn}∞n=1. Thus, the sequence
(sn)∞n=1 is not Cauchy. Therefore, there exist ε > 0 and a strictly increasing
sequence (nk)∞k=1 of natural numbers such that ‖snk+1 − snk

‖ ≥ ε.
We put A = {ek}∞k=1, where ek = ε−1(snk+1 − snk

). The countable set A is
bounded from above by ε−1v and consists of positive pairwise disjoint elements ek

satisfying ‖ek‖ ≥ 1. The set A has no supremum in E. Indeed, if

y = sup{ek : k = 1, 2, . . . }

exists, then we would have

y = sup{sup{ε−1 xn : n = nk + 1, . . . , nk+1 } : k = 1, 2, . . . }
= ε−1 sup{xn : n = n1 + 1, . . . }.

But the last supremum does not exist by the choice of the set {xn}∞n=1. �
Lemma 2.3.5. Let E be a Banach lattice. Then, for every order bounded sequence
(en)∞n=1 of pairwise disjoint positive elements in E and for every real sequence

(an)∞n=1, an → 0, the series
∞∑

n=1
anen converges in norm.

Proof. Let 0 ≤ en ≤ u for some u and let {an}∞n=1 ⊆ R, an → 0. Then, for every
ε > 0, there exists a number n(ε) such that |an| · ‖u‖ ≤ ε for all n > n(ε). So we
have ∥∥∥∥∥∥

n(ε)+m∑
n=n(ε)+1

anen

∥∥∥∥∥∥ = ‖ sup { |an| en : n = n(ε) + 1, . . . , n(ε) + m}‖

≤ ‖u‖ · max {|an| : n = n(ε) + 1, . . . , n(ε) + m}
≤ ε

for all m ∈ N. Consequently, the series
∞∑

n=1
an · en converges in norm in E. �

2.3.5 Now, from Theorem 2.3.3, the affirmative answer to Sucheston’s question
for arbitrary Banach lattices follows due to the following result [27].

Theorem 2.3.6 (Emel’yanov). Let E be a Banach lattice that fails to be σ-Dedekind
complete. Then there exists a positive compact operator A : E → E such that the
operator T = IE − A is power bounded and not mean ergodic.
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Proof. According to Lemma 2.3.4, in the Banach lattice E, there exists an order
bounded family {en}∞n=0 of positive pairwise disjoint elements without supremum
and such that ‖en‖ ≥ 1 for all n. Take an element u ∈ E+ satisfying {en}∞n=0 ⊆
[0, u].

For every n = 0, 1, . . ., take a functional fn defined in the one-dimensional
subspace {λen : λ ∈ R} of the Banach lattice E by fn(λen) := λ. We extend fn

to a functional fn in E preserving the norm of fn. Define the functional ξn in E
as follows:

ξn(x) := sup
k

fn+(x ∧ ken)

for x ≥ 0 and ξn(x) = ξn(x+) − ξn(x−) for an arbitrary x ∈ E. Next, put

ϕn(x) := ξn(x) +
‖u‖ − ξn(u)

ξ0(u)
ξ0(x)

for all x ∈ E and n = 1, 2, . . . . We observe that

ϕn ≥ 0, ϕn(u) = ‖u‖, ϕn(en) = 1, ‖ϕn‖ ≤ 1 + ‖u‖ (2.26)

for all natural n, and ϕn(em) = 0, whenever n, m ∈ N, n �= m. We explain

‖ϕn‖ ≤ 1 + ‖u‖

only. Note that

‖ξn‖ ≤ ‖fn+‖ ≤ ‖fn‖ = ‖fn‖
= ‖en‖−1 ≤ 1

and

1 = ξn(en) ≤ ξn(u)
≤ ‖ξn‖ ‖u‖
≤ ‖u‖

for every n = 0, 1, . . . . Consequently,

‖ϕn‖ ≤ ‖ξn‖ +
‖u‖ − ξn(u)

ξ0(u)
‖ξ0‖

≤ ‖ξn‖ +
‖u‖
ξ0(u)

‖ξ0‖

≤ ‖ξn‖ + ‖u‖‖ξ0‖
≤ 1 + ‖u‖

for all n ∈ N.
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Let (αn) be an arbitrary sequence of reals satisfying 0 < αn ≤ 1 and αn → 0.
Define the operator A : E → E as

Ax :=
∞∑

n=1

αnϕn(x) en (x ∈ E).

The operator A is well defined, due to Lemma 2.3.5, since αnϕn(x) → 0 for all
x ∈ E. It is clear that A is a positive compact operator.

Next, consider the operator T = IE − A. An easy computation shows that

T ky = y −
∞∑

n=1

[1 − (1 − αn)k]ϕn(y) en (2.27)

for all k ∈ N and y ∈ E. From (2.26) and (2.27), it ensues that

|T ky| ≤ |y| + ‖y‖ (sup
n

‖ϕn‖)
∞∑

n=1

[1 − (1 − αn)k] en

≤ |y| + ‖y‖ (1 + ‖u‖)
∞∑

n=1

[1 − (1 − αn)k] en

= |y| + ‖y‖ (1 + ‖u‖) sup
n

[1 − (1 − αn)k] en

≤ |y| + ‖y‖ (1 + ‖u‖)u .

Thus,
‖T ky‖ ≤ (1 + ‖u‖ + ‖u‖2) · ‖y‖

for all k ∈ N and y ∈ E. Hence, T is a power bounded operator.
We now show that the operator T is not mean ergodic. Assume the contrary.

Let T be mean ergodic. Then AT
n x → x ∈ E for all x ∈ E. In particular, the norm

limit v = lim
n→∞

AT
n u exists. From (2.27), it follows that T ku↓ . Furthermore,

v = inf
n

AT
nu = inf

n
T nu. (2.28)

In virtue of (2.26) and (2.27), we have for every k, n ∈ N,

v ≤ T ku ≤ u − [1 − (1 − αn)k] ϕn(u) en. (2.29)

Passing to the limit in (2.29) as k → ∞, we obtain

v ≤ u − ϕn(u) en = u − ‖u‖ en (2.30)

for all n ∈ N. We show that v = inf{u − ‖u‖ en : n ∈ N}. Let an element x ∈ E
satisfy the condition x ≤ u − ‖u‖ en for all n. Then, by (2.26), we have

x ≤ u − [1 − (1 − αn)k] ϕn(u) en
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for all n, k ∈ N. From this, in accordance with (2.27), we obtain

x ≤ inf
n

(u − [1 − (1 − αn)k] ϕn(u) en)

= u − sup
n

[1 − (1 − αn)k] ϕn(u) en

= u −
∞∑

n=1

[1 − (1 − αn)k] ϕn(u) en

= T ku

for all k ∈ N. Then, by (2.28),

x ≤ inf
n

T nu = inf
n

AT
n u = v.

Due to (2.30) and the fact that x is an arbitrary lower bound of the set

{u − ‖u‖ en}∞n=1,

we obtain v = inf{u − ‖u‖ en : n ∈ N}. Consequently, there exists an element

‖u‖ sup{en : n ∈ N} = sup{‖u‖en : n ∈ N}
= u − inf{u − ‖u‖en : n ∈ N}
= u − v .

Hence the set {en}∞n=1 has a supremum in E. So the set {en}∞n=0 has a supremum
too. This contradicts the choice of this set, which shows that the operator T =
IE − A is not mean ergodic. The proof is completed. �

2.3.6 Now we discuss asymptotic properties of power bounded operators whose
peripheral spectrum is {1}. From Proposition 1.1.23, it follows directly, that:

Proposition 2.3.7. On a reflexive Banach space, every power bounded operator T
with the peripheral spectrum σπ(T ) = {1} is strongly stable. �

We do not know any example of a non-reflexive Banach space in which every
power bounded operator T with σπ(T ) = {1} is strongly stable. According to [33],
this cannot occur in Banach lattices.

Theorem 2.3.8 (Emel’yanov–Räbiger–Wolff). Let E be a Banach lattice. Then the
following conditions are equivalent:

(i) every power bounded operator T with peripheral spectrum σπ(T ) = {1} in E
is strongly stable;

(ii) E is reflexive.
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Proof. (i) ⇒ (ii): (I) Assume that the Banach lattice E is not σ-Dedekind com-
plete. Consider the operator T constructed in the proof of Theorem 2.3.6. The
operator T is power bounded and not mean ergodic (thus T is not strongly sta-
ble), and it is easy to see, that the peripheral spectrum of T is {1}. Note that the
operator T is regular, but is not positive.

(II) Assume that E is σ-Dedekind complete, but the norm on E is not order
continuous. Then, by the Räbiger’s result [98], there exists an operator T in E
satisfying 0 ≤ T ≤ IE which is not mean ergodic. Obviously, the operator T is
power bounded and not strongly stable, and σπ(T ) = {1}.

(III) So we can assume that the norm on E is order continuous. To prove
reflexivity of E it is sufficient to show that neither c0 nor �1 is lattice embeddable
into E (see [85, Thm. 2.4.15]).

Assume that there exist a sublattice F of E and lattice isomorphism V from
F onto c0. Since E is countably order complete, by [85, Cor.2.4.3], F is the range
of a positive projection P . Set

G = V −1 ◦ T1 ◦ V P ,

where T1 is the operator constructed in Example 1.3.8. Then G is a power bounded
positive operator which is not mean ergodic, and the peripheral spectrum of G is
{1}.

Now suppose that �1 is lattice embeddable into E. In this case, we argue as
in the proof of Theorem 2.3.3. We only have to replace the operator Q : �1 → �1

given by
P ((an)n) = (0, a1, a2, a3, . . .)

by the operator
Q = αIE + (1 − α)P

for some 0 < α < 1. Then the operator T given by (2.25) is well defined, power
bounded, positive, and not mean ergodic. Moreover, σπ(T ) = {1}. Altogether this
shows that E is reflexive.

(ii) ⇒ (i): This follows from Proposition 2.3.7. �

2.3.7 The natural question arises in connection with Theorem 2.2.5:

Does the condition (2.18) characterize KB-spaces among Banach lattices?

In general, the answer is unknown. Even if we know that any positive power
bounded operator T in a Banach lattice E is mean ergodic, we can not conclude
that E is a KB-space. However, such a characterization is possible, whenever we
consider σ-Dedekind complete Banach lattices (see [34], [50], and [8]).

Theorem 2.3.9. Let E be a σ-Dedekind complete Banach lattice. Then the following
conditions are equivalent:

a) E is a KB-space;
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b) Any positive power bounded operator T in E, which satisfies

lim
n→∞

dist(AT
n x, [−g, g] + ηBE) = 0 (∀x ∈ BE)

for some g ∈ E+ and 0 ≤ η < 1, is mean ergodic;

c) Any positive operator T in E, which satisfies

lim
n→∞

dist(T nx, [−g, g] + ηBE) = 0 (∀x ∈ BE)

for some g ∈ E+ and 0 ≤ η < 1, is mean ergodic.

Proof. a) ⇒ b): It follows from Theorem 2.2.5.
b) ⇒ c): It is obvious.
c) ⇒ a): Assume that E is not a KB-space. If the norm on E is not order

continuous, then there exists a disjoint order bounded sequence (en)∞n=1 of E+

which does not converge to 0 in norm [85, Thm.2.4.2.]. Without loss of generality
we may assume that ‖en‖ = 1 and en ≤ u for some u ∈ E and all n. By [110,
Exer.II.18.b], there exists a disjoint normalized sequence (ψn)∞n=1 in E′

+ such that
ψn(em) = 0 for m �= n and ψn(en) ≥ 1/2. We set

ϕn =
ψn

ψn(en)
.

Then ‖ϕn‖ ≤ 2 and ϕn(em) = δn,m. The map U : �∞ → E given by

Uf = sup
n
{fnen : n ∈ N}

is a well-defined topological lattice isomorphism [85, Lemma 2.3.10(ii)]. Define
V : E → �∞ by

(V x)n := ϕn(x).

Then ‖V ‖ ≤ 2 and V ◦ U = Id on �∞. Consider the left shift L in �∞. L is not
mean ergodic and satisfies

lim
n→∞

dist(Lnx, [−1I, 1I]) = 0 (∀ x ∈ B�∞),

where 1I is the sequence in �∞ identically equals 1. Then

T = U ◦ L ◦ V

is a positive power bounded operator in E which is not mean ergodic and satisfies

lim
n→∞

dist(T nx, [−U(1I), U(1I)]) = 0 (∀ x ∈ BE).

Thus the norm on E is order continuous. By [85, Thm.2.4.12], there exists a
sublattice F of E and a lattice isomorphism V0 from F onto c0, and, by [85,
Cor.2.4.3], F is the range of a positive projection P . Set

S = V −1
0 ◦ Tη ◦ V0 ◦ P,
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where Tη is the operator in c0 constructed in Example 1.3.8 and η satisfies

0 < η‖V −1
0 ‖‖V0‖‖P‖ < 1.

Then S is a positive power bounded operator, and

lim
n→∞

dist(Sn x, [−V −1
0 e1, V

−1
0 e1] + η‖V −1

0 ‖‖V0‖‖P‖ · BE) = 0 (∀ x ∈ BE).

The operator Tη is not mean ergodic in c0. Hence the operator S in E is also not
mean ergodic. �

Related Results and Notes

2.3.8 In the following exercise, we consider examples of positive operators in
�1, �∞, and c0, which are not mean ergodic.

Exercise 2.3.10. Let operators Q : �1 → �1, S : �∞ → �∞, and R : c0 → c0 be
defined as

Q((an)∞n=1 = (0, a1, a2, a3, . . .) (∀(an)∞n=1 ∈ �1) ;

S((an)∞n=1 = (a2, a3, . . .) (∀(an)∞n=1 ∈ �∞) ;

R((an)∞n=1 = (a1, a1, a2, a3, . . .) (∀(an)∞n=1 ∈ c0).

Show that Q, S, and R are not mean ergodic.

By using these operators, Zaharopol [132] had proved Theorem 2.3.3. In
connection with Theorem 2.3.3 and Theorem 2.3.8, the following question arises.

Open Problem 2.3.11. Let E be a Banach lattice E. Are the following conditions
equivalent:

(i) E is reflexive;

(ii) every positive power bounded operator in E is mean ergodic;

(iii) every power bounded operator T such that σπ(T ) = {1} in E is strongly
stable?

2.3.9 Räbiger has characterized in [98] the order continuity of the norm on a
Banach lattice E by the mean ergodicity of all operators T satisfying 0 ≤ T ≤ IE ,
whenever E possesses a topological orthogonal system (uα)α∈A. Namely, he proved
the following:

Theorem 2.3.12 (Räbiger). Let E be a Banach lattice containing a t.o.s. If the
norm on E is not order continuous then there exists an operator T in E satisfying
0 ≤ T ≤ IdE which is not ergodic. �
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This guarantees that the center Z(E) of E, which is the linear span of

{T : 0 ≤ T ≤ IE} ,

is large enough. There are, however, Banach lattices with dim(Z(E)) = 1 (for an
example of an AM-space with this property, see [51]). Theorem 2.3.1 characterizes
the order continuity of the norm on a Banach lattice in full generality.

From Theorems 2.3.3 and 2.3.6, and the fact that every power bounded oper-
ator in a reflexive Banach space is mean ergodic, we obtain directly the following:

Theorem 2.3.13 (Emel’yanov). For every Banach lattice E, the following condi-
tions are equivalent:

(i) every power bounded operator T : E → E is mean ergodic;

(ii) every power bounded regular operator T : E → E is mean ergodic;

(iii) E is reflexive. �
Let E be a (not necessary normed) vector lattice and let T : E → E be a

linear operator. We call the operator T mean order ergodic if for every x ∈ E
the sequence (AT

n x)∞n=0 order converges in E. As it is easy to see, the operator T
constructed in the proof of Theorem 2.3.6 is power order bounded and not mean
order ergodic. Therefore a Banach lattice in which every power order bounded
operator is mean order ergodic is necessarily σ-Dedekind complete.

2.3.10 Fonf, Lin, and Wojtaszczyk [45] proved the following result, which is
closely related to the Sacheston question.

Theorem 2.3.14 (Fonf–Lin–Wojtaszczyk). Let E be a Banach space. Then X is
reflexive if and only if each power bounded operator defined in a closed subspace
of X is mean ergodic. �

Also, they gave the following partial answer to Sacheston’s question.

Theorem 2.3.15 (Fonf–Lin–Wojtaszczyk). Let E be a Banach space with basis.
Then X is reflexive if and only if each power bounded operator in X is mean
ergodic. �

2.3.11 Results of this section should have considerable analogues for C0-semi-
groups. It is easy to formulate those analogues, and we leave this to the reader.



Chapter 3

Positive semigroups in L1-spaces

In this chapter, we investigate asymptotic properties of one-parameter positive
semigroups in L1(Ω, Σ, µ), where (Ω, Σ, µ) is a measure space with a σ-finite mea-
sure µ. In the last section, we shall also consider the theory of Markov semigroups
in so-called non-commutative L1-spaces. For one-parameter positive semigroups
in L1-spaces, there is a rich theory, which includes many results on the existence
of invariant densities, criteria for asymptotic stability, decomposition theorems,
etc. (cf. [71]).

The choice of results presented in this chapter is motivated mainly by the
author’s research interests, and it does not reflect the present state of the very
broad asymptotic theory of positive semigroups in L1-spaces. We send the reader
for many other important aspects of this theory and for their applications to books
of Foguel [43], Krengel [67], Lasota and Mackey [71], and Schaefer [110].

3.1 Mean ergodicity of positive semigroups in L1-spaces

In this section, we recall some background facts about L1-spaces and Markov
operators in them. We discuss criteria for existence of an invariant density for
a Markov semigroup, study interactions between the mean ergodicity and the
weakly almost periodicity for positive semigroups in L1(Ω, Σ, µ), and present sev-
eral results about conditions under which one-parameter positive semigroups in
L1-spaces are mean ergodic. Then we investigate conditions for mean ergodicity
of Markov and Frobenius–Perron semigroups.

3.1.1 Let (Ω, Σ, µ) be a measure space equipped with a σ-finite measure µ,
and let L1(Ω, Σ, µ) be the set (we call it, in short, an L1-space) of all real-valued
Lebesgue-integrable functions on Ω. We use the term “L1-space” in this and the
next section only for spaces L1(Ω, Σ, µ). As usual, the measurable functions which
coincide almost everywhere (a.e. for short) are identified.
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By L1
+ we denote the positive cone of L1, and by L1

0 the set of all functions
from L1 possessing a zero integral. A function f ∈ L1

+ is said to be strictly positive
if f > 0 a.e. The term support of a measurable function f will be used for the
set {f > 0}. Given an A ∈ Σ, we denote its indicator function (or characteristic
function ) by 1IA.

Positive norm 1 elements of L1(Ω, Σ, µ) are called densities. We denote the
set of all densities on (Ω, Σ, µ) by D = D(Ω, Σ, µ). The set D is obviously convex
and closed. Moreover, this set is weakly compact if and only if dim(L1(Ω)) < ∞.

We shall use a simple inequality that holds due to additivity of the norm on
L1

+(Ω). Given a non-empty Ξ ⊆ L1
+(Ω), then

inf{‖ξ‖ : ξ ∈ Ξ} ≤ ‖x‖ (3.1)

for all x ∈ co(Ξ).

3.1.2 The following lemma (cf. [63]) will be applied below for obtaining integral
versions of Theorems 3.1.14 and 3.2.4.

Lemma 3.1.1. Let (fn)∞n=1 be a sequence of densities in L1(Ω, Σ, µ). Then the
following conditions are equivalent:

(i) there exists y ∈ L1
+ such that lim sup

n→∞
dist(fn, [−y, y]) ≤ η for some η ∈ R,

which satisfies 0 ≤ η < 1;

(ii) there exists y ∈ L1
+ such that lim sup

n→∞
‖(fn−y)+‖ ≤ η for some η ∈ R, which

satisfies 0 ≤ η < 1;

(iii) there exist δ > 0, λ < 1, and A ∈ Σ, µ(A) < ∞, such that there is an integer
n0 = n0(δ, η, A), for which ∫

(Ω−A)∪B

fn dµ ≤ λ

for n ≥ n0 and µ(B) ≤ δ.

Proof. The equivalence (i) ⇔ (ii) is obvious.
(iii) ⇒ (ii): Take δ > 0, λ < 1, and A ∈ Σ as in condition (iii). Denote by X

the set {fn : n ≥ n0}. Then ∫
(Ω−A)∪D

g dµ ≤ η

for all g ∈ X , whenever µ(D) ≤ δ. Suppose that (ii) does not hold. Then, for each
k ∈ N, there is an element gk ∈ X such that

‖(gk − k1IA)+‖ ≥ 1 − 1/k .
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Henceforth,

1 ≤ lim sup
k→∞

∥∥∥(gk − k1IA)+
∥∥∥

= lim sup
k→∞

[ ∫
Ω−A

gk dµ +
∫
C

(gk − k1IA)+dµ
]

≤ lim sup
k→∞

[ ∫
Ω−A

gk dµ +
∫

Dk:={x∈Ω:gk(x)≥k}

gk dµ
]

= lim sup
k→∞

∫
(Ω−A)∪Dk

gk dµ

≤ λ

< 1,

since µ(Dk) ≤ 1/k ≤ δ for large enough k. The contradiction shows that (ii) holds.
(i) ⇒ (iii): Let (i) be satisfied with an element y ∈ L1

+ and η < 1. Take a set
A ∈ Σ of finite measure and δ > 0 such that∫

(Ω−A)∪D

y dµ ≤ (1 − η)/4

for all D ∈ Σ, µ(D) ≤ δ. The inequality ‖(|f | − y)+‖ ≤ η holds for all

f ∈ [−y, y] + ηBL1 .

By (i) ,
dist(fn, [−y, y]) ≤ η + (1 − η)/4 (∀n ≥ n0),

then
‖(fn − y)+‖ ≤ η + (1 − η)/4 (∀n ≥ n0),

and ∫
(Ω−A)∪D

fn dµ ≤
∫
Ω

(fn − y)+dµ +
∫

(Ω−A)∪D)

y dµ

≤
∥∥∥(fn − y)+

∥∥∥ + (1 − η)/4

< η + (1 − η)/2
= (1 + η)/2 :
= λ

< 1

for all n ≥ n0, whenever µ(D) ≤ δ. �
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3.1.3 A linear operator T in an L1-space is called a Markov operator if

T (D) ⊆ D.

A semigroup T in an L1-space is called a Markov semigroup if it consists of Markov
operators. It is clear that a linear operator T is a Markov operator if and only if
it satisfies the following conditions:

Tf ≥ 0 and ‖Tf‖ = ‖f‖ for all f ∈ L1
+.

For any Markov operator T there holds T (L1
0) ⊆ L1

0.
A density u is called T -invariant for a Markov operator T if Tu = u. Given

a Markov semigroup T , then a density u is called T -invariant if Ttu = u for
all Tt ∈ T . We denote the set of all T -invariant densities by DT . The notion of
invariant density plays the important role in the asymptotic theory of Markov
semigroups. The structure of the set DT can be very different. Of course, it is
possible that DT = ∅ or DT = D. Below we use the following simple and well-
known fact.

Proposition 3.1.2. Let r = dim(DT ) < ∞, then there exist r extreme points {di}r
i=1

of the set DT such that DT = co{di}r
i=1. Moreover, the densities di are pairwise

disjoint, i.e., dk ∧ dl = 0, whenever k �= l. �
In general, when dim(DT ) is not necessarily finite, it is known that the set

Fix(T ) of all fixed vectors of T is a Banach sublattice in L1(Ω, Σ, µ) (see [110]).
Moreover, Fix(T ) is itself a space L1(Ω, Σ1, µ), where Σ1 is an appropriate σ-
subalgebra of Σ.

Any mean ergodic Markov semigroup T possesses at least one invariant den-
sity, that can be obtained if we start from arbitrary density f and consider an
element u = lim

t→∞
AT

t f . Obviously, T u = u. On the other hand, we have the

following well-known criterion for weak pre-compactness in L1:

Theorem 3.1.3 (Danford–Schwartz). A subset of L1-space is weakly pre-compact
if and only if it is almost order bounded. �

This theorem and Theorem 1.1.7 imply directly:

Proposition 3.1.4. Any one-parameter Markov semigroup T in an L1-space pos-
sessing a strictly positive invariant density is mean ergodic. �

3.1.4 Let T be a one-parameter Markov semigroup in L1(Ω, Σ, µ) such that
the set DT of its invariant densities is non-empty. Take a finite measure µ1, which
is equivalent to the initial σ-finite measure µ on Ω, and define

α := sup{µ1(E) : E = {d > 0} for some d ∈ DT }.

Take a subset {dn}∞n=1 in DT satisfying µ1({dn > 0}) → α and put a =
∞∑

n=1
2−ndn.

Then a ∈ DT and µ1({a > 0}) = α, i.e., a is a T -invariant density of maximal
support. Thus we obtain the following proposition.
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Proposition 3.1.5. Any one-parameter Markov semigroup possessing at least one
invariant density possesses an invariant density of maximal support. �

3.1.5 The following lemma gives an important property of Cesàro convergence
for Markov semigroups.

Lemma 3.1.6. Let T =(Tt)t∈J be a one-parameter Markov semigroup in L1(Ω, Σ, µ)
and let x ∈ L1

+(Ω), x �= 0, be such that the norm limit y = lim
t→∞

AT
t x exists. Denote

by P the projection Pf := f · 1I{y=0}. Then

lim
t→∞

‖P ◦ Tt x‖ = 0.

Proof. Applying the inequality (3.1) to the subset

Ξ := {P ◦ Tt x : t ∈ J}

of L1
+(Ω), we obtain that

inf{‖P ◦ Tt x‖ : t ∈ J} ≤ inf
t
‖P ◦ AT

t x‖ (∀ τ ∈ J).

Hence lim
t→∞

‖P ◦AT
t x‖ = 0 implies that lim

t→∞
‖P ◦Tt x‖ = 0, which is required. �

Mean ergodic Markov semigroups have the following important property,
which goes back to Helmberg [55]. The proof of it follows directly from Lemma
3.1.6.

Theorem 3.1.7 (Helmberg). Let T be a one-parameter mean ergodic Markov semi-
group in L1, and let u ∈ D be a T -invariant density of maximal support. Denote
by P the projection Pf := f · 1I{u=0}. Then

lim
t→∞

‖P ◦ Tt f‖ = 0 (∀ f ∈ L1). �

3.1.6 The problem of existence of invariant densities is one of the central prob-
lems in the theory of Markov operators. There are many results which give various
conditions for existence of invariant densities. We refer for them to Krengel’s book
[67, Sec.3.4], and to the references therein.

In the next subsection, we give a criterion for existence of an invariant density
which was obtained in [28, Thm.1]. It will be applied for proving Theorem 3.1.17
on mean ergodicity of a Frobenius–Perron semigroup.

The proof of the criterion is based on an important result of Krengel. Let
us recall a definition. Given a positive contraction T in L1(Ω, Σ, µ). A weakly
wandering function h for T is an element of L∞

+ (Ω, Σ, µ) for which there exists a
strictly increasing sequence 0 = k0 < k1 < · · · of integers with

‖
∞∑

ν=0

T ∗kν h‖∞ < ∞.

The following result is due to Krengel (cf. [67, Thm. 3.4.6]).
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Theorem 3.1.8 (Krengel). If T is a positive contraction in L1(Ω, Σ, µ), there exists
a decomposition of Ω into two disjoint sets C and D, uniquely determined up to
the null-set by the properties:

(i) there exists a p ∈ L1
+(Ω, Σ, µ) with Tp = p; and {p > 0} = C;

(ii) there exists a weakly wandering h ∈ L∞
+ (Ω, Σ, µ) with {h > 0} = D. �

3.1.7 Let T = (Tt)t∈J be a one-parameter Markov semigroup in L1(Ω, Σ, µ).
The next theorem was obtained in [28].

Theorem 3.1.9 (Emel’yanov). The following conditions are equivalent:

(i) T has an invariant density;

(ii) lim sup
t→∞

‖f − Ttf‖ < 2 for some density f ;

(iii) lim sup
t→∞

‖d − Ttg‖ < 2 for some pair of densities d, g.

Proof. (i) ⇒ (ii) ⇒ (iii) is trivial and, for the proof of (iii) ⇒ (ii) it is enough to
pick f = (d + g)/2.

(ii) ⇒ (i): Remark that from the equality ‖f − g‖ = ‖f‖ + ‖g‖ − 2‖f ∧ g‖,
which holds for all f, g ∈ L1

+(Ω), it follows that (ii) is equivalent to

(∃f ∈ D) lim inf
t→∞

‖f ∧ Ttf‖ > 0. (3.2)

Thus one may assume that condition (3.2) holds for a density f .
(I) First, we consider the discrete case T = (T n)∞n=1. Without loss of gen-

erality one may assume that f ∈ L∞(Ω). Applying Theorem 3.1.8 to T , obtain
a decomposition of Ω into two disjoint sets C and D that satisfy the following
properties:

(*) there exists p ∈ L1
+(Ω) with Tp = p and C = {p > 0}, and

(**) there exists a weakly wandering h ∈ L∞
+ (Ω) with D = {h > 0}.

It is enough to show that p �= 0. Let
∥∥∥ ∞∑

ν=1
T ∗kν h

∥∥∥
∞

< ∞ for some strictly

increasing sequence kν of naturals (such a sequence exists in view of weakly wan-
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dering of h). Given ε > 0, set Aε := {h ≥ ε}, then

∞∑
ν=1

‖1IAε · (f ∧ T kν f)‖ ≤
∞∑

ν=1

‖1IAε · T kν f‖

=
∫
Aε

∞∑
ν=1

T kν f dµ

≤ ε−1

∫
Ω

h ·
∞∑

ν=1

T kν f dµ

= ε−1
( ∞∑

ν=1

T ∗kν h
)
(f)

≤ ε−1 · ‖f‖ ·
∥∥∥ ∞∑

ν=1

T ∗kν h
∥∥∥
∞

< ∞

and consequently, lim
ν→∞

‖1IAε ·(f ∧T kν f)‖ = 0 for all ε > 0. Now, in view of Aε ↑ D

(ε ↓ 0), we obtain lim
ν→∞

‖1ID · (f ∧ T kν f)‖ = 0, and

lim sup
ν→∞

∫
C

f ∧ T kν f dµ ≥ lim sup
ν→∞

∫
Ω

f ∧ T kν f dµ − lim
ν→∞

‖1ID · (f ∧ T kν f)‖

≥ lim inf
n→∞

‖f ∧ T nf‖
> 0 .

In particular, the set C has a positive measure. Thus p �= 0 and w = ‖p‖−1p is an
invariant density of T .

(II) Now let T = (Tt)t≥0 be a C0-semigroup of Markov operators. Set T = T1,
then condition (3.2) implies

lim inf
n→∞

‖f ∧ T nf‖ > 0,

and, from part (I) of the proof, it follows that there exists a density u1 such that

Tu1 = u1. Clearly u :=
1∫
0

Ttu1 dt is a T -invariant density, since

u =

1∫
0

Ttu1 dt =

1+s∫
s

Ttu1 dt = Tsu (∀s ≥ 0). �

3.1.8 Let us recall the following simple proposition which is a direct conse-
quence of Proposition 1.1.3 and Theorem 1.1.13.
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Proposition 3.1.10. Let T = (Tt)t∈J be a one-parameter bounded positive semi-
group in an L1-space, such that an operator Tξ is mean ergodic or (weakly) almost
periodic for some ξ > 0. Then the semigroup T possesses the same property. �

By Proposition 1.1.19, every weakly almost periodic operator and every
weakly almost periodic C0-semigroup is mean ergodic. The converse is not true
in general. However, it is still true in the case of bounded positive semigroups in
L1(Ω). This result was obtained by Komornik [63, Prop. 1.4(i)] and independently
by Kornfeld, Lin [65, Thm. 1.2]. The proof below follows the paper [28].

Theorem 3.1.11 (Komornik–Kornfeld–Lin). Let T = (Tt)t∈J be a one-parameter
positive bounded mean ergodic semigroup in L1(Ω, Σ, µ). Then T is weakly almost
periodic.

Proof. It is enough to show that the orbit {Ttf}t∈J is conditionally weakly com-
pact for each f ∈ L1

+(Ω).
Fix f ∈ L1

+(Ω) and let u = lim
t→∞

AT
t f . If u = 0, set Q = I := Id|L1(Ω). If

u �= 0, take the u-support projection P = Pu:

Pug = 1I{u>0} · g (∀g ∈ L1(Ω)).

It is clear that P satisfies 0 ≤ P ≤ I, and Tt ◦ P = P ◦ Tt ◦ P since L1({u > 0})
is T -invariant. Set Q = I − P and notice that Q ◦ Tt = Q ◦ Tt ◦ Q for all t ∈ J .

Since lim
t→∞

‖u −AT
t f‖ = 0 and Qu = 0, we have

lim
t→∞

‖Q ◦ AT
t f‖ = 0 .

Applying the inequality (3.1) to the subset Ξ := {Q ◦ Tt f}t∈J , we obtain that

‖Q ◦ Tni f‖ → 0 (i → ∞)

for some increasing sequence (ni)∞i=1 and, consequently,

lim sup
t→∞

‖Q ◦ Tt f‖ = lim sup
t→∞

‖Q ◦ Tt ◦ Tni f‖

= lim sup
t→∞

‖Q ◦ Tt ◦ Q ◦ Tni f‖

≤ sup
t∈J

‖Tt‖ · ‖Q ◦ Tni f‖

→ 0 (i → ∞).

Thus lim
t→∞

‖Q ◦ Tt f‖ = 0. In the case u = 0, the proof is finished already, since

Q = I. Let u �= 0. The set
∞⋃
l=1

[−lu, lu] is norm-dense in L1({u > 0}) = P (L1(Ω)).

By invariance of u,

Tt([−lu, lu]) ⊆ [−lu, lu] (∀t ∈ J),
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and since T is bounded, for each ε > 0 there exists lε such that

lim sup
t→∞

dist(Tt f, [−lu, lu]) = lim sup
t→∞

dist(P ◦ Tt f, [−lu, lu]) ≤ ε

for all l ≥ lε. Hence {Ttf}t∈J is conditionally weakly compact since [−lu, lu] is
weakly compact and ε > 0 was chosen arbitrarily. �

The following result is due to Derriennic and Krengel [24] and it follows
directly from Proposition 1.1.3 and Theorem 3.1.11. Remark that this corollary
can be obtained independently from Theorem 2.1.14.

Corollary 3.1.12 (Derriennic–Krengel). Let T be a power bounded positive operator
in an L1-space. Given m ∈ N, then T is mean ergodic if and only if T m is mean
ergodic. �

3.1.9 It is important in many cases to find conditions under which a positive
operator T is mean ergodic and the space Fix(T ) of all T -fixed vectors has finite
dimension. For this aim, the following theorem is useful. Indeed, this theorem is a
partial case of Theorem 2.2.5, if we additionally assume that the semigroup T is
bounded (since every L1-space is a KB-space). Here we prove it directly.

Theorem 3.1.13 (Emel’yanov–Wolff). Let T be a one-parameter positive semigroup
in L1-space such that there exist an element y ∈ L1

+ and real η with 0 ≤ η < 1
satisfying

lim sup
t→∞

∥∥∥(AT
t f − y)+

∥∥∥ ≤ η

for every density f . Then the semigroup T is mean ergodic.

Proof. We prove this theorem only in the case when T = (T n)∞n=1. The continuous
case can be easily reduced to the discrete case (we leave this as an exercise to the
reader).

Denote our L1-space by E. Due to Theorem 1.1.11, it is enough to check
that, for every T ∗-fixed point 0 �= ψ ∈ E∗ = L∞(Ω, Σ, µ), there exists a T -fixed
point w ∈ E which satisfies 〈ψ, w〉 �= 0.

Let E∗ � ψ �= 0, T ∗ψ = ψ. We may assume that ‖ψ+‖ = ‖ψ‖ = 1. Set
ε := (1 − η)/3 and take some f ∈ E which satisfies ‖f‖ = 1 and 〈ψ+, f〉 ≥ 1 − ε.
We have ‖|f |‖ = ‖f‖ = 1 and

1 ≥ 〈|ψ|, |f |〉 ≥ 〈ψ+, |f |〉 ≥ 〈ψ+, f〉 ≥ 1 − ε.

Consequently,

〈ψ, |f |〉 = 〈2ψ+, |f |〉 − 〈|ψ|, |f |〉
≥ 2(1 − ε) − 1
= 1 − 2ε .
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Let f ′′ ∈ E∗∗ be a w∗-cluster point of (AT
n |f |)∞n=1. Then f ′′ obviously satisfies

T ∗∗f ′′ = f ′′. Since
lim sup

n→∞
dist(AT

n |f |, [0, y]) ≤ η

and [0, y] is weakly compact in E, we obtain

f ′′ ∈ [0, y] + ηBE∗∗ ⊆ E + ηBE∗∗ ,

where BE∗∗ denotes as usual the unit ball of E∗∗. Take the canonical projection
P : E∗∗ → E. Then (I − P )f ′′ ∈ ηBE∗∗ , and

〈ψ, Pf ′′〉 = 〈ψ+, Pf ′′〉 − 〈ψ−, Pf ′′〉
= 〈f ′′, ψ+〉 − 〈(I − P )f ′′, ψ+〉 − 〈ψ−, Pf ′′〉
≥ 〈f ′′, ψ〉 − η

= 〈ψ, |f |〉 − η

≥ 1 − 2ε − η

= ε > 0 .

Moreover,

T ◦ P f ′′ = T ◦ P ◦ T ∗∗ f ′′

≥ T ◦ P ◦ T ∗∗ ◦ P f ′′

= T ◦ P ◦ T ◦ P f ′′

= T 2 ◦ P f ′′

≥ 0 .

Thus the sequence (T m ◦P f ′′)m is decreasing in E = L1(Ω, Σ, µ), and henceforth,

w := lim
m→∞

T m ◦ P f ′′

exists. Clearly Tw = w and

〈ψ, w〉 = 〈ψ, Pf ′′〉 > 0 .

Thus T is mean ergodic. �
Remark that this proof uses the additivity of the norm in an L1-space, and

it cannot be generalized to KB-spaces.

3.1.10 The result of Theorem 3.1.13 can be specified for Markov operators in
the following form.

Theorem 3.1.14. Let T be a Markov operator in L1(Ω, Σ, µ). Then the following
assertions are equivalent:
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(i) there exist an element y ∈ L1
+ and real η, 0 ≤ η < 1, such that

lim sup
n→∞

∥∥∥(AT
n f − y)+

∥∥∥ ≤ η

for every density f ;

(ii) there are an integer m, decomposition Ω =
m⋃

k=0

Ωk into pairwise disjoint

subsets Ωk ∈ Σ, and two sequences of nonnegative functions uk = Tuk ∈
D(Ωk) and φk ∈ L∞(Ω0), k = 1, . . . , m , such that

m∑
k=1

φk = 1IΩ0 and for

every g ∈ L1(Ω) the norm limit lim
n→∞

AT
ng exists and can be written in the

form

lim
n→∞

AT
n g =

m∑
k=1

[ ∫
Ω

(φk + 1IΩk
)g dµ

]
uk,

and, moreover, lim
n→∞

∫
Ω0

T ng dµ = 0.

Proof. (i) ⇒ (ii): The operator T is mean ergodic by Theorem 3.1.13. The space
Fix(T ) of all T -fixed vectors is an L1-space as the range of a Markov projection
(cf. the remark after Proposition 3.1.2). Since

‖(z − y)+‖ ≤ η < 1 (∀z ∈ D ∩ Fix(T )),

which implies

‖y‖ ≥ ‖z ∧ y‖ ≥ 1 − η > 0 (∀z ∈ D ∩ Fix(T )),

we obtain dimFix(T ) < ∞. Take a maximal pairwise disjoint family {uk}m
k=1 of

T -invariant densities (it is clear that m = dimFix(T )), and put

Ωk := {x ∈ Ω : uk(x) > 0}, Ω0 := Ω −
m⋃

k=0

Ωk.

Let P be the strong limit of (AT
n )∞n=1, then P may be written in the form

Pg =
m∑

k=1

λk(g)uk (∀g ∈ L1),

where λk are positive linear functionals in L1 which one may consider as elements
of L∞. Since Puk = uk, we obtain

uk =
[ ∫

Ω

λk · ukdµ
]
uk.
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Hence λk · 1IΩk
= 1IΩk

. Put φk = λk − 1IΩk
, then the assertion (ii) is true for m,

Ωk, uk, and φk.

Given g ∈ L1
+, the sequence

(
‖1IΩ0 · T ng‖

)∞

n=1
is obviously decreasing and

satisfies lim
n→∞

‖1IΩ0 · AT
n g‖ = 0. Hence the inequality

inf
n

‖1IΩ0 · T ng‖ ≤ 1
n

n−1∑
k=0

‖1IΩ0 · T kg‖ = ‖1IΩ0 · AT
ng‖

implies lim
n→∞

∫
Ω0

T ng dµ = 0.

(ii) ⇒ (i): It is an easy exercise. �

There is an integral version of Theorem 3.1.14, namely:

Theorem 3.1.15. Under the same conditions as in Theorem 3.1.14, the assertions
(i) and (ii) are equivalent to:

(iii) there exist δ > 0, η < 1, and A ∈ Σ, µ(A) < ∞, such that for every density
f there is an integer n(f) for which∫

(Ω−A)∪B

AT
nf dµ ≤ η

for n ≥ n(f) and µ(B) ≤ δ.

Proof. It is enough to apply Lemma 3.1.1 to the sequence (AT
n f)∞n=1. �

3.1.11 We give a variant of Theorem 3.1.14 for a strongly continuous Markov
semigroup. The proof of it is similar to the proof of Theorem 3.1.14, and we leave
it to the reader. Notice that Theorem 3.1.16 can be also easily reduced to Theorem
3.1.14.

Theorem 3.1.16. Let T = (Tt)t≥0 be a C0-semigroup of Markov operators in
L1(Ω, Σ, µ). Then the following assertions are equivalent:

(i) there exist y ∈ L1
+ and η < 1 such that

lim sup
t→∞

∥∥∥(1
t

t∫
0

Tτf dτ − y
)

+

∥∥∥ ≤ η

for every density f ;

(ii) there are an integer m, decomposition Ω =
m⋃

k=0

Ωk onto pairwise disjoint

subsets Ωk ∈ Σ, and two sequences of nonnegative functions uk = T uk ∈
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D(Ωk), φk ∈ L∞(Ω0), k = 1, . . . , m, such that
m∑

k=1

φk = 1IΩ0 , and for every

g ∈ L1(Ω) the norm limit lim
t→∞

1
t

∫ t

0
Tτgdτ exists and can be written in the

form

lim
t→∞

1
t

t∫
0

Tτg dτ =
m∑

k=1

[ ∫
Ω

(φk + 1IΩk
)g dµ

]
uk,

moreover, lim
t→∞

∫
Ω0

Ttgdµ = 0 ;

(iii) there exist δ > 0, η < 1, and A ∈ Σ, µ(A) < ∞, such that for every density
f there is r(f) ≥ 0 for which

∫
(Ω−A)∪B

[1
r

r∫
0

Tτf dτ
]
dµ ≤ η

for r ≥ r(f) and µ(B) ≤ δ. �

3.1.12 One of the most important classes of Markov operators is the Frobenius–
Perron operators. Recall that a transformation S : Ω → Ω is called measurable if
S−1(A) ∈ Σ for all A ∈ Σ. A measurable transformation S : Ω → Ω is called non-
singular if µ(S−1(A)) = 0 for all A ∈ Σ such that µ(A) = 0. It follows from the
Radon–Nikodym theorem that for any non-singular transformation S the equality∫

A

Pfdµ =
∫

S−1(A)

fdµ (A ∈ Σ)

defines the unique operator P : L1(Ω) → L1(Ω). The operator P is called the
Frobenius–Perron operator corresponding to S. It is easy to see that any Frobenius–
Perron operator is a Markov operator.

When a semigroup (St)t∈J of non-singular transformations on (Ω, Σ, µ) is
given, then (PSt)t∈J is called the Frobenius–Perron semigroup.

We apply Theorem 3.1.9 for obtaining the following criterion [28, Thm.3] of
mean ergodicity of a Frobenius–Perron semigroup. Let P = (Pτt)t∈J be a discrete
or strongly continuous Frobenius–Perron semigroup associated with a semigroup
(τt)t∈J of non-singular transformations τt : Ω → Ω.

Theorem 3.1.17 (Emel’yanov). For a one-parameter Frobenius–Perron semigroup
P, the following conditions are equivalent:

(i) P is weakly almost periodic;

(ii) P is mean ergodic;
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(iii) there exists a density w such that lim sup
t→∞

‖Pτtf − w‖ < 2 for every density

f .

Proof. The equivalence (i) ⇔ (ii) follows from Theorem 3.1.11.
(ii) ⇒ (iii): Take a density d such that d(x) > 0 a.e. on Ω, then the density

w = lim
t→∞

AP
t d satisfies (iii). Indeed, let f ∈ D, then

inf
t
‖AP

t f − w‖ ≤ lim
t→∞

‖AP
t (f − d)‖

≤ ‖f − d‖
< 2 .

Since AP
t f ∈ co{Pτtf : t ∈ J}, the inequality above shows that there exists an

element a ∈ co{Pτtf : t ∈ J} with ‖a − w‖ < 2, and hence ‖Pτt0
− w‖ < 2 for

some t0 ∈ J . But then

lim sup
t→∞

‖Pτtf − w‖ = lim sup
s→∞

‖Pτs(Pτt0
f − w)‖

≤ ‖Pτt0
− w‖

< 2

which is required.
(iii) ⇒ (ii): The set DP of all P-invariant densities is not empty by Theo-

rem 3.1.9. Consequently, by Proposition 3.1.5, there is a P-invariant density with
maximal support, say a. Denote its support by A = {a > 0}. Let

A1 =
⋃
t∈J

τ−1
t (A) .

Obviously, τt(A1) ⊆ A1 for any t ∈ J . But

B := Ω − A1 = {x : τtx �∈ A ∀t ∈ J}

is also obviously invariant. Hence L1(B) is invariant for all Pτt . By (ii), 1IB �= 0,
so Theorem 3.1.9 yields a density supported in B invariant for all Pτt , which
contradicts maximality of A. Hence Ω =

⋃
t∈J

τ−1
t (A).

Since, obviously, τt(A) ⊆ A for all t ∈ J , we obtain

lim
t→∞

∫
Ω−A

Pτtf dµ = lim
t→∞

∫
Ω−τ−1

t (A)

f dµ = 0 (∀f ∈ D). (3.3)

On the other hand, the restriction P|L1(A) of P in L1(A) is mean ergodic since
the semigroup P|L1(A) has the almost everywhere positive (on the set A) invariant
density a. Consequently, (3.3) implies that P is mean ergodic. �
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Related Results and Notes

3.1.13 Not only are Markov operators a subject of intensive study in oper-
ator theory in L1-spaces. Positive (not necessarily linear) operators which map
the positive cone L1

+(Ω) of L1(Ω) into itself, and semigroups consisting of such
operators (positive semigroups ) are also very popular and important. There is a
rich and illuminating theory of positive contractive operators in L1-spaces (see,
for instance, [67] and [110]).

However, let us say that the asymptotic theory of linear contractive posi-
tive semigroups is very similar with the asymptotic theory of Markov semigroups.
Indeed, let T be a positive contractive semigroup in X = L1(Ω, Σ, µ). The appli-
cation of Proposition 1.1.17 to Y = C and R = 1IΩ ∈ X∗ = L∞ gives the Markov
semigroup in the L1-space X × C with the norm ‖x × λ‖ := ‖x‖ + ‖λ‖. Then
Proposition 1.1.18 shows that from the asymptotic point of view the considera-
tion of positive contractive semigroups in an L1-space does not lead to essential
generalizations.

3.1.14 According to Theorem 3.1.11, any mean ergodic Markov operator in
an L1-space is weakly almost periodic. In general, this result is not true even for
contractive positive operators in Banach lattices. To show this, we can take the
operator T on C(K) constructed in [119]. This operator is mean ergodic, but it is
not weakly almost periodic, since T 2 is not mean ergodic.

Open Problem 3.1.18. Let T be a mean ergodic positive power bounded operator
on a Banach lattice with order continuous norm. Is T weakly almost periodic?

Even for the Banach lattice c0, the answer seems to be unknown. In the case
when the answer for c0 is negative, the following question arises.

Open Problem 3.1.19. Let T be a mean ergodic positive power bounded operator
on a KB-space. Is T weakly almost periodic? Does this property of positive power
bounded operators characterize KB-spaces among (σ-Dedekind complete) Banach
lattices?

3.1.15 It was shown by Socala [121] that existence of invariant density for a
Markov operator T in L1(Ω, Σ, µ) is equivalent to the following integral condition:

There exist δ > 0 and A ∈ Σ, µ(A) < ∞, such that

lim sup
n→∞

∫
(Ω−A)∪B

T nf dµ > 0 (3.4)

for some density f and any B ∈ Σ, µ(B) ≤ δ.

The condition (3.4) can be considered as the integral form of the condition
(ii) of Theorem 3.1.9. This theorem has the following generalization for abelian
semigroups of Markov operators. The proof of it is left as an exercise for the reader.
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Theorem 3.1.20. Let T be an abelian semigroup of Markov operators. Then the
following conditions are equivalent:

(i) T has an invariant density;

(ii) lim sup
t→∞

‖f − Ttf‖ < 2 for some density f ;

(iii) lim sup
t→∞

‖d − Ttg‖ < 2 for some pair of densities d, g. �

The following question motivated by Theorem 3.1.9 is open.

Open Problem 3.1.21. Let T be a one-parameter Markov semigroup in an L1-space
for which there exists a density f such that

lim sup
t→∞

‖f −AT
t f‖ < 2.

Does T have an invariant density?

3.1.16 We point out that Theorems 3.1.14 and 3.1.16 hold also for an arbitrary
positive semigroup in L1(Ω, Σ, µ), and that it is enough to consider only a dense
subset of D instead of D.

One of the first asymptotic conditions for existence of an invariant density
is due to Calderon [18] and, independently, to Dowker [25]. We formulate their
result in both discrete and continuous parameter cases and apply Theorem 3.1.9
in its proof.

Theorem 3.1.22 (Calderon–Dowker). Let (Ω, Σ, µ) be a probability space. Let
(τt)t∈J be a one-parameter semigroup of non-singular transformations τt : Ω → Ω.
Then the following conditions are equivalent:

(i) there exists an equivalent finite invariant measure;

(ii) for every A ∈ Σ, µ(A) > 0 implies lim inf
t→∞

µ(τ−tA) > 0.

Proof. (i) ⇒ (ii) is trivial.
(ii) ⇒ (i): Recall that existence of an equivalent finite invariant measure for

(τt)t∈J is equivalent to existence of an almost everywhere positive invariant density
for the corresponding Frobenius–Perron semigroup P = (Pτt)t∈J .

Take a density f := 1IΩ. Then

lim inf
t→∞

∫
A

Pτtf dµ = lim inf
t→∞

∫
τ−tA

f dµ

= lim inf
t→∞

µ(τ−tA)

> 0

for any A ∈ Σ, µ(A) > 0. This is possible only if

lim inf
t→∞

∫
A

(f ∧ Pτtf) dµ > 0,
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which, due to Theorem 3.1.9, provides existence of a P-invariant density, say u, and
according to Proposition 3.1.5, one may assume that the density u is of maximal
support, say B = {u > 0}. The set

U =
⋃
t∈J

τ−tB

is obviously τ -invariant, which means τ−tU ⊆ U for all t ∈ J . Then the set Ω \ U
is τ -invariant as well.

If µ(Ω\U) > 0, then the same argument as above applying to the restriction
of the semigroup P in L1(Ω \ U) gives a density supporting on Ω \ U , which is
impossible. Consequently, µ(U) = 1 and, therefore,

lim
t→∞

µτ−t(Ω \ B) = 0 .

Applying condition (ii) again, show that µ(Ω\B) = 0, and the proof is finished. �
We mention also the following (in some sense dual) characterization of exis-

tence of an invariant density, which is due to Straube [125]. It seems to be that it
is also possible to prove it by using Theorem 3.1.9.

Theorem 3.1.23 (Straube). Let (Ω, Σ, µ) be a probability space, τ a non-singular
transformation τ : Ω → Ω. Then the following conditions are equivalent:

(i) there exists an equivalent probabilistic invariant µ-continuous measure on Ω;

(ii) there exist δ > 0, and α, 0 < α < 1, such that

µ(A) < δ ⇒ sup
k≥0

µ(τ−k(A)) < α (∀A ∈ Σ) . �

3.1.17 Some interesting results on Frobenius–Perron operators are contained
in [125]. The following natural question is open.

Open Problem 3.1.24. Let P be a one-parameter Frobenius–Perron semigroup such
that there exists a density u satisfying

lim sup
t→∞

‖u −AP
t f‖ < 2 (∀f ∈ D).

Is P mean ergodic?

The integral version of Theorem 3.1.17 can be obtained in the obvious way.
Moreover, Theorem 3.1.17 has the following generalization for abelian Frobenius–
Perron semigroups. We leave the proof of it as an exercise for the reader.

Theorem 3.1.25. Let P = (Pτt)t∈J be an abelian Frobenius–Perron semigroup.
Then the following conditions are equivalent:

(i) P is weakly almost periodic;
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(ii) P is mean ergodic;

(iii) there exists a density w such that lim sup
t→∞

‖Pτtf−w‖ < 2 for every density f .

�

For other results about transformations of measure spaces and Frobenius–
Perron operators we refer to Lasota and Mackey [71].

3.1.18 Theorems 3.1.11 and 3.1.13 can be also formulated for a representation
of an abelian semigroup in the following way.

Theorem 3.1.26. Let T = (Tt)t∈P be a bounded mean ergodic positive representa-
tion of an abelian semigroup P in L(L1). Then T is weakly almost periodic. �

Theorem 3.1.27. Let T = (Tt)t∈P be a bounded positive representation of an abelian
semigroup P in L(L1) such that there exist an element y ∈ L1

+ and real η, 0 < η <
1, satisfying

lim sup
t→∞

∥∥∥(At(T )f − y)+
∥∥∥ ≤ η.

Then the semigroup T is mean ergodic. �

3.1.19 Remark that the implications (i) ⇔ (ii) ⇒ (iii) of Theorem 3.1.17 are
true for any Markov semigroup. The following example of Komornik [63, Ex.4.1]
shows that the implication (iii) ⇒ (ii) does not hold in general.

Example 3.1.28. Let Ω = N, let Σ be the algebra of all subsets of N, and let µ be
the counting measure. Thus L1(Ω) = �1. Define an operator T in �1 as follows:

Tek+1 := 2−k · e1 + (1 − 2−k) · ek+2 (∀k ≥ 0).

So the defined Markov semigroup T = (T n)∞n=1 obviously satisfies the condition
(iii) of Theorem 3.1.17 with w = e1. But it is easy to see that for any density d
the sequence (AT

nd)∞n=1 converges if and only if d is equal to e1. In particular, T
is not mean ergodic.

Exercise 3.1.29. Prove the assertion above.

3.1.20 We finish this section with the following problem. It is easy to see that
any power bounded positive operator T on an L1-space X such that 0 belongs to
the weak-closure of {T nx}∞n=1 for all x ∈ X satisfies a formally stronger condition:

w − lim
n→∞

T nx = 0 (∀x ∈ X).

In general, this is not true for power bounded operators in Banach spaces. However,
it is an interesting question to extend this property on positive operators in Banach
lattices, namely:
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Open Problem 3.1.30. Let T be a positive power bounded operator in a Banach
lattice which satisfies 0 ∈ w-cl{T nx}∞n=1 for each x ∈ X. Does w − lim

n→∞
T nx = 0

hold for all x ∈ X?

The similar question is for positive bounded semigroups.

3.2 Stability and lower-bounds for positive semigroups
in L1-spaces

In this section, we give several theorems about asymptotic stability in terms of
lower bounds. The first of them being well known as Lasota’s lower-bound crite-
rion [69] of asymptotic stability, the others are taken from [39]. Then we discuss a
theorem of Komornik and Lasota [64], which is known as the spectral decomposi-
tion theorem for Markov semigroups. This theorem plays an important role in the
investigation of asymptotic behavior of many classes of Markov operators.

3.2.1 A one-parameter Markov semigroup T = (Tt)t∈J in L1 is called asymp-
totically stable, whenever there exists an (always T -invariant) density u such that

lim
t→∞

‖Ttf − u‖ = 0 (3.5)

for every density f ∈ L1. A function h ∈ L1
+(Ω, Σ, µ) is called a lower-bound

function for a Markov semigroup T if

lim
t→∞

‖(h − Ttf)+‖ = 0

for every density f ∈ L1. We say that a lower-bound function h is non-trivial if
h �= 0. Now we give a proof of the following theorem of Lasota [71, Thm. 5.6.2
and Thm. 7.4.1].

Theorem 3.2.1 (Lasota). Let T = (Tt)t∈J be a (not necessarily continuous if J =
R+) one-parameter Markov semigroup in L1 = L1(Ω, Σ, µ). Then the following
assertions are equivalent:

(i) T is asymptotically stable;

(ii) there is 0 �= h ∈ L1
+ such that, for any density f ∈ L1 and for any t ∈ J ,

there exists ft ∈ L1
+ with lim

t→∞
‖ft‖ = 0 and Ttf + ft ≥ h for all t ∈ J ;

(iii) there exists a nontrivial lower-bound function for T .

Proof. (i) ⇒ (iii): Let a density u ∈ L1 satisfy lim
t→∞

‖Ttf − u‖ = 0 for any density
f , then u is a non-trivial lower-bound function for T .

(iii) ⇔ (ii): Let 0 �= h ∈ L1
+ be a nontrivial lower-bound function for T . Then

for any density f , the condition (ii) is satisfied with ft := (Ttf −h)− for all t ∈ J .
The converse is also easy.
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(ii) ⇒ (i): (I) Assume T = (T n)∞n=1 to be discrete. Let 0 �= h ∈ L1
+ be a

non-trivial lower-bound function for T . Denote, as usual,

L1
0 := {f ∈ L1 : ‖f+‖ = ‖f−‖}.

Since h is a non-trivial lower-bound function, we obtain

lim sup
n→∞

‖(AT
nf − h)+‖ ≤ 1 − ‖h‖

< 1 (∀f ∈ D) ,

and henceforth, due to Theorem 3.1.13, T is mean ergodic. Then there exists a
T -invariant density, say u. Since L1 = L1

0 ⊕ R·u, it is enough to show that

lim
n→∞

‖T nf‖ = 0 (∀f ∈ L1
0). (3.6)

Notice that (‖T nf‖)∞n=1 is a monotone sequence since T is a contraction. Hence

‖f‖ ≥ lim
n→∞

‖T nf‖

= inf
n

‖T nf‖ (∀f ∈ L1).

Now suppose that there exists f ∈ L1
0 with 2α := lim

n→∞
‖T nf‖ > 0. Then

2α = lim
n→∞

‖T nf‖

= lim
n→∞

‖T n(f+ − f−)‖

= lim
n→∞

∥∥∥(T nf+ − αh)+ − (T nf− − αh)+
∥∥∥

≤ lim
n→∞

(
‖(T nf+ − αh)+‖ + ‖(T nf− − αh)+‖

)
= 2α(1 − ‖h‖),

which is impossible. Notice that the inequality above is true, because h is a lower-
bound function and ‖f+‖ = ‖f−‖ ≥ α holds. Consequently, the condition (3.6)
holds.

(II) Now assume that T = (Tt)t≥0 is a semigroup of Markov operators, which
is not necessarily continuous. We shall prove the implication (ii) ⇒ (i) in this
case. In this way, we reproduce the elegant arguments from [71, Proof of Theorem
7.4.1]. Take any t0 > 0 and define T = Tt0 . Then h is a non-trivial lower-bound
function for (T n)∞n=1. The first part of the proof implies that there exists a unique
T -invariant density u such that

lim
n→∞

T nf = u (∀f ∈ D). (3.7)

Having shown that Ttu = u for t ∈ {kt0}∞k=1, we now demonstrate that Ttu = u
for all t ∈ R+. Pick t′ > 0, set f ′ = Tt′u, and note that

u = T nu = Tnt0u .
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Therefore,

‖Tt′u − u‖ = lim
n→∞

‖Tt′u − u‖

= lim
n→∞

‖Tt′(Tnt0u) − u‖

= lim
n→∞

‖Tnt0(Tt′u) − u‖

= lim
n→∞

‖T n(Tt′u) − u‖

= lim
n→∞

‖T nf ′ − u‖
= 0

by (3.7). Since t′ is arbitrary, we have that u is T -invariant.
Finally, to show (3.5), pick a density f . Then

t → ‖Ttf − u‖ = ‖Ttf − Ttu‖

is a non-increasing function. Pick a subsequence tn := nt0. We know from before
that lim

n→∞
‖Ttnf − u‖ = 0, hence lim

t→∞
‖Ttf − u‖ = 0. �

For various applications of Theorem 3.2.1, we refer the reader to Lasota–
Mackey’s book [71].

3.2.2 We call h ∈ L1
+ a mean lower-bound function for a Markov operator T if

lim
n→∞

∥∥∥(h −AT
n f

)
+

∥∥∥ = 0 (∀f ∈ D).

Obviously, any lower-bound function is a mean lower-bound function.

Theorem 3.2.2 (Emel’yanov–Wolff). Let T be a Markov operator in L1. Then the
following assertions are equivalent:

(i) there exists a density u such that

lim
n→∞

‖AT
nf − u‖ = 0 (∀f ∈ D);

(ii) there exists a non-trivial mean lower-bound function for T .

Proof. (i) ⇒ (ii): Let u satisfy lim
n→∞

‖AT
nf − u‖ = 0 for all f ∈ D, then u is a

non-trivial mean lower-bound function for T .
(ii) ⇒ (i): Let 0 �= h ∈ L1

+ be a non-trivial mean lower-bound function for
T . Then

lim sup
n→∞

∥∥∥(AT
n f − h)+

∥∥∥ ≤ η (∀f ∈ D) (3.8)

with η := 1 − ‖h‖. By Theorem 3.1.13, T is mean ergodic, so we obtain a decom-
position

L1 = Fix(T ) ⊕ (I − T )L1 .
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All that we need is that dimFix(T ) = 1, but this follows obviously from (3.8),
since Fix(T ) is a sublattice in L1. �

A strongly continuous variant of Theorem 3.2.2 can be obtained similarly by
using Theorem 3.1.13, or it can be derived from Theorem 3.2.2. It should be read
as follows.

Theorem 3.2.3. Let T = (Tt)t≥0 be a strongly continuous one-parameter Markov
semigroup in L1. Then the following assertions are equivalent:

(i) there exists a density u such that

lim
t→∞

∥∥∥1
t

t∫
0

Tτfdτ − u
∥∥∥ = 0 (∀f ∈ D);

(ii) there exists 0 �= h ∈ L1
+ satisfying

lim
t→∞

∥∥∥(h − 1
t

t∫
0

Tτfdτ
)

+

∥∥∥ = 0 (∀f ∈ D). �

3.2.3 Now, we give a direct proof of the Komornik–Lasota theorem for a one-
parameter semigroup of Markov operators. This theorem can be derived also from
Theorem 2.2.5.

Theorem 3.2.4 (Komornik–Lasota). Let T be a one-parameter Markov semigroup
in an L1-space. Then the following conditions are equivalent:

(i) the semigroup T is constrictive;

(ii) the semigroup T possesses a constrictor of the kind [−y, y] + ηBL1 for some
η ∈ R, 0 ≤ η < 1;

(iii) there exist a positive y ∈ L1 and η ∈ R, 0 ≤ η < 1, such that

lim sup
t→∞

‖(Ttf − y)+‖ ≤ η (∀f ∈ D).

Proof. Let us remark that it is enough to prove the theorem for a discrete semi-
group only. So, let T be a Markov operator in an L1-space X .

(i) ⇒ (ii): Let A be a compact constrictor for T . As any compact set, K can
be included in the set [−z, z] + 2−1BX .

(ii) ⇔ (iii): It is trivial.
(iii) ⇒ (i): T is mean ergodic due to Theorem 3.1.13. Thus we may apply

Theorem 2.1.8. This theorem allows us to assume

[−w, w] ∈ Constr(T )
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with some w ∈ X+, Tw = w. Thus T is weakly almost periodic, since any order
interval in an L1-space is weakly compact. Applying Theorem 1.1.4 to T , we obtain
the Markov projection Pr onto the space Xr of all reversible vectors of T . By the
remark after Proposition 3.1.2, the space

Y := Pr(T )

is an L1-space as a range of a Markov projection. Since the unit ball

BY = Pr(BX) ⊆ [−w, w]

of the L1-space Y is weakly compact, we obtain dim Y < ∞, and hence the set
Pr(BX) is compact.

We shall prove that Pr(BX) ∈ Constr(T ). It is enough to show that if 0 is in
the weak closure of {T nx}∞n=0, then lim

t→∞
‖Ttx‖ = 0.

Now, we apply the ultra-filter technique from 1.3.16 and 1.3.17. Let U be a
free ultra-filter on N and let XU be the ultra-power of X with respect to U . Define

S : X → XU , x �→ (T nx)U =: S(x).

Since [−w, w] is a constrictor of T , S maps BX into [−w, w] (where we have
identified X with its canonical image in XU ). Thus

S(X) ⊆ Y :=
∞⋃

n=1

{x ∈ XU : |x| ≤ n w}.

We consider Y as a space equipped with the supremum-norm induced by [−w, w].
By the Krein–Kakutani representation theorem, Y is isomorphic to a C(K)-space
and, in particular, Y possesses the Dunford–Pettis property. It is well known that
XU is an L1-space as an ultra-power of the L1-space X . Therefore, order intervals
in XU are weakly compact and the embedding i : Y → XU is weakly compact, and
hence i maps weakly convergent sequences into norm convergent ones (cf. [110,
II.9.7]).

Let 0 ∈ w-cl{T nx}∞n=0, then, by the Eberlein–Smulian theorem (cf. [23,
p.18]), there exists a subsequence (T knx)∞n=1 converging weakly to 0. Notice that
S = i ◦ S1, where S1 : X → Y is nothing else than S now viewed as a mapping to
Y . S1 is continuous and hence weakly continuous. So, we obtain

0 = lim
n→∞

‖i(S1(T knx))‖ = lim
n→∞

‖S(T knx)‖

= lim
n→∞

lim
U

‖T m ◦ T kn x‖

= lim
n→∞

‖T mn+knx‖

for an appropriate sequence (mn)∞n=1. Consequently, lim
n→∞

‖T nx‖ = 0, since T is
contractive. �
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We leave the easy proof of the following corollary to the reader.

Corollary 3.2.5. Any strongly continuous one-parameter Markov semigroup in an
L1-space possessing a constrictor [−y, y] + ηBX for some η ∈ R, 0 ≤ η < 1, is
strongly stable and has a finite rank limit-projection. �

Related Results and Notes

3.2.4 Studying asymptotic behavior of Markov semigroups in this section, we
have mostly avoided using integral type conditions like (11.5) or (11.10). Such type
of conditions are visually more complicated and they cannot be used in Sections
15 and 16, where we shall investigate Markov semigroups in non-commutative
L1-spaces. However, conditions of integral type are more appropriate sometimes
for concrete applications. Moreover, historically a lot of results on asymptotic
behavior were obtained in integral form [62], [63], [64], [72], [121], etc. Here we
briefly discuss integral conditions and refer for the more detailed explanation to
[62] and [71].

The spectral decomposition theorem of Komornik and Lasota, that we have
discussed above, was originally formulated in [64] in the integral form. It consists of
two parts. The first part proves that the Markov semigroup, satisfying an integral
condition which is equivalent to condition (iii) of Theorem 3.2.4, is constrictive
and, henceforth, can be reduced asymptotically to the semigroup of permutation
matrices. The second part is easy; it gives a concrete form of the semigroup of
permutation matrices that was well known before [64] (see, for example, [110]).
The non-trivial first part was proved above by use of a rather general and delicate
Theorem 2.1.8. Here we shall do the rest of the work in proving Komornik–Lasota’s
theorem. We give the theorem for discrete Markov semigroups only. The strongly
continuous case can be investigated in the same manner, and it is slightly easier
due to Corollary 3.2.5.

Theorem 3.2.6 (Komornik–Lasota). Let T be a Markov operator in X =L1(Ω, Σ, µ)
satisfying the condition:

(
∫

)

There exist C ∈ Σ, µ(C) < ∞, and constants κ < 1 and δ > 0 with the
property: for every 0 ≤ f ∈ L1, ‖f‖ = 1, there exists n0(f) ∈ N such
that ∫

(Ω−C)∪D

T nfdµ ≤ κ

for all t ≥ n0(f), µ(D) ≤ δ.
Then there are an integer r, two sequences of densities gi ∈ L1 and ki ∈ L∞, i =
1, . . . , r, and operator Q : L1 → L1 such that, for every f ∈ L1, Tf may be written
in the form

Tf(x) =
r∑

i=1

λi(f)gi(x) + Qf(x),
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where
λi(f) =

∫
Ω

f(x)ki(x)µ(dx).

The functions gi and operator Q have the following properties:

(i) gi(x)gj(x) = 0 for all i �= j so that functions gi have disjoint supports;

(ii) for each integer i, there exists the unique integer σ(i) such that Tgi = gσ(i).
Further, σ(i) �= σ(i) for i �= j, and thus operator T just serves to permute
the functions gi;

(iii) lim
n→∞

‖T n ◦ Q f‖ = 0 for every f ∈ L1.

Proof. Applying Lemma 3.1.1 to the sequence (T nf)∞n=1 of densities, one may use
Theorem 3.2.4, which implies that T is constrictive. So we have the decomposition
X = X0(T ) ⊕ Y into two T -invariant subspaces such that

X0(T ) = {x ∈ X : lim
n→∞

‖T nx‖ = 0}

and Y is an L1-space generated by the finite basis {ek}k=p
k=1 of pairwise disjoint

densities. Operator T permutes {ek}k=p
k=1, while they are extreme points of the unit

ball of Y , and the theorem follows. �
Let us remark that Theorem 3.2.6 easily follows from the more general result

of Theorem 2.2.6.

3.2.5 Let us give an application of Theorem 3.2.2. As usual, let (Ω, Σ, µ) be
a σ-finite measure space and let K : Ω × Ω → R+ be a Markov kernel. Define
T : L1(Ω, Σ, µ) → L1(Ω, Σ, µ) by

Tf(x) =
∫

K(x, y)f(y)dy,

and by induction
K1(x, y) = K(x, y) ,

Kn+1(x, y) =
∫

K(x, z)Kn(z, y)dz .

Then T nf(x) =
∫

Kn(x, y)f(y)dy holds. Finally, we set

Kn(x, y) =
1
n

n∑
k=1

Kk(x, y).

Then

(T ◦ AT
n )f(x) =

1
n

n∑
k=1

T kf(x)

=
∫

Kn(x, y)f(y)dy .
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We obtain the following proposition.

Proposition 3.2.7. Assume that∫
lim inf

n→∞

(
inf
y

Kn(x, y)
)
dx > 0.

Then T is mean ergodic and the space of its fixed vectors is one-dimensional.

Proof. Set
h(x) = lim inf

n→∞

(
inf
y

Kn(x, y)
)

,

then h �= 0 by hypothesis. Moreover, an easy computation shows that h is a mean
lower-bound function. Now it is enough to apply Theorem 3.2.2. �

Let (Ω, Σ, µ), K(x, y), T , and Kn(x, y) be as before. Let V : Ω → R+ be an
arbitrary measurable function which is not a null-function with respect to µ, and
set

Ga := V −1([0, a]) = {x ∈ Ω : V (x) ≤ a} .

Proposition 3.2.8. Assume that there exist a constant M > 0 and a subset D0 of
the set D of all densities which is dense in D such that

lim sup
n→∞

∫ ∫
V (x)Kn(x, y)f(y)dydx ≤ M for all f ∈ D0.

Moreover, assume that for every a > 0 with Ga �= ∅,∫
inf

y∈Ga

K(x, y)dx = δ(a) > 0

holds. Then T is mean ergodic and the space of fixed vectors of T is one-dimen-
sional.

Proof. Let f ∈ D0. Then there exists n0 such that∫ ∫
V (x)Kn(x, y)f(y)dydx ≤ M + 1

for all n ≥ n0. Choose a ≥ 3M such that Ga �= ∅. Then, by Chebyshev’s inequality,
we obtain for

CT
n :=

1
n

n∑
k=1

T k = T ◦ AT
n

that ∫
Ga

CT
n fdx ≥ 1 − 1

a

∫
V ◦ CT

n f dx

> 1 − M + 1
3M

> 1/2
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for n ≥ n0. Moreover,
CT

n+1 ≥ n

n + 1
T ◦ CT

n

holds. Hence

CT
n+1f(x) ≥ n

n + 1

∫
K(x, y)CT

n f(y)dy

≥ n

n + 1

∫
Ga

K(x, y)CT
n f(y)dy .

Therefore, we obtain for h(x) = infy∈Ga K(x, y)

CT
n+1f(x) ≥ n

n + 1
inf

y∈Ga

K(x, y)
∫

Ga

CT
n f(y)dy

≥ n

n + 1
· 1
2
· h(x)

≥ h(x)
4

.

Thus
lim

n→∞
‖(CT

n f − h/4)−‖ = 0

for all f ∈ D0. But since D0 is dense in D, and h �= 0 by hypothesis, h/4 is a mean
lower-bound and the assertion follows from Theorem 3.2.2. �

Remark that if V is bounded, then the hypotheses on T implies that T
dominates an operator 1Ω ⊗ h from which it follows easily that h is a lower-bound
function for T . Hence, by Theorem 3.2.1, T is not only mean ergodic but even
asymptotically stable. So, Proposition 3.2.8 is only interesting in the case of an
unbounded V (cf. also [71, Theorem 5.7.2]).

3.2.6 Let (X, Σ, µ) be a σ-finite measure space, φ : X → X a non-singular
transformation, and P the corresponding Frobenius–Perron operator. Operator P
is said to overlap supports of functions if for every f, g ∈ L1(X, Σ, µ), f ≥ 0, f �= 0,
g ≥ 0, g �= 0, there exists a natural n (which depends on f and g) such that

Pnf ∧ Png �= 0 .

Bartoszek and Brown [15] proved that if P overlaps supports of functions and if
there exists an a.e.-positive P -invariant density, then P is asymptotically stable.
Then Zaharopol [133] showed that it is enough to assume that there exists P -
invariant density and that under this assumption P is asymptotically stable if
and only if P overlaps supports of functions. It is interesting that if we drop
the assumption that P is a Frobenius–Perron operator and consider the Markov
operators, then this result is not true, as is easy to see from Example 3.1.28. For
another proof of this theorem as well as for related comments, we refer to Lin [77].
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3.3 Positive semigroups in non-commutative L1-spaces

The main objects in this section are Markov operators in the predual of a von
Neumann algebra. Let M be a von Neumann algebra with its unique predual M∗.
A Markov operator in M∗ is a linear operator that maps the set S(M) ⊆ M∗ of
all normal states in M into itself. This notion correlates with the classical notion
of a Markov operator in a von Neumann algebra M, which is a linear normal
positive unital preserving mapping on M. Namely, a Markov operator in M∗ is
the predual operator for a Markov operator in the von Neumann algebra M. We
do not use this duality and deal only with Markov operators in the predual of a von
Neumann algebra. For terminology and notation concerning operator algebras, as
well as for the basic results about them, we refer the reader to [93], [106], [107],
and [127].

During the last two decades, several important results about the asymptotic
behavior of semigroups of Markov operators in L1(Ω, Σ, µ) with σ-finite measure
µ were established (see, for instance, the book of Lasota and Mackey [71] and the
paper of Komornik [63] for a survey and applications). Some of these results are
presented in Sections 7 and 8. However, the technique which is used for obtaining
these results does not work in a non-commutative setting. Our main goal in the
present section is to investigate non-commutative variants of these results as well
as satisfactory methods for proving them.

We prove that any predual of a von Neumann algebra has a strongly normal
positive cone. This allows us to apply theorems from Sections 4 and 5 to Markov
semigroups in M∗. We establish Theorem 3.3.5, which says that under a certain
condition a semigroup of Markov operators is mean ergodic. This theorem will
be used to obtain the lower-bounds criterion of statistical stability and ergodicity
of semigroups of Markov operators and it will be used to prove Theorem 3.3.10.
Then we prove Theorem 3.3.10 on compression of constrictors and investigate
inheritance of mean ergodicity of Markov operators under taking a power and
under asymptotic domination.

Given a faithful semi-finite trace τ on a von Neumann algebra M, one
may be interested in the asymptotic behavior of Markov semigroups in the non-
commutative L1-space L1(M, τ). For any f ∈ L1(M, τ), there is the uniquely
defined normal linear functional

M � a �→ ϕf (a) := τ(fa)

on M, and the mapping f �→ ϕf is a linear bi-positive isometric surjection onto
the predual M∗ of M (see [114, Thm.14]). Therefore, the results below can be
easily applied to Markov semigroups in L1(M, τ).

To avoid a duplication, we formulate all these results which hold in both
discrete and strongly continuous cases in one way. All results of this section are
taken from papers [32], [36], [37], [38], and [108]. Let us point out that some results
below hold also for semigroups of positive operators in rather general classes of
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ordered Banach spaces, including preduals of von Neumann algebras as well as
Banach lattices with order continuous norm. We refer for such generalizations to
Chapter 2.

3.3.1 We begin with a geometric property of the predual of a von Neumann
algebra, namely, we shall show that the self-adjoint part of the predual of a von
Neumann algebra is ordered by a strongly normal cone. We need the following
technical lemma.

Lemma 3.3.1. Let H be a Hilbert space and M be a von Neumann algebra in L(H).
Let S, T, U ∈ M+ satisfy

0 ≤ S ≤ T + U = I.

Then, for every η ∈ H, the inequality

| (Sη | η) − (T 1/2 ◦ S ◦ T 1/2η | η) | ≤ 2 · ‖η‖ · (Uη | η)1/2

holds.

Proof. Consider the equality

| (Sη | η) − (T 1/2 ◦ S ◦ T 1/2η | η) | = | ‖S1/2η‖2 − ‖S1/2 ◦ T 1/2η‖2 |
= (‖S1/2η‖ + ‖S1/2 ◦ T 1/2η‖)
· | ‖S1/2η‖ − ‖S1/2 ◦ T 1/2η‖ |

and the inequality

| ‖S1/2η‖ − ‖S1/2 ◦ T 1/2 η‖ |2 ≤ ‖S1/2 ◦ (I − T 1/2) η‖2

= ((I − T 1/2) ◦ S ◦ (I − T 1/2) η | η)
≤ ((I − T 1/2)2η | η) .

Since 0 ≤ T ≤ I implies 0 ≤ I − T 1/2 ≤ I + T 1/2, it follows that

(I − T 1/2)2 ≤ I − T = U .

So, we obtain

| (Sη | η) − (T 1/2 ◦ S ◦ T 1/2η | η) | ≤ 2 · ‖η‖ · (Uη | η)1/2. �

3.3.2 Now we are in a position to show that the self-adjoint part of the predual
of a von Neumann algebra is ordered by a strongly normal cone.

Theorem 3.3.2 (Emel’yanov–Wolff). Let M be a von Neumann algebra and let
M∗sa be the self-adjoint part of the predual M∗ of M. Then the cone M∗+ of all
normal positive linear functionals in M is strongly normal in M∗sa.
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Proof. Let 0 ≤ µ, ν ∈ M∗ be arbitrary, and set ρ = |µ − ν|. Let 0 ≤ χ ≤ µ be
given. Then 0 ≤ χ ≤ ν + ρ. We set

γ = ‖ν + ρ‖−1 and χ1 = γχ, ν1 = γν, ρ1 = γρ.

Then ‖ν1 + ρ1‖ = 1. Apply the GNS-representation of M

πλ : M → B(H)

induced by λ, and let ξ ∈ B(H) be a normalized cyclic vector for πλ. Then there
exist S, T, U in the positive cone πλ(M)′+ of the commutant πλ(M)′ of πλ(M)
satisfying

0 ≤ S ≤ T + U = I

as well as

χ1(a) = (ξ | S ◦ πλ(a) ξ) , ν1(a)
= (ξ | T ◦ πλ(a) ξ) , ρ1(a)
= (ξ | U ◦ πλ(a) ξ)

for all a ∈ M. We set

ψ(a) = (ξ | T 1/2 ◦ S ◦ T 1/2 ◦ πλ(a) ξ) .

Then 0 ≤ ψ ≤ ν1. Denote

V = S − T 1/2 ◦ S ◦ T 1/2.

By Lemma 3.3.1, we obtain for a ∈ M+:

|ψ(a) − χ1(a)| = |(V ◦ πλ(a) ξ | ξ)|
= |(V ◦ πλ(a)1/2 ξ | πλ(a)1/2 ξ)|
≤ 2 · ‖πλ(a)1/2ξ‖ · (U ◦ πλ(a)1/2ξ | πλ(a)1/2ξ)1/2

≤ 2 · ‖πλ(a)1/2ξ‖ · ρ1(a)1/2.

Since ψ − χ1 is self-adjoint, and since the norm is determined on the unit ball of
the self-adjoint part Msa of M, we obtain

|ψ(a) − χ1(a)| ≤ 2((ρ1(a+))1/2 + (ρ1(a−))1/2)
≤ 4‖ρ1‖1/2 (∀a ∈ M).

Dividing this inequality by γ, we get

|γ−1ψ(a) − χ(a)| ≤ 4
√

γ
· ‖ρ‖1/2

≤ 4
√

2 · ‖ν + µ‖ · ‖ρ‖ (∀a ∈ M).
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Now 0 ≤ γ−1ψ ≤ ν by construction. So we obtain

dist(χ, [0, ν]) ≤ 4
√

2 · ‖ν + µ‖ · ‖ν − µ‖

and, by straightforward calculation, it follows that

dist([0, µ], [0, ν]) ≤ 4
√

2 · ‖ν + µ‖ · ‖ν − µ‖,

which yields the strong normality of M∗+. �

3.3.3 We shall use often the following result of Akemann [3, Thm. II.2(2)] (see
also [127, Thm. 5.4, p. 149]).

Theorem 3.3.3 (Akemann). Any order interval in the predual of a Neumann alge-
bra is weakly compact. �

This result and Theorem 3.3.2 imply the following theorem.

Theorem 3.3.4 (Emel’yanov–Wolff). Let M be a von Neumann algebra and let
M∗sa be the self-adjoint part of the predual M∗ of M. Then M∗sa is an ideally
ordered Banach space. �

3.3.4 Let us fix some necessary notions, which are not fixed above. Let M be
a von Neumann algebra with predual M∗ and dual M∗. For x ≤ y in M∗sa, we
denote by [x, y] the order interval {z ∈ M∗sa : x ≤ z ≤ y}, and by BM∗sa

=
{z ∈ M∗sa : ‖z‖ ≤ 1} the closed unit ball of M∗sa. The algebra M is called
atomic if every nonzero projection dominates a nonzero minimal projection. For
example, the algebra M = B(H) of all linear bounded operators in a Hilbert space
H is atomic. An operator T in M∗ is called completely positive if its adjoint T ∗ is
completely positive in M (cf. [127, p.200]). A positive operator T in M∗ is called
a Markov operator whenever the unit 1I of M is a fixed point of its adjoint T ∗.
Notice that, for a Markov operator T , the relations ‖T ‖ = 1 and ‖Tf‖ = ‖f‖ for
f ∈ (M∗)+ hold.

Below let T = (Tt)t∈J be a one-parameter discrete or strongly continuous
semigroup of Markov operators in M∗. The following theorem gives the conditions
which ensure that a Markov semigroup in M∗ is mean ergodic. For this result in
the commutative case, we refer to Section 3.1.

Theorem 3.3.5 (Emel’yanov–Wolff). Let M be a von Neumann algebra, let T be
a one-parameter Markov semigroup in M∗, g ∈ M∗+, and let η ∈ R, 0 ≤ η < 1,
such that

lim sup
t→∞

dist(AT
t f, [−g, g]) ≤ η

for any normal state f ∈ M∗. Then T is mean ergodic.
If, moreover, M is atomic and T consists of completely positive operators,

then the space Fix(T ) of all fixed vectors of T is finite-dimensional.
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Proof. First of all, we show that T is mean ergodic. By Theorem 1.1.11 and simple
linearity arguments, it is enough to check that for every nonzero T ∗-fixed point
ψ ∈ Msa there exists a T -fixed point w ∈ M∗sa satisfying 〈ψ, w〉 �= 0.

Let Msa � ψ �= 0 be a fixed point of T ∗. We may assume that ‖ψ+‖ =
‖ψ‖ = 1. Set ε := (1 − η)/3 and take some x ∈ M∗sa which satisfies ‖x‖ = 1 and
〈ψ+, x〉 ≥ 1 − ε. We have ‖|x|‖ = ‖x‖ = 1 and

1 ≥ 〈|ψ|, |x|〉 ≥ 〈ψ+, |x|〉 ≥ 〈ψ+, x〉 ≥ 1 − ε.

Thus

〈ψ, |x|〉 = 〈2ψ+, |x|〉 − 〈|ψ|, |x|〉
≥ 2(1 − ε) − 1
= 1 − 2ε .

Let x′′ ∈ M∗ be a w∗-cluster point of {AT
t |x|}t∈J . Then T ∗∗

t x′′ = x′′. Since

lim sup
t→∞

dist(AT
t |x|, [−g, g]) ≤ η

and [−g, g] is weakly compact in M∗ by Theorem 3.3.3, we obtain

x′′ ∈ [−g, g] + ηBM∗ ⊆ M∗ + ηBM∗ .

Take the positive projection R : M∗ → M∗ according to [106, Prop.1.17.7]. Then

(IdM∗ − R)x′′ ∈ ηBM∗ ,

and

〈ψ, Rx′′〉 = 〈ψ+, Rx′′〉 − 〈ψ−, Rx′′〉
= 〈x′′, ψ+〉 − 〈(IdM∗ − R)x′′, ψ+〉 − 〈ψ−, Rx′′〉
≥ 〈x′′, ψ〉 − η

= 〈ψ, |x|〉 − η

≥ 1 − 2ε − η

= ε

> 0 .

Moreover,

Ts ◦ R (x′′) = Ts ◦ R ◦ T ∗∗
t (x′′)

≥ Ts ◦ R ◦ T ∗∗
t ◦ R (x′′)

= Ts ◦ R ◦ Tt ◦ R (x′′)
= Ts+t ◦ R (x′′)
≥ 0 .
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Thus the net (Tt ◦ R x′′)t∈J is decreasing in M∗+, and hence

w := lim
t→∞

Tt ◦ R x′′

exists. Clearly Ttw = w for all t ∈ J , and

〈ψ, w〉 = 〈ψ, Rx′′〉 > 0 .

Thus T is mean ergodic.
Now let M be atomic and let T be completely positive. The mean ergodic

projection PT = lim
t→∞

AT
t is a completely positive Markov operator. By the theo-

rem of Choi and Effros [20], the range of its adjoint P ′
T is a von Neumann algebra,

say N . Hence the range
PT (M∗) = Fix(T )

is itself the predual of N . Then the real part of the unit ball BN∗sa of N∗ satisfies

BN∗sa ⊆ [−g, g] + ηBN∗sa ,

and hence
BN∗sa ⊆ 1

1 − η
[−g, g].

Since order intervals of M∗sa are compact, the last inclusion shows that the unit
ball of N∗ is compact, and hence dimFix(T ) < ∞. �

3.3.5 A Markov semigroup T in M∗ is called asymptotically stable if there
exists a normal state u ∈ S(M) such that

lim
t→∞

‖Ttf − u‖ = 0 (∀f ∈ S(M)).

Such a normal state u is obviously unique and T -invariant.
An element h ∈ M∗+ is called a lower-bound element for T if

lim
t→∞

‖(h − Ttf)+‖ = 0 (∀f ∈ S(M)).

The following result is well known and due to Lasota (cf. Theorem 3.2.1) for
Markov semigroups in a commutative L1-space. Its generalization to the predual
of a non-commutative von Neumann algebra is due to Sarymsakov and Grabarnik
and it was announced without proof by Ayupov and Sarymsakov [14] and by
Sarymsakov and Grabarnik in [108]. Indeed, it is a simple corollary of Theorem
3.3.5 above.

Theorem 3.3.6 (Ayupov–Sarymsakov–Grabarnik). Let M be a von Neumann al-
gebra. Then, for any one-parameter Markov semigroup T in M∗, the following
assertions are equivalent:
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(i) T is asymptotically stable;

(ii) there exists a non-trivial lower-bound element for T .

Proof. (i) ⇒ (ii): Let a normal state u ∈ S(M) satisfy

lim
t→∞

‖Ttf − u‖ = 0 (∀f ∈ S(M)).

Then u is a non-trivial lower-bound element for T .
(ii) ⇒ (i): Let 0 �= h ∈ M∗+ be a non-trivial lower-bound element for T .

Denote
M∗0 := {f ∈ M∗sa : ‖f+‖ = ‖f−‖}.

Since
lim

t→∞
‖(h − Ttf)+‖ = 0 (∀f ∈ S(M)),

then

lim sup
t→∞

‖(AT
t f − h)+‖ ≤ 1 − ‖h‖

< 1 (∀f ∈ S(M)).

Theorem 3.3.5 applied to the interval

[−g, g] = [−h, h]

and
η = 1 − ‖h‖

implies that T is mean ergodic, and hence there exists a T -invariant normal state,
say u. Obviously,

M∗sa = M∗0 ⊕ R · u
since M∗0 has co-dimension 1 in M∗sa.

Show the following:

lim
t→∞

‖Ttf − u‖ = 0 (∀f ∈ S(M)).

It is enough to prove that

lim
t→∞

‖Ttf‖ = 0 (∀f ∈ M∗0). (3.9)

Note that ‖Ttf‖ ≥ ‖Ts+tf‖ since T is contractive. Hence

‖f‖ ≥ lim
t→∞

‖Ttf‖ = inf
t
‖Ttf‖

holds for every f . If (3.9) fails, then there exists f ∈ M∗0 with

2α := lim
t→∞

‖Ttf‖ > 0.
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Then

2α = lim
t→∞

‖Ttf‖

= lim
t→∞

‖Tt(f+ − f−)‖

= lim
t→∞

‖(Ttf+ − αh)+ − (Ttf− − αh)+‖

≤ lim
t→∞

(‖(Ttf+ − αh)+‖ + ‖(Ttf− − αh)+‖)

= 2α(1 − ‖h‖),

that is impossible. Here we use that

lim
t→∞

‖Ttf+ − αh − (Ttf+ − αh)+‖ = 0,

and
lim

t→∞
‖Ttf− − αh − (Ttf− − αh)+‖ = 0,

since h is a lower-bound element for T . The contradiction shows that (3.9) holds.
�

3.3.6 We call h ∈ M∗+ a mean lower-bound element for a Markov semigroup
T if

lim
t→∞

‖(h −AT
t f)+‖ = 0 (∀f ∈ S(M)).

Obviously, any lower-bound element is a mean lower-bound element. Our next
result is another application of Theorem 3.3.5, which is an analogue of Theorem
3.2.2.

Theorem 3.3.7 (Emel’yanov–Wolff). Let M be a von Neumann algebra and let
T be a one-parameter semigroup of completely positive Markov operators in M∗.
Then the following assertions are equivalent:

(i) there exists a T -invariant normal state u such that

lim
t→∞

‖AT
t f − u‖ = 0

for any normal state f ∈ M∗;

(ii) there exists a non-trivial mean lower-bound element for T .

Proof. (i) ⇒ (ii): Let u ∈ M∗+ be such that lim
t→∞

‖AT
t f −u‖ = 0 for every normal

state f , then u is a non-trivial mean lower-bound element for T .

(ii) ⇒ (i): Let 0 �= h ∈ M∗+ be a non-trivial mean lower-bound element for
T . Then

lim sup
t→∞

‖(AT
t f − h)+‖ ≤ η (∀f ∈ S(M))
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with
η := 1 − ‖h‖ .

By Theorem 3.3.5, T is mean ergodic. Thus, we only have to prove that the space
Fix(T ) is one-dimensional. Let P be the projection onto Fix(T ) given by

Pf = lim
t→∞

At(T )f .

Since h is a mean lower-bound element, we obtain

f = Pf ≥ h

for all normal states f ∈ Fix(T ) ∩ S(M). But this implies f ≥ Ph =: h0 for all
these normal states, and h0 �= 0 since

‖h0‖ = ‖Ph‖
= ‖ lim

t→∞
At(T )h‖

= ‖h‖
> 0 .

Now P is a completely positive Markov operator. Hence, by Choi–Effros’s theo-
rem used above in the proof of Theorem 3.3.5, P (M∗) is isometrically and order
isomorphic to the predual N∗ of a von Neumann algebra N . Then every positive
element f ∈ N∗ of norm 1 dominates the nonzero element h0, which obviously
implies dim(N∗) = 1. �

3.3.7 Now we discuss the notion of constrictor for a one-parameter positive
semigroup in the predual of a von Neumann algebra. Then we apply the results of
Section 2.1 to positive semigroups in preduals of von Neumann algebras.

Let M be a von Neumann algebra with the predual M∗, and let T = (Tt)t∈J

be a semigroup in M∗. Given a non-empty subset A ⊆ M∗sa and a real α ≥ 0,
we call A an α-constrictor for the semigroup T if

lim sup
t→∞

dist(Ttx, A) ≤ α (∀x ∈ M∗sa, ‖x‖ ≤ 1).

This means exactly that the set A + BM∗ is a constrictor for T in the sense of
Section 1.3. We denote the set of all α-constrictors for T by Constrα(T ). We call
T constrictive, whenever T possesses a compact 0-constrictor. Theorem 1.3.3 can
be given in our setting in the following form:

Theorem 3.3.8. An operator semigroup T in M∗ is constrictive if and only if there
exists a decomposition

M∗ := M0
∗ ⊕Mr

∗

into T -invariant subspaces M0
∗, Mr

∗ such that

M0
∗ = {x ∈ M∗ : lim

t→∞
‖Ttx‖ = 0} and dim(Mr

∗) < ∞.
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The problem arises to find other, weaker, conditions under which T is con-
strictive. In the commutative setting, this problem was investigated in Chapters
1 and 2.

3.3.8 We begin with the following lemma which is an easy consequence of
Theorem 3.3.5.

Lemma 3.3.9. Let T be a one-parameter positive semigroup in M∗ which possesses
an η-constrictor [−g, g] for some real η, 0 ≤ η < 1. Then T is mean ergodic.

Proof. It can be easily and directly checked that the semigroup T satisfies all
conditions in Theorem 3.3.5 and, henceforth, is mean ergodic. �

Theorem 3.3.10 (Emel’yanov–Wolff). Let M be a von Neumann algebra and T =
(Tt)t∈J be a one-parameter positive semigroup in M∗. Assume that T possesses
an η-constrictor [−y, y] for some 0 ≤ η < 1 and some y ∈ M+. Then there exists
a limit

w := lim
τ→∞

AT
τ y ,

and the set 1
1−η [−w, w] is a 0-constrictor for T . In particular, T is weakly almost

periodic.

Proof. By Lemma 3.3.9, the semigroup T is mean ergodic. This fact and Theorem
3.3.4 allow us to apply Theorem 2.1.8, which says that 1

1−η [−w, w] is a 0-constrictor
for T . �

Theorem 3.3.11 (Emel’yanov–Wolff). Let M be an atomic von Neumann algebra
and let T be a one-parameter Markov semigroup in M∗. Then T is constrictive
if and only if T possess an η-constrictor [−y, y] for some 0 ≤ η < 1 and some
y ≥ M∗+.

Proof. The sufficiency follows directly from Theorem 3.3.10, since every order in-
terval in the predual of an atomic von Neumann algebra is compact [127, Cor.5.11,
p.156]. The necessity holds obviously for Markov semigroups in the predual of any
(not necessarily atomic) von Neumann algebra. �

3.3.9 Recall that a Markov operator T in M∗ is called irreducible if its adjoint
T ′ in M does not possess σ(M,M∗)-closed invariant hereditary sub-cones other
than {0} or M+ (see [53, p.388]).

Theorem 3.3.12. Let T be a completely positive Markov operator in the predual
M∗ of an atomic von Neumann algebra M. Assume that T is irreducible and
there exists a positive y ∈ M∗ such that

[−y, y] ∈ Constrη(T )

for some real η, 0 ≤ η < 1.
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Then there exists a Markov operator Q of finite rank such that Qp+1 = Q for
some p ∈ N, and the sequence (T n −Qn)∞n=0 converges to 0 in the strong operator
topology.

Proof. Theorem 3.3.11 implies that T is constrictive, so dim(Mr
∗) < ∞, where we

use the notation of Theorem 3.3.8. By [52], the peripheral point spectrum

σ(T ) ∩ {λ ∈ C : |λ| = 1}

of T is a finite group. Hence T is periodic in Mr
∗, and it is enough to set Q := T ◦Pr,

where Pr is the Jacobs–Deleeuw–Glicksberg projection onto Mr
∗. �

3.3.10 Let T be a bounded linear operator in M∗. If a power T m of T is mean
ergodic, then by Proposition 1.1.3, T itself is mean ergodic. The following result
follows directly from Theorems 2.1.14 and 3.3.2.

Theorem 3.3.13 (Emel’yanov–Wolff). Let M be a von Neumann algebra and let
T be a mean ergodic Markov operator in M∗. Then T m is mean ergodic for any
m ∈ N. �

Before we give the next result, let us recall a definition from Section 2.1. Let
S, T be operators in M∗. We say that S is asymptotically dominated by T if for
any f ∈ M∗+ there exists a sequence (qf

n)∞n=1 ⊆ M∗ such that

lim
n→∞

‖qf
n‖ = 0 and T nf + qf

n ≥ Snf (∀n ∈ N).

Theorem 3.3.14 (Emel’yanov–Wolff). Let M be a von Neumann algebra and let S
be a Markov operator in M∗ which is asymptotically dominated by a (not neces-
sarily linear) positive mean ergodic operator T . Then S is mean ergodic.

Proof. By Theorem 3.3.2, M satisfies the conditions of Theorem 2.1.11. Applying
of Theorem 2.1.11 finishes the proof. �

Every ordered Banach space E whose norm is additive on E+ is uniformly
order convex. In particular, this is the case for non-commutative L1-spaces, and
for the self-adjoint part of the dual of a C∗-algebra and self-adjoint part of the
predual of a von Neumann algebra. For these spaces, we can apply directly the
result of Theorem 2.1.17.

Related Results and Notes

3.3.11 In Theorems 3.3.11 and 3.3.12, we assumed M to be atomic. It is an
open problem, whether these results hold for arbitrary von Neumann algebras. In
this general setting, Theorem 3.3.10 shows immediately that T is weakly almost
periodic. If, moreover, T consists of completely positive operators, then the space
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Mr
∗ of reversible vectors is finite-dimensional, as follows easily from the Choi–

Effros theorem mentioned above. The problem is whether the space Mf
∗ of all

flight vectors coincides with

M0
∗ = {x : lim

t→∞
Ttx = 0} .

Up to now, it is possible to show the equality of these two spaces only in the case
above (whenever M is atomic) and in the case

M∗ = M1∗ ⊗M2∗ ,

where M1 is commutative and M2 is finite-dimensional (see [37]).

3.3.12 We prove that the self-adjoint part of any C∗-algebra is also ordered by
a strongly normal cone. Before we do this, we need the following lemma.

Lemma 3.3.15 (Emel’yanov–Wolff). Let A be a C∗-subalgebra of L(H), where H
is a Hilbert space. Let 0 ≤ S, T ∈ A satisfy S ≤ T + I. Then there exists V ∈ A
satisfying 0 ≤ V ≤ T and ‖S − V ‖ ≤ 2

√
‖S‖. In particular, there holds

dist(S, [0, T ] ∩ A) ≤ 2
√
‖S‖.

Proof. 0 ≤ S ≤ T + I implies

(T + I)−1/2 ◦ S ◦ (T + I)−1/2 ≤ I , (3.10)

which in turn gives

T 1/2 ◦ (T + I)−1/2 ◦ S ◦ (T + I)−1/2 ◦ T 1/2 = : V ≤ T .

Obviously, V ∈ A whether or not I belongs to A. Set

U = T 1/2 ◦ (T + I)−1/2 .

We show
‖S − V ‖ = ‖S − U ◦ S ◦ U‖ ≤ 2

√
‖S‖. (3.11)

Since the operator
S − U ◦ S ◦ U

is self-adjoint, we obtain

‖S − U ◦ S ◦ U‖ = sup{|(Sx|x) − (S ◦ U x|U x)| : ‖x‖ = 1}.

For ‖x‖ = 1, we have

|(Sx|x) − (S ◦ U x|Ux)| = | ‖S1/2x|2 − ‖S1/2 ◦ U x‖2 |
= (‖S1/2 x‖ + ‖S1/2 ◦ U x‖)

×| (‖S1/2 x‖ − ‖S1/2 ◦ U x‖) | .
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Now | ‖S1/2 x‖ − ‖S1/2 ◦ U x‖ | ≤ ‖S1/2 ◦ (I − U)x‖, and

‖S1/2 ◦ (I − U)x‖2 = (S ◦ (I − U)x|(I − U)x)
= ((I − U) ◦ S ◦ (I − U)x|x).

Finally,

(I − U) ◦ S ◦ (I − U)

= ((I + T )1/2 − T 1/2) ◦ (I + T )−1/2 ◦ S ◦ (I + T )−1/2 ◦ ((I + T )1/2 − T 1/2)

holds. Since the square root is monotone, we have 0 ≤ (I + T )1/2 − T 1/2. Using
the inequality (3.10), we obtain

0 ≤ (I − U) ◦ S ◦ (I − U) ≤ ((I + T )1/2 − T 1/2)2

≤ I .

Thus we have
| ‖S1/2x‖ − ‖S1/2Ux‖ | ≤ 1 .

Using equality (3.11), we obtain

‖S − U ◦ S ◦ U‖ ≤ ‖S1/2‖ + ‖S1/2 ◦ U‖
≤ ‖S1/2‖(1 + ‖U‖)
≤ 2‖S1/2‖
= 2‖S‖1/2,

and the lemma is proved. �
Theorem 3.3.16 (Emel’yanov–Wolff). Let A be a C∗-algebra, and let Asa be the
self-adjoint part of A. Then A+ is strongly normal in Asa.

Proof. Without loss of generality one may assume that A is a C∗-subalgebra of
the algebra L(H) of all bounded linear operators in the Hilbert space H.

Let 0 ≤ S, T ∈ A, and let U = |S − T |. We may assume that U �= 0. Let
R ∈ A, 0 ≤ R ≤ S, be arbitrary. Then 0 ≤ R ≤ T + U , hence

0 ≤ R ≤ T + ‖U‖I .

Set γ = ‖U‖−1. Then Lemma 3.3.15 yields

dist(R, [0, T ] ∩A) = γ−1dist(γR, [0, γT ] ∩A)

≤ 2γ−1
√
‖γR‖

≤ 2
√
‖U‖ ‖S‖.

This in turn implies

dist([0, S] ∩ A, [0, T ] ∩ A) ≤ 2
√
‖S‖ + ‖T ‖

√
‖S − T ‖,
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which gives

distH([0, S] ∩A, [0, T ] ∩A) ≤ 2
√
‖S‖ + ‖T ‖

√
‖S − T ‖,

and the assertion follows. �

Theorem 3.3.16 was used in 4.14 in the proof of Theorem 2.1.21.

3.3.13 There is another way to prove Theorem 3.3.6. We show how to do this
now and give a little supplement to Theorem 3.3.6.

Theorem 3.3.17. Let T = (Tt)t∈J be a discrete or strongly one-parameter con-
tinuous semigroup of Markov operators in the predual M∗ of the von Neumann
algebra M. Then the following assertions are equivalent:

(i) T is asymptotically stable;

(ii) there is 0 �= h ∈ (M∗)+ such that for any f ∈ (M∗)+, ‖f‖ = 1, and for any
t ∈ J there exists ft ∈ (M∗)+ with lim

t→∞
‖ft‖ = 0, and Ttf + ft ≥ h for all

t ∈ J ;

(iii) T has a non-trivial lower-bound element.

Proof. (i) ⇒ (iii): Let 0 �= u ∈ (M∗)+ satisfy lim
t→∞

Ttf = f(1I)u for each f ∈ M∗.
Obviously, u is a non-trivial lower-bound element for T .

(iii) ⇒ (ii): Let 0 < h ∈ M∗ be a non-trivial lower-bound element for T .
Then, for any f ∈ (M∗)+, ‖f‖ = 1, the condition (ii) is satisfied with

ft := (Ttf − h)−

for all t ∈ J .

(ii) ⇒ (i): An easy computation shows that

lim sup
t→∞

dist(Ttf, [−h, h]) ≤ 1 − ‖h‖

for all f ∈ (M∗)sa , ‖f‖ ≤ 1. Thus

[−h, h] + (1 − ‖h‖)BM∗ ∈ Constr1−‖h‖(T ) .

Applying Theorem 3.3.10 to y = h and η = 1 − ‖h‖, we obtain that

w = lim
τ→∞

AT
τ h

exists and
1

1 − η
[−w, w] = ‖h‖−1[−w, w]
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is a constrictor for T . Moreover, ‖w‖ = ‖h‖, since T consists of Markov operators.
Put u := ‖h‖−1w, then u ∈ (M∗)+, ‖u‖ = 1 and Ttu = u for all t. It follows
directly from [−u, u] ∈ Constr0(T ) that

lim
t→∞

Ttf = u

for all f ∈ (M∗)+, ‖f‖ = 1 which is obviously equivalent to (i). �

3.3.14 The following result on operators in von Neumann algebras is a more
or less direct consequence of results of Section 2.1 and Theorem 3.3.2.

Theorem 3.3.18. Let M be a von Neumann algebra, 0 ≤ S ≤ T ∈ L(M), and T
a compact dual operator, then S is weakly compact. Moreover, if the algebra M is
atomic, S is compact.

Proof. Since M∗sa is an order ideal in M∗
sa, the operator S itself is a dual

operator, say S = S1
′. Denote also the predual for T by T1.

It is enough to show that for every bounded sequence (xn)∞n=1 ⊆ M∗
+ there

exists a subsequence (xnm)∞m=1 such that (S1xnm)∞m=1 is weakly convergent in
M∗.

Fix a sequence (xn)∞n=1 ⊆ M∗
+. Since T1 is compact, there exists a conver-

gent subsequence (T1xnk
)∞k=1. Then

{S1xnk
}∞k=1 ⊆

∞⋃
k=1

[0, T1xnk
],

and, henceforth, by Theorem 2.1.5, the set {S1xnk
}∞k=1 is conditionally weakly

compact. Then there exists a weakly convergent subsequence (S1xnki
)∞i=1, which

implies that S1 is weakly compact. It is known that, in this case, its dual S is
weakly compact as well.

Whenever the von Neumann algebra M is atomic, each order interval in M∗
is compact, and the same arguments with the use of Theorem 2.1.5 show that the
sequence (S1xnm)∞m=1 has a norm convergent subsequence, and hence S1 and S
are both compact. �
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[26] R. Drnovšek, On positive unipotent operators on Banach lattices, (preprint)
(2006).

[27] E.Yu. Emel’yanov, Banach lattices on which every power-bounded operator
is mean ergodic, Positivity 1 (1997), no.4, 291-296.

[28] E.Yu. Emel’yanov, Invariant densities and mean ergodicity of Markov oper-
ators, Israel J. Math. 136 (2003), 373–379.

[29] E.Yu. Emel’yanov, A remark to a theorem of Yu. A. Abramovich, Proc.
Amer. Math. Soc. 132 (2004), no.3, 781–782.



Bibliography 161

[30] E.Yu. Emel’yanov, Conditions for the regularity of Markov semigroups on
abstract L1-spaces, Mat. Tr. 7 (2004), no.1, 50–82.

[31] E.Yu. Emel’yanov, Conditions for a C0-semigroup to be asymptotically finite-
dimensional, Siberian Math. J. 44 (2003), no.5, 793–796.

[32] E.Yu. Emel’yanov; U. Kohler; F. Räbiger; M.P.H. Wolff, Stability and al-
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Groups, Birkhäuser: Basel, Boston, Berlin (1988).

[81] M.Yu. Lyubich; Yu.I. Lyubich, The spectral theory of almost periodic repre-
sentations of semigroups, Ukrain. Mat. Zh. 36 (1984), no.5, 632–636.
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dist(y, A) – 1.3.1
Constr‖·‖(T ) – 1.3.1
Constr(T ) – 1.3.1
Constr‖·‖(T ) – 1.3.1
X0(T ) – 1.3.2
codimX0(T ) – 1.3.3
χ‖·‖(A) – 1.3.5
U – 1.3.6
�∞(X) – 1.3.6
cU(X) – 1.3.6
XU – 1.3.6
T – 1.3.6
limU – 1.3.6
dist(Ty, Y ) – 1.3.7
w − limU – 1.3.8
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P – 1.3.9
t � s – 1.3.9
Pt – 1.3.9
X+ – 2.1.1
(X, X+) – 2.1.1
[x, y] – 2.1.1
dist([0, x], [0, y]) – 2.1.1
T 1I – 2.1.14
Asa – 2.1.14
dist(AT

t x, [−w, w]) – 2.1.15
∨ – 2.2.1
∧ – 2.2.1
x+ – 2.2.1
x− – 2.2.1
|x| – 2.2.1
KB-space – 2.2.1
L+(E) – 2.2.1
N(x′) – 2.2.2
jx′ – 2.2.2
PT – 2.2.3
(I⊥)+ – 2.2.3
σ(E′, E) – 2.2.5
Lp(Γ) – 2.2.9
h(z)f(eiαπz) – 2.2.9
B(R) – 2.2.11
L1 – 3.1.1
L1

+ – 3.1.1
L1

0 – 3.1.1
1IA – 3.1.1
D – 3.1.1
DT – 3.1.3
P – 3.1.12
X × C – 3.1.13
Y – 3.2.3
K(x, y) – 3.2.5
CT

n – 3.2.5
M – 3.3.1
M∗ – 3.3.1
S(M) – 3.3.1
M∗+ – 3.3.2
M∗sa – 3.3.2
B(H) – 3.3.2
M∗0 – 3.3.5
Constrα(T ) – 3.3.7

M0
∗ ⊕Mr

∗ – 3.3.7
M1∗ ⊗M2∗ – 3.3.11
Asa – 3.3.12
M∗

sa – 3.3.14
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